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Abstract. Let O be the ring of integers of a non- Archimedean local field and 7r 
a fixed uniformizer of O. We establish three main results. The first one states 
that the exterior powers of a 7r-divisible (9-module scheme of dimension at most 
1 over a field exist and commute with algebraic field extensions. The second 
one states that the exterior powers of a p-divisible group of dimension at most 1 
over arbitrary base exist and commute with arbitrary base change. The third one 
states that when O has characteristic zero, then the exterior powers of 7r-divisible 
groups with scalar (9-action and dimension at most 1 over a locally Noetherian 
base scheme exist and commute with arbitrary base change. We also calculate 
the height and dimension of the exterior powers in terms of the height of the 
given p-divisible group or 7r-divisible (9-module scheme. 

Resume. Soient O l'anneau des entiers d'un corps local non-archimedien et it une 
uniformisante de O. On demontre trois resultats principaux. Le premier affirme 
que les puissances exterieures d'un schema en C-modules 7r-divisible de dimen- 
sion au plus 1 sur un corps existent et commutent avec extensions algebriques de 
corps. Ensuite on etablit que les puissances exterieures d'un groupe p-divisible 
de dimension au plus 1 sur une base quelconque existent et qu'elles commu- 
tent avec changements de base arbitraires. Finalement on demontre que si O 
est de characteristique zero, alors les puissances exterieures d'un schema en O- 
modules 7r-divisible avec une O-action scalaire et de dimension au plus 1 sur un 
schema de base localement noetherian existent et commutent avec changements 
de base arbitraires. De meme, on calcule la hauteur et la dimension des puis- 
sances exterieures en termes de la hauteur du groupe p-divisible ou du schema 
en (9-modules 7r-divisible donne. 



iDcpt. of Mathematics, ETH Zurich, 8092 Zurich, Switzerland, 



1 



hedayatzadeh@math.ethz.ch 



Contents 



Introduction [4] 

1 Algebraic Geometry Results [22] 

2 ^-Multilinear Theory of i?-Module Schemes HI 

2.1 R- module schemes [29] 

2.2 R- multilinear morphisms [32] 

3 /^-Multilinear Covariant Dieudonne Theory 32] 

4 Tensor Product and Related Constructions I5U1 

4.1 Basic constructions EUJ 

4.2 Base change and Weil restriction [55] 

4.3 Main properties of exterior powers [62] 

4.4 Dieudonne modules [75] 

5 Multilinear Theory of 7r-Divisible Modules 182] 

5.1 First definitions [H2] 

5.2 Some properties [EE] 

5.3 Exterior powers [90] 

5.4 The main theorem: the etale case ED] 

5.5 The main theorem: over fields of characteristic p [94] 

5.6 The main theorem: over arbitrary fields 11191 



6 Multilinear Theory of Displays 11201 

6.1 Recollections TM 

6.2 Multilinear morphisms and the map /3 11251 

6.3 Exterior powers 11331 



7 Comparisons 11381 

7.1 Cartier vs. Dieudonne 11381 

7.2 Cartier modules vs. Displays 11531 



2 



8 The Main Theorem for p-Divisible Groups 11561 

8.1 Technical results and calculations 11561 

8.2 The affine base case 11671 

8.3 The general case 11741 

9 The Main Theorem for 7r-Divisible Modules ITB"2l 

9.1 Ramified displays 11821 

9.2 The main theorem 11881 



10 Examples 12131 



Bibliography 12161 



3 



Chapter 
Introduction 



As its title suggest, in this thesis, we are dealing with the "exterior powers" of 
p-divisible groups or more generally "7r-divisible groups" . So, let us explain what 
we mean by exterior power. Let C be a category containing all finite products, 
and let Gq,Gi, . . . ,G r be Abelian group objects, or more generally, i?-module 
objects (with R a commutative ring with 1). The latter is an object X of C such 
that the contravariant functor 

h x ■= Mor c (_,X) : C ->■ Ens 

factors through the forgetful functor R-VJloD — > Ens. 

By an R-multilinear morphism (p : G\ x • • • x G r — y Gq } we mean a morphism 
such that for every object T of C, the induced map 

<p(T):G 1 {T)x...G r (T)^G (T) 

is an R- multilinear morphism, where Gj(T) stands for the i?-module Jiq^T). De- 
note by Mult c (Gri x • • • x G r ,G ) the -R-module of all .R-multilinear morphisms 
from Gi x • • • x G r to G . If r = 1, we use Hom^ instead of Mult,?. In the same 
fashion, we define alternating .R-multilinear (or simply alternating) morphisms 
and denote by A\t^(G r ,H) the -R-module of all such morphisms from G r to H. 

An obvious example is when C is the category of sets, and we obtain the ac- 
customed notion of i?-multilinear morphisms and alternating morphisms of R- 
modules. A more interesting example is when C is the category of schemes over 
a base scheme S and R is the ring of rational integers Z. The -R-module objects 
of C are then commutative group schemes over S. Multilinear morphisms are the 
natural generalization of group scheme homomorphisms, and they appear quite 
naturally. Examples of such morphisms are the Weil pairing of the torsion points 
of an Abelian variety, or the Cartier duality of a finite flat commutative group 
scheme. Drinfeld modules, or more generally Anderson modules provide non- 
trivial examples of -R-module schemes, where R is a ring of functions on some 
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affine curve defined over a finite field. 

Given an .R-module object G, we call an object f\ r G, the r th -exterior power of 

R 

G in a subcategory T> of C, consisting of i?-module objects of C, if there exists 
an alternating i?-multilinear morphism A : G r — > /\ r G, such that the following 

R 

universal property is satisfied: 

For every object H of D and every alternating i?-multilinear morphism (p : G r — > 
H, there exists a unique i?-linear morphism (p : f\ r G — > H such that <p o X — ip. 

R 

In other words, the homomorphism 

Homf (/\ r G,H) -)• A\t*(G r ,H) 

R 

induced by A is an isomorphism. 

If we drop the adjective "alternating" in the above description, we get the no- 
tion of tensor product. Having tensor products and exterior powers enables us to 
translate multilinear and alternating morphisms into the language of the category 
of R- module objects we are working with, i.e., we will have (i?-linear) morphisms 
instead of multilinear ones. 

In the category of i?-modules, the exterior powers are the usual exterior powers, 
and we know that they always exist. However, the question of existence of such 
objects in a given category is a subtle one and the main challenge is to construct 
them in the given category. 

In this thesis we consider only the case, where C is a category of schemes in a 
wider sense, e.g., the category of p-divisible or 7r-divisible groups, where the ob- 
jects are built from schemes. Since we will ultimately be interested in alternating 
morphisms and exterior powers, let us concentrate on them. 

Let C be the category of finite flat commutative group schemes over a base scheme 
S, and let G be an object of C. From now on, group schemes are assumed to be 
commutative. We can always define the contravariant functor: 

T^Alt T (G^,G m , T ). 

One can show, using Weil restriction, that this functor is representable by a 
group scheme of finite type and affine over S, which abusing the notation, will be 
denoted by Alt 5 (G r , G m ). Assume for a moment that Alt 5 (G"*, G m ) is finite and 
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flat over S. Then its Cartier dual, denoted by A r , is a finite flat group scheme 
over S and we have a canonical isomorphism 

a : Hpm 5 (A r ,G m ) -> Alt s (G r , G m ). 

One will deduce from this isomorphism that A r is the r th -exterior power of G 
in C. This observation shows that f\ r G exists in C, whenever A\t s (G r ,G m ) is 
finite and flat over S. Of course, we may relax the finiteness condition and ask 
whether /\ r G exists in a larger category, e.g., in the category of group schemes 
over S. In fact, if S is the spectrum of a field, using the fact that Mt s (G r ,G m ) 
is an affine group scheme of finite type over S and a devissage argument, it is 
shown in [Pink], that the Cartier dual of A\t s (G r ,G m ) (with an adequate defi- 
nition) is the r th -exterior power of G in the category of group schemes over S. 
It is always a profinite group scheme, but not necessary a finite one. Because 
of its existence and the fact that its construction commutes with arbitrary base 
change, the group scheme A\t s (G r , G m ) will play a significant role in this thesis, 
especially when it comes to the question of the existence of f\ r G and its base 
change properties. 

Let us now define the other main ingredient of this writing, namely 7r-divisible 
groups, or more precisely 7r-divisible (9-module schemes. These are the general- 
ization of p-divisible groups. Let O be the ring of integers of a non- Archimedean 
local field, i.e., a complete discrete valuation ring with finite residue field (say F g , 
of characteristic p). Fix a uniformizer tt of O. A tt -divisible O -module scheme 
over a base scheme S is a formal scheme Ai over S with an action of the ring O, 
such that 1) the multiplication by tt is an isogeny ("divisibility" by tt) , i.e., an 
epimorphism with finite and flat kernel, 2) Ai is 7r-power torsion, i.e., Ai is the 
union of the Aii {i > 1), where Aii is the kernel of multiplication by tt 1 on Ai. 
It will be shown that a 7r-divisible (9-module scheme is a smooth formal scheme 
and that there exists a natural number h, called the height of Ai, such that for 
all i > 1, the group schemes Aii are finite of order q lh . As we said earlier, these 
are generalizations of p-divisible groups. If O = Z p , the ring of p-adic integers, 
then p-divisible (9-module schemes are the same as p-divisible groups. In fact if 
O is any mixed characteristic complete discrete valuation ring with finite residue 
field, it can be easily shown that a 7r-divisible (9-module scheme is a p-divisible 
group. Other important examples are Lubin-Tate groups or formal completion 
of a Drinfeld or Anderson module. 

As for p-divisible groups, a morphism / : Ai — > M of 7r-divisible (9-module 
schemes is defined as a system of homomorphisms on finite levels, compatible 
with projections tt : Aii+i — > Aii and n : A/i+i — > M- In other words, it is 
an element of the (9-module lim Homs(Aii,Afi), where the transition morphisms 
are induced by the above projections. By definition, an alternating (9-multilinear 
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morphism from M r to Af, is an element of the inverse limit lim Alts(.M[ , Hi) 
with the transition morphisms again induced by the above projections. This de- 
fines the notion of the exterior power of a 7r-divisible 0-module scheme. Note 
that if r > 1 and instead of projections, we require compatibility with inclusions 
Aii M.i+1 and Mi ^ A/i+i, then any alternating morphism would be the zero 
one. 

The main question in this thesis is the following: 

Question 0.0.1. Let M. be a -n-divisible O-module scheme of height h and di- 
mension at most one. Do the exterior powers of Ai exist? If they do, what are 
their height and dimension? How do the exterior powers behave with respect to 
base change? 

Before a discussion of motivations behind this problem, and our approach to it, 
let us first make a few remarks. First of all, for technical reasons, we have to 
assume that the prime number p is different from 2. Secondly, the condition 
on the dimension is essential for our proof of the existence of exterior powers. 
The case of p-divisible groups over perfect fields of characteristic p illustrates this 
point. One way of seeing it, is to look at the slopes of the F-crystal associated 
to p-divisible groups. Let G a p-divisible group and let M be its F-crystal. It is 
natural to expect that the F-crystal associated to f\ r G, if it exists, is isomorphic 
to f\ r M. However, as soon as r > 1 and M has a slope larger than |, /\ r M 
will have a slope larger than 1 and thus cannot be the F-crystal associated to a 
p-divisible group, as the slopes of such F-crystals are always between and 1. 
This phenomenon is also reflected in the impossibility of defining a Frobenius F 
on /\ r M in such a way that FV = VF = p. 

The logarithm of the order of finite (flat) group schemes behaves much like the 
rank of finitely generated projective or free modules over rings. So, as for the 
finite free modules over rings, the expectation is that the height of /\ r Ai is equal 

R 

to ( h ), where h is the height of Ai. In fact, we will prove this statement and will 
show that the dimension of f\ r Ai is equal to (^Zi) • 

R 

Let us now see how an affirmative answer to the above question might be inter- 
esting. Let Ai be a Lubin-Tate group of dimension 1 and height h, over some 
base scheme. Then, the highest exterior power of Ai, i.e., /\ h Ai is a Lubin-Tate 

R 

group of dimension and height 1. In this way, we obtain a "determinant map" 
from the moduli space of Lubin-Tate groups of height h (and dimension 1) to the 
moduli space of Lubin-Tate groups of height 1 (and dimension 1). 

Let Ai be a 7r-divisible O- module scheme of dimension 1, and let p be the Ga- 
lois representation attached to it, or more precisely, the Galois representation 
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associated to its Tate module (denned exactly as for p-divisible groups). For 
p-divisible groups over p-adic rings (i.e., rings of integers of characteristic zero 
non-Archimedean local fields) this Galois representation is a crystalline repre- 
sentation of Hodge- Tate weight or 1. For Drinfeld modules, this is the Galois 
representation one wishes to study. A positive answer to the above question 
provides a conceptual and precise reason why the determinant of these Galois 
representations is the Galois representation of an object of the same kind. 

Another motivation is the following. One would like to have tensor constructions 
for Abelian varieties, or locally (at prime p), for their p-divisible groups. Again, 
due to the slope constraint, this is not possible in general, if one needs to stay in 
the framework of Abelian varieties or p-divisible groups. However, one can cap- 
ture the data encoded in the part of the exterior powers that has slopes between 
and 1. For elliptic curves, this problem does not occur, since the dimension of 
the corresponding p-divisible group is at most 1. 

Apart from the mathematical delight this enterprise has engendered, the above 
discussions were motivating enough to pursue an answer to the question. We 
hope the reader would feel alike. 

In this thesis, we will prove that the exterior powers of p-divisible groups of dimen- 
sion at most 1 over any base scheme exist and that their construction commutes 
with arbitrary base change. We will also show that the height and dimension of 
the r th -exterior power of a p-divisible group of height h and dimension one are 
respectively equal to ( ) and ( h Zi) • If the ring O is a p-adic ring, we will explain 
how to generalize and adapt the proofs so as to have the results for 7r-divisible 
0-module schemes. We proceed in this way, because the generalization rests 
upon a result from the so far unpublished Ph.D. thesis of Tobias Ahsendorf (cf. 
[Ahs] ) . If O is of characteristic p and the base scheme is the spectrum of a field, 
then we will show that the exterior powers of 7r-divisible O-module exist and we 
will obtain the similar result on their height and dimension. 

Let us explain a brief sketch of our proof for the above statements. We hope 
that this will justify the organization of the chapters and the order in which we 
undertake the proofs. In this sketch, we focus on p-divisible groups. 

Let G be a p-divisible group of dimension 1 over a base scheme S, and denote 
by G n the truncated Barsotti-Tate group of level n. One main idea is that, 
although not necessary from the definition, we construct the exterior powers 
of individual G n , and show that this construction commutes with base change. 
When S is the spectrum of a perfect field of characteristic p, we use Pink's 
multilinear theory of finite commutative group schemes (cf. |Pink] ) to compute 
the covariant Dieudonne module of f\ r G n . We show that this Dieudonne module 
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is isomorphic, as expected, to /\ r D*(G n ), where D*(G n ) is the Dieudonne module 
of G n . This allows us to compute the order of f\ r G n and consequently, to obtain 
short exact sequences 

f\G n f\G n+m f\G m -+ 

induced from the exact sequences 

— > G n — > G n+m — > G m — > 0. 

Hence, the system {/\ r G n } n >i is a Barsotti-Tate group, and its direct limit, /\ r G, 
is a p-divisible group. The above calculation will also imply that the Dieudonne 
module of f\ r G is isomorphic to /\ r D*(G), and from this isomorphism, we can 
compute the height and dimension of f\ r G. 

Next, let S be the spectrum of a local Artin ring R, with residue characteristic 
p. An important ingredient in this case, is the theory of displays over R. This 
theory is a generalization of Dieudonne theory, and in particular is equivalent to 
Dieudonne theory when R is a perfect field. Since displays are linear algebraic 
objects, it makes sense to talk about their exterior powers. With little effort and 
under the dimension 1 condition, we prove that the exterior powers of a display 
are again displays, and that the construction of the exterior powers commutes 
with base change. After defining multilinear morphisms of displays, we construct 
a homomorphism 

(3 : Mult(Pi x • • • x V r , Vo) ->■ Mu\t(BT Vl x • • • x BT Vr , BT Po ), 

where V% are displays over R and BT V% are their associated p-divisible groups. 
This map preserves alternating morphisms and commutes with base change. 

Let V be the display of G, and denote by A r the p-divisible group of /\ r V, i.e., 
the p-divisible group BT^-p. The universal alternating morphism V r — > /\ r V 
gives rise, via /?, to an alternating morphism A : G r — > A r . This alternating 
morphism is our candidate for the exterior power of G. This morphism induces 
(by definition) an alternating morphism A n : G r n — > A r n for every n. For every 
group scheme X over R, the morphism A ra induces a homomorphism 

A;(X):Iiom(A;,X)^Alt(^,X). 

One of the main results of this thesis is that (3 is an isomorphism when R is a 
perfect field. Together with what we know over fields, this implies that the homo- 
morphism A* (X) is an isomorphism over L-rational points, for every perfect field 
L over R. We will then explain that it follows that A* (G m ) is an isomorphism and 
finally, that these results are sufficient to prove that A^ is the r th exterior power 
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of G n . Then the base change property will be proved, using the isomorphism 

When R is a complete local Noetherian ring with residue characteristic p, an ap- 
proximation argument combined with the universal property of exterior powers 
will provide the exterior powers of G over R. In particular we have the exterior 
powers of the universal deformation of a fixed connected p-divisible group of di- 
mension 1 (defined over F p ) over the universal deformation ring Z p [xi . . . , a^-ij. 
The base change property follows from this property over truncations of R. 

A result of Lau states the following. Let G over F p be a connected p-divisible 
group of dimension 1 and height h, and Q over R := Z p [xi, . . . , Xh-iJ be the 
universal deformation of Gq. Let H be a truncated Barsotti-Tate group of level 
n > 1 and of height h over a Z( p )-scheme X. We assume that the fibers of H 
over the points of X of characteristic p have dimension one. Then there exist 
morphisms 

X^Y^SpecR 
with ip faithfully flat and afline, such that f*H = ^)*Q n . 

We prove faithfully flat descent results (descent of objects and morphisms) and 
in conjunction with Lau's result, we construct the exterior powers of truncated 
Barsotti-Tate groups G n , when S is defined over Z( p ). We then show that these 
exterior powers sit in exact sequences, making them a Barsotti-Tate group, or 
their direct limit a p-divisible group. That this construction commutes with base 
change follows from faithfully flat descent lemmas we prove, together with this 
property for Q over Z p [xi, . . . , x h -i}- 

For any base scheme S, using the etale "dictionary" , we translate the question of 
existence of exterior powers of etale p-divisible groups to the same question for 
continuous representations of etale fundamental group of S. Since these objects 
form a tensor category, we can solve our problem rather easily. 

Finally, let S be any scheme. We have a faithfully flat covering 

where S[-} and Su,\ are respectively the pullbacks of S — > Spec(Z) via the 
morphism Spec(Z[^]) — > Spec(Z) and Spec(Z( p )) — > Spec(Z). By base change, 
we then obtain p-divisible groups G[^\ over S[^\ and G( p ) over S( p y Since p is 
invertible on S[^\, the p-divisible group G[^\ is etale, and thus /\ r G[^} exists. 
Over S(p), we also have constructed the exterior power /\ r G( p ). These p-divisible 
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groups glue together to produce the r th exterior power of G' (the pullback of 
G) over S' . Again, using the faithfully flat descent, we get the p-divisible group 
/\ r G over S. The fact that it commutes with arbitrary base change is again a 
consequence of the lemmas we prove on faithfully flat descent, and the fact that 
/\ r G' commutes with base change. 

When the base scheme S is locally Noetherian, there is an elementary way to avoid 
Lau's result and construct the exterior powers of G, by proving that A\t s (G 7 n , G m ) 
is finite and flat over S. We prove this statement, by reducing to the case of a 
local Artin base, where we know it is true (A*(G m ) is an isomorphism). 



We now give a quick overview of the chapters. In chapter 1, we define notions 
and prove results from algebraic geometry that will be used later. In chapter 2, 
we introduce the category of -R-module schemes over a base scheme and define 
their multilinear (symmetric and alternating) morphisms and also the refined 
notion of pseudo--R-multilinear (symmetric and alternating) morphisms (cf. Def- 
initions 2.2.1 and 2.2.2). We also define the presheaf of multilinear morphisms 



of -R-module schemes (cf. Definition 2.2.4). We then prove an adjunction result, 
that will help us later, mainly for induction arguments (cf. Proposition 2.2.10). 
In chapter 3, we review results from |Pinkj on the relations between multilinear 
morphisms of group schemes and morphisms between their Dieudonne modules, 
and explain how to generalize them to .R-module schemes. For any r > and 
any finite -R-module schemes Mi, . . . , M r and M of p-power torsion, we prove, 
giving an explicit morphism, that the -R-module Mult fi (M 1 x ••• x M r ,M) is 
isomorphic to the -R-module L R (Di x • • • x D r , D) consisting of .R-multilinear 
morphisms satisfying certain conditions involving the actions of Frobenius and 
Verschiebung, called the F and ^-conditions (cf. Definition 3.0.14). Pink's ex- 
plicit constructions incorporate both covariant and contravariant Dieudonne the- 
ory. We translate these constructions into (purely) covariant theory, something 
that in some situations makes calculations easier. 



In the first section of chapter 4, we define tensor products, symmetric powers 
and exterior powers of -R-module schemes, by universal properties (cf. Definition 



4.1.1). Again, we generalize Pink's argument to show that these objects exist, 



when the base is a field and the .R-modules are finite over the base (cf. Theorem 
4.1.4). In the second section, we examine the base change properties of these 



constructions. We prove that these constructions commute with base change, in 
either of the following two cases: 1) the base is a perfect field and we change it to 
an algebraic field extension (cf. Proposition 4.2.3), or 2) the base is a field and 
we change it to a finite field extension (cf. Proposition 4.2.6). For the first case 
we use Galois descent and for the second one we use Weil restriction. In the third 
section, we explore functorial and "categorical" properties of exterior powers. In 
particular, we explain how the construction of exterior powers behaves with re- 
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spect to short exact sequences. Main results of this section are Lemma 4.3.9 



Theorem 4.3.10 and Proposition 4.3.13 Finally, in the fourth section, generaliz- 
ing Pink's results on Dieudonne modules of finite p-group schemes over perfect 
fields and using these results, we find sufficient conditions under which, taking 
the Dieudonne module and exterior power of a finite i?-module scheme of p-power 



order commute (cf. Lemma 4.4.10) 



The main result of chapter 5 is Theorem 5.6.1 , which will serve as a "basis" for the 
Main Theorem of this thesis, in the sense that the general case will be reduced to 
this situation. We begin the chapter with the definition of 7r-divisible (9-module 



schemes (cf. Definition 5.1.1) and prove some expected properties, those that 
they share with p-divisible groups, e.g., that they are formally smooth. We also 
define the height of a 7r-divisible (9-module and show that it is an integer. Then, 
we define multilinear and pseudo-multilinear morphisms of 7r-divisible modules 
and also symmetric and alternating morphisms (cf. Definition 5.3.1). Using 
these definitions, we define the notion of exterior powers of 7r-divisible mod- 
ules (cf. Definition 5.3.3). Next, we prove that over any base scheme, exterior 



powers of etale 7r-divisible modules and finite etale O-module schemes exist and 



their construction commutes with arbitrary base change (cf. Proposition 5.4.1). 



When the base scheme is the spectrum of a perfect field of characteristic p, we 
prove that the Dieudonne module of a 7r-divisible (9-module of height h is a free 
W(k)(§)z p O-modu\e of rank h. When a 7r-divisible module is connected and has 
dimension one, we exhibit a basis of its Dieudonne module over W(k)(§>z p O. Us- 
ing this basis, we construct morphisms $ and T on the exterior powers of the 
Dieudonne module, such that $oT = p = To$ and prove that the exterior 
powers of the Dieudonne module are Dieudonne modules with their Frobenius 
and Verschiebung being $ and T respectively. Let Ai be a connected 7r-divisible 
0-module scheme of dimension 1 and height h over a perfect field k. Denote by 
D n the Dieudonne module of Ai n . Using $ and T, we define morphisms <p and v 
on /\ r D n and show that f\ r D n is canonically isomorphic to the Dieudonne mod- 
ule of /\ r Ai n with Frobenius and Verschiebung acting through ip and respectively 
o 

v (cf. Corollary 



5.5.19). This implies that the order of f\ 7 M. n is equal to g n w. 

| [ o 

When k is not necessarily perfect, using the base change properties of exterior 

powers, proved in chapter 4, we explain how we can use these quantitative re- 
sults and the exact sequences from chapter 4 (stated above) to show that f\ r Ai n 

o 

form an inductive system, which is a 7r-divisible (9-module scheme of height ( h ) . 
Finally, we show that the inductive system above, seen as a 7r-divisible module, 



is the r th -exterior power of Ai, its dimension is (cf. Proposition 



5.5.30 



and Theorem 5.5.34) and when k is perfect, its Dieudonne module is canonically 
isomorphic to /\ r D(M). Lastly, we combine the results in the etale case and 
the case over fields of characteristic p, to show that over any ground field, the 
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exterior powers of 7r-divisible modules of dimension at most 1 exist (cf. Theorem 
5.6.1). A by-product of this chapter is the Corollary 5.5.6, which will be useful 
later. 



In the first section of chapter 6, we recall elements from Zink's theory of Dis- 
plays, that are needed for this thesis. In the second section, we are dealing with 
multilinear theory of Displays. For i — 0, . . . , r, let Vi — (Pi, Qi, F, V~ x ) be 3n- 
displays over a ring R. We define the group of all multilinear morphisms from 
V\ x • ■ ■ x V r to Vo, and denote it by Mult^i x • • • x V r , Vo). These are morphisms 
preserving the action of V~ x (cf. Definition 6.2.1 ). Similarly, we define symmetric 
(multilinear) morphisms and alternating (multilinear) morphisms. We then show 



natural base change properties of multilinear morphisms (cf. Lemma 6.2.4). We 
then construct the homomorphism 

: Mult(Pi x ■ ■ ■ x V r ,V ) ^ Mvlt(BT Vl x ■■■ x BT Vr , BT Vo ) 



(cf. Construction 6.2.5). We prove that f3 preserves symmetric and alternat- 



ing morphisms and that it commutes with base change (cf. Proposition 6.2.7 
and Corollary 6.2.11). In the third section, we construct exterior powers of a 



3n-display of rank one using a normal decomposition (cf. Construction 6.3.1) 



and prove that this construction is independent from the choice of the normal 
decomposition and it commutes with base change, that these exterior powers are 
3n-displays and that they are nilpotent, when the given 3n-display is nilpotent 
(cf. Lemma 6.3.2). Finally, we prove that the exterior powers of a 3n-display 



satisfy the universal property of exterior powers (cf. Proposition 6.3.3). 



In chapter 7, we give explicit isomorphisms between the Cartier module, the 
Dieudonne module and the display of a connected p-divisible group over a per- 
fect field of characteristic p. That these linear algebraic gadgets are isomorphic 
is known to experts, but the author was not able to find, in the literature, the 
isomorphism between the Cartier module and the Dieudonne module. Accord- 
ing to |Bre79] . the isomorphism between the Cartier module and the Dieudonne 
module of a connected p-divisible group over a perfect field of characteristic p 
is due to W. Messing. The construction of the morphism from the Dieudonne 



module to the Cartier module (Construction 7.1.1) was inspired by that given in 
[Bre79] . 



In chapter 8, we prove the Main Theorem of the thesis (for p-divisible groups), 
i.e. Theorem |8.3.5[ In the first section, we prove some technical statements using 



the isomorphisms constructed in chapter 7. These will allow us to make explicit 
calculations and prove Theorem |8.1.14| and Corollary |8.1.22[ which are the key 



results for the proof of the Main Theorem. In the second section, we construct 
the morphism 

KXX) : Eom(A r n , X) ^ Mt(G r n , X) 
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mentioned above (cf. Construction 8.2.1). When p is nilpotent in R and V is 



nilpotent, we show that A*(G m ) is an isomorphism (cf. Proposition 8.2.6) and 
conclude from it that A*(X) is an isomorphism when X is finite and flat over 



R (cf. Propositions 8.2.7). Using this result, we prove that if R is a complete 
local Noetherian ring with residue characteristic p and the special fiber of G is 



connected, then the exterior powers of G exist (cf Proposition 8.2.9) and they 



commute with arbitrary base change (cf. Corollary 8.2.15). In the last section 



we use the results from previous sections to construct the exterior powers of p- 
divisible groups over arbitrary base. We begin by stating Lau's result mentioned 



above (and giving his proof). We then prove Lemma 8.3.2 on faithfully flat de- 
scent for truncated Barsotti-Tate groups and p-divisible groups. We then show 
that if S is a scheme over Z(p) and G over S is a p-divisible group whose fibers at 
points of characteristic p have dimension 1, then the exterior powers of G exist 
and they commute with arbitrary base change (cf. Lemma 8.3.4). We prove 



this lemma by proving the similar result for truncated Barsotti-Tate groups (cf. 
Lemma 8.3.3). Finally, as we explained above, we glue these results to prove the 



Main Theorem 18. 3. 51 



In chapter 9, we prove the Main Theorem of the thesis for 7r-divisible O- module 
schemes, where O is a p-adic ring and the action of O on their Lie algebra is by 
scalar multiplication. In the first section, we briefly define ramified Witt vectors 
and state (without proof) their main properties. Then, we define ramified 3n- 
displays over (9-algebras. These are natural generalizations of Zink's 3n-displays, 
with (g, 7r) replacing (p,p). This generalization is the work of T. Ahsendorf (cf. 
[Ahs] ). We follow the constructions of [Ahsj and state the results of |Ahs] that we 
will use. Then, we explain how our constructions from chapter 6 can be general- 
ized to this new setting of ramified displays. In the second section, we construct 
and define the ramified Dieudonne module of a 7r-divisible module over a perfect 
field k (cf. Construction 9.2.1) and endow it with a ramified 3n-display struc- 
ture. Next, we construct an equivalence of categories, H, between the category of 
Dieudonne modules over k with a "scalar" O-action and the category of ramified 
Dieudonne modules over k with "scalar" C-action. A scalar action, is an action 
which on the tangent space is given via the scalar multiplication (cf. Lemma 



9.2.7). We then prove that this equivalence preserves multilinear morphisms sat- 



isfying the V^-condition (cf. Lemma 9.2.9). We show that if V is a display over k 
with scalar 0-action, and M(V) is the corresponding ramified display, then the 
associated p-divisible group to V and 7r-divisible module to M.(V) are isomorphic 



as formal O-modules (cf. Proposition 9.2.12). A key technical result in this part 



is Proposition 9.2.19 This proposition together with what we proved in chapter 
8 imply Corollary |9.2.23 which states that the homomorphism /3 is an isomorph- 
ism, also in the framework of ramified displays. Having this crucial result, we 
can proceed as in chapter 8, and construct the exterior powers of an infinitesi- 
mal 7r-divisible module of dimension 1 over local Artin (9-algebra. Let A4 be a 
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7r-divisible O- module over a base scheme S and of dimension at most 1. In this 

chapter, instead of generalizing Lau's result and when S is locally Noetherian, 

~ o 

we prove that Alt 5 {M. r n -, G TO ) is a finite flat (9-module scheme over S, where the 
symbol Alt means pseudo-(9- multilinear alternating. We prove this statement, 
by showing some elementary lemmas and reducing to the case of a local Artin 
O-algebra. We then explain that this statement implies the existence of the ex- 
terior power f\ r A4 n (cf. Proposition 



o 

the system {f\ r A4 n }r 

o 



9.2.33 



is a 7r-divisible O-moc 



). As in chapter 8, we prove that 
ule scheme over 5* (cf. Proposition 



9.2.34). Finally, we show that this system is the r th -exterior power of A4 and that 

for every S-scheme T, we have a canonical isomorphism (/\ t M)t — /\ v (Mt) (cf. 

o o 

Theorem 9.2.36). We have similar statement about the height and dimension of 
the exterior powers. 



In chapter 10, we exhibit some examples. 
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Throughout the article, unless otherwise specified, rings are commutative with 1. 
A geometric point of a scheme is a morphism from the spectrum of an algebraic 
closed field to the scheme. The group schemes are assumed to be commuta- 
tive. By dimension of a finite group scheme over a field, we mean the vector 
space dimension of its Lie algebra. An exact sequence of group schemes is an 
exact sequence of sheaves on the fppf site over the base. In the theory we are 
dealing with, there are subtle existence problems; so, if we talk about an object, 
we are always implicitly assuming that it exists, without every time expressing it. 

Individual chapters, sections or parts of them may require specific conventions, 
and we tried to introduce these conventions in the preamble of the corresponding 
chapters or sections. We therefore ask the reader to refer to the beginning of each 
chapter and section, in order to find the adequate conventions for that part. 



• For any n G N+, we denote by uj(n) the number of distinct prime factors of 



Notations. 



• N = {0,1,2,. 



,} 



• N+ = {1,2,3, 



71. 



• jx : N+ — > { — 1, 0, 1} is the Mobius function defined as follows: 




(_l)w(n) if n is square-free, 
otherwise. 



• Q>o is the set of non-negative rational numbers. 
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p is a prime number. 

q is a power of p and ¥ q is the finite field with q elements. 

If R is a ring and r is an element of R, we denote by R/r the quotient ring 

Z(p) is the localization of Z at the prime ideal (p). 

G m is the multiplicative group scheme over any given base scheme. 

G a is the additive group scheme over any given base scheme. 

For natural numbers m and n, the binomial symbol (^) is defined to be 
zero when m > n and if n > m it is defined as usual. 

Let x — (xi, . . . , x r ) be an element of Z r . We denote by maxx respectively 
minx the integer max{xi, . . . , x r } respectively min{xi, . . . , x r }. 

Z r := {d = (di,...,d r ) G Z r | mind — 0}. We denote by Zq <m the subset 
of Zq consisting of vectors d with maxrf < M. 

For integers a < b, we set [a, 6] := [a, 6] fl Z. 

Let r be a natural number and Si, . . . ,S r non-empty sets. Choose an el- 
ement Zi G Si for some % and let a : [l,r] \ {i} — >■ Uj =1 <Sj be a map 

such that a(j) G Sj for every j ^ i. We denote by (a(l), . . . , Zj, . . . , a(r)) 

t 

the element (a(l), • • • , a(i — 1), ^i, a(i + 1), . . . , a(r)) G 5i x • • ■ x S r . (This 
strange notation is used in the rare occasions, where the notations are very 
heavy and carrying all the indices reduces the readability). 

If R is a ring and M is an R- module, we denote by £r(M) the length of M 
over R. 

We denote the kernel of a homomorphism of group functors tp : J 7 — > Q, by 

Let X be a group scheme over a base scheme S. We will identify the sheaf 
hx '■= Homs(_, X) on the fppf site of S with the scheme X. So, if T is an 
S'-scheme, X(T) will denote the set Hom 5 (T, X). 

Let X be a scheme over a base scheme S and / : T — > S a morphism. We 
denote by the fiber product X x 5 T. If J 7 is a sheaf on a Grothendieck 
site over S (e.g. the fppf site), we denote by j*T the pullback of T along 
/. So, if X is a scheme over S, the pullback of X, /*X, regarded as an fppf 
sheaf and the scheme X T are identified. 
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Let T and Q be sheaves on a Grothendieck site. We denote by Hom fJ 7 , Q) 
the "sheaf horn" from T to Q, in other words, this is the sheaf that sends 
an object U of the site to the set Hom^J 7 ^, Q\ v ). 

Let G be a finite flat group scheme over a base scheme S. The Cartier dual 
of G, i.e., the finite flat group scheme Hom 5 (G, G m> s) is denoted by G*. 

Let i? be a ring. We denote by W(R) and CW{R) (respectively CW U (R)), 
the ring of Witt vectors and the ring of Witt covectors (respectively unipo- 
tent covectors) with respect to p and with coefficients in R. Sometimes, 
when the risk of confusion is minor, we will write W (respectively CW) 
instead of W(R) (respectively CW(R)). We write a vector of W(R) in the 
form x = (xq, xi, . . . ) and a covector of CW(R) in the form x — (. . . , x\, xq). 

7j q is the unramified extension W(F q ) of Z p with residue field ¥ q . 

For any scheme S, we denote by W& and CWs (respectively CWg) the 
ring scheme of Witt vectors and Witt covectors (respectively unipotent 
covectors) over S. The Frobenius and Verschiebung will be denoted by F 
and V. 

Denote by W m the cokernel of the morphism V m : W — > W, i.e., the ring 
scheme of Witt vectors of length m and denote by W m , n the group scheme 
W m [F n ], i.e., the kernel of F n : W m -»■ W m . 

Let k be a perfect field of characteristic p. Denote by W the direct system 
W\ — v —^ W 2 • • • , viewed as an ind-object of the category of commu- 
tative group schemes over k. Thus, for^any commutative group scheme 
over k, we have by definition Hom(G, W) = lim Hom(G, W n ). Note that W 

n 

is canonically isomorphic to CW U (cf. |Fon77j . Chapitre II, §1). 
For all m and n consider the morphism (of schemes) 

r m>n ■ W mjn m> W, {x , ar m _i) i-)> (x , • • • , x m _i, 0, 0, . . . ). 

Denote by W the formal group scheme [J mn T m<n (W rntn ). To avoid heavy 
notations, when confusion is unlikely, we write r instead of r m>n . Note that 
W is sub-ind-object of IV. 

Denote by W the inverse limit, limVF min with transition morphisms the 
projections r : W m+ i >n -» W m>n (the truncation) and / : W mj „+i -» W m , n 
(the Frobenius). For every n, denote by n n the projection W -» lim W mjn = 
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Let R be a ring with a distinguished element tt, and G an i?-module functor 
(i.e. a functor from a category to the category of R- modules). We denote 
by G n the functor G[7r n ], i.e., the kernel of ir n : G — > G. For instance, if G 
is a p-divisible group and R := Z with n := p, then G n denotes the kernel 
of the multiplication by p n . If there are more than one R- module functors 
Go, Gi, G2, . . • , indexed by natural numbers, then for every i, the kernel of 
multiplication by tc u on Gi will be denoted by G,^ n . 

Let k be a perfect field of characteristic p. We denote by E& the Dieudonne 
ring over k, i.e., the non-commutative polynomial ring 

W(k)[F,V] 
(FV - VF, VF - p) 

with F£ = i u F and V? = £V for all £ G W(Jfe), where a : W(Jfe) -> W(k) 
is the Frobenius morphism of W(k). 

Let /c be a perfect field of characteristic p. We denote by E& the (F, I/)-adic 
completion of i.e., we have 

g W(k)lF,V} 
h (FV - VF, VF-p)' 

Let k be a perfect field of characteristic p and G a finite group scheme over 
k of p-power order. The contravariant Dieudonne module of G, denoted 
by D*(G), is the E fc -module Hom(G, CW U ) S Hom(G,W). The covariant 
Dieudonne module of G, denoted by D*(G), is the E fc -module D*(G*). If 
G is local- local, this module is canonically isomorphic to Hom(W, G). For 
details refer to |Fon77j or |Pink] . 

For any ring R, denote by the affine group scheme over R, which asso- 
ciates to every i?-algebra A, the multiplicative group 1 + t ■ AftJ of formal 
power series in A with constant term 1. Seen as a functor from schemes 
over R to Abelian groups, is isomorphic to the product Yin ^r (cf- 
[Dem86p . 

Set F(t) := n^(l -t)^el + t- Z (p) [t] (cf. [Dem86]). 
The Artin-Hasse exponential is the following morphism 

E : W Z(p) -> A Z(p) , x ^ E(x, t) := J] F(z n ■ t p ") 

neN 

(cf. |Dem86j ). 
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Chapter 1 

Algebraic Geometry Results 



In this chapter we define some general notions and prove some auxiliary results 
from algebraic geometry, that will be used later. These results may hold under 
weaker conditions. We did not intend to prove the most general statements. 
Rather, we tried to devise a compromise between simplicity of proofs and gener- 
ality of statements. 

Lemma 1.0.1. Let X = Spec(v4) with A a complete local Noetherian ring and 
let f : Y X be a separated morphism with the following property: for every 
local Artin ring R and every morphism Spec(i?) — > X , the base change of f to 
R, /r : — > Spec(i?) ; is a finite and flat morphism. Then f is a finite and flat 
morphism. 

Proof. The hypothesis on / implies that it is a quasi-finite morphism. Since A is 
a local Henselian ring, by Theorem 4.2, p. 32 of |Mil80j . / is a finite morphism. 
Thus, in particular, / is affine and we can write Y = Spec(5) with B a finite 
A-algebra. Let us denote by m the maximal ideal of A, by A n the local Artin 
ring A/m n+1 and by B n , the finite v4 n -algebra B ®a A n . Then, by assumption, 
for every natural number n, B n is a finite flat A^-algebra. It follows from the 
local flatness criterion (cf. Theorem 22.3, p. 174 of [Mat89j) that B is flat over 
A. □ 

Lemma 1.0.2. Let ip : X — > Y be a surjective morphism of schemes over a base 
scheme S. Denote by f : X — > S and g : Y — » S the structural morphism of X , 
respectively of Y . If f is finite and g is separated and of finite type, then g is 
finite. 

Proof. As (p is surjective, the fibers of / surject onto the fibers of g and since / 
is finite and thus quasi-finite, the fibers of g are finite too (as sets) and therefore, 
g is a quasi-finite morphism. If we show that g is proper, then it will be finite 
( "proper" + "quasi-finite" =>■ "finite" ) . Since g is already by assumption separated, 
we only need to show the universal closedness. Note that since / is finite, it is 
proper as well. As the properties of being proper and surjective are preserved 
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under base change, in order to show that g is a universally closed morphism, it 
is sufficient to show that it is a closed map of topological spaces. Let F C Y be 
a closed subset. Since ip is surjective, we have F = </?(</? _1 (F)) and thus 

g(F)=go^-\F)) = f^-\F)), 

which is a closed subset of S, because / is proper and therefore a closed map and 
</? _1 (F) is a closed subset of X. □ 

Definition 1.0.3. Let X be a separated scheme over a base scheme S and let 
s G S(L) be an L-valued point, with L a field. Denote by X s the base extension 
of X with respect to the morphism s : Spec(L) — > S. By the order of X s over s, 
we mean the dimension over L of the L- vector space T(X S , Ox a )- In particular, 
if s G S is a point, the order of the fiber X s over s, is the dimension of the 
/t(s)-vector space T(X S , Ox s )- 

Lemma 1.0.4. Let X, Y be affine schemes over S = Spec(i?) 7 where R is a local 
ring. Assume furthermore that X is finite and flat and Y is of finite type over S , 
that the fibers of X and Y have the same order over every point of S , and that 
we have a morphism <p : X — >■ Y over S which is an isomorphism on the special 
fiber. Then ip is an isomorphism. 

Proof. We show at first that ip is a closed embedding. Set A := T(X, Ox) and 
B := r(Y, Oy). By assumption, we have X = Spec(A) and Y = Spec(fi), with 
A a flat and finite _R-algebra (i.e., finite as R- module). The morphism ip : X — > Y 
corresponds to a ring homomorphism / : B — >■ A. We want to show that / is 
surjective. Write C for the cokernel of / and denote by k the residue field of R. 
Tensoring the exact sequence of i?-modules B — ^ A — > C — > with k over R, 
we obtain the exact sequence 

B ® R k f ® Rldk > A ® R k -)• C ® R k -> 0. 

By hypothesis, B ® R k f® Rldk > A ® R is an isomorphism, and therefore, C ®r k 
is the zero /c-vector space. As A is a finitely generated i?-module and C is a 
quotient, we can apply the Nakayama's lemma to C and deduce that C = 0. 
This shows that / is surjective. Write K for the kernel of /, i.e., we have a short 
exact sequence — > K — > B A — > 0. As A is flat and finitely generated and 
R is local, it is free. This implies that the above short exact sequence is split (as 
.R-modules) and we can write B = K ® A, and so B ® R k = (K <g) R k) © (A <g) R k). 
Again, since by assumption / is an isomorphism after tensoring with k over R, 
we have K ® R k = 0. Assume for the moment that B is a finitely generated 
i?-module. Then, K being a quotient of B, is also finitely generated and we can 
apply once again Nakayama's lemma and conclude that K — 0, which achieves 
the proof of the proposition. So, we have to show that B is a finitely generated 
i?-module or equivalently, that Y is a finite S'-scheme. Fix a point s G S. As 
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ip : X — y Y is a closed embedding, the induced morphism tp s : X s — > F s is a 
closed embedding as well. By assumption, X s is finite over s and the fibers X s 
and y s have the same order over s, which should be then finite. This shows that 
the embedding ip s is in fact an isomorphism (a surjective map of vector spaces of 
the same finite dimension is an isomorphism). Consequently, the morphism <p is 



surjective as a map between topological spaces. We can now apply Lemma 1.0.2 



and conclude that Y is a finite scheme over S. □ 

Proposition 1.0.5. Let S be a base scheme and if : X — y Y a morphism of S- 
schemes with X finite and flat and Y of finite type and separated over S . Assume 
that for every geometric point s of S , X s and Y s have the same order over s and 
that ip is an isomorphism over every closed point of S. Then if is an isomorphism. 

Proof. Denote by / : X — y S, respectively g : Y — >■ S the structural morphisms 
of X, respectively of Y. Assume that we have shown the proposition for S, X 
and Y affine. Let S = UaeA ^a, an d Y = [J a&A Y a be open affine coverings, such 
that g(Y a ) C S a . Set X a := <^ -1 (Y^,), and therefore we have also f(X a ) C S a . 
Since by hypothesis, / is finite and thus affine and g is separated, by [EGAIIJ 
1.6.2 (v), we know that ip is an affine morphism and therefore {J aeA X a is an 
open affine covering of X. Denote by tp a : X a — > Y a the restriction of (p. We 
know that for all a G A, the morphism ip a is an isomorphism, and so, it follows 
that if is as isomorphism. So, it is enough to show the statement in the affine 
case. Set A := T(X,O x ), B := T(Y,O y ) and R := T(S,O s ) and denote by 
h : B A the ring homomorphism corresponding to if : X — y Y. We want to 
show that for every maximal ideal m of R, the localization h m : B m — > A m of h 
is an isomorphism. It follows then that h is an isomorphism. We can therefore 
assume further that R is a local ring. Let s be a point of S, and R an algebraic 
closure of k{s). Since by assumption the R- vector spaces B k(s) ®«( s ) R and 
A®rk,(s) <8)«( s ) R have the same finite dimension, the ft(s)-vector spaces 5®_rk(s) 
and A®rk(s) have the same dimension too. This shows that the fibers of X and 
Y have the same order. We also know by assumption that ip is an isomorphism 
over the special fiber. We can now apply the previous lemma, and conclude that 
(p is an isomorphism. □ 

Remark 1.0.6. Assume that X, Y and S are like in the previous proposition 
and ip : X — y Y is an isomorphism over every geometric point of S, then the 
hypotheses of the previous proposition are satisfied and we can draw the same 
conclusion. 

Proposition 1.0.7. Letip : G —y H be a homomorphism of affine group schemes 
of finite type over Spec(A;) ; where k is a field. Assume that for every finite group 
scheme I over k, the induced homomorphism of groups 

^(J) : Hom(/,G0 -»■ Kom(I,H) 
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is an isomorphism and also the induced homomorphism on k -valued points, ip{k) : 
G{k) — > H{k), is an isomorphism. Then ip is an isomorphism. 

Proof. We show at first that ip is a monomorphism. Denote by K the kernel of 
tp. Since G is of finite type over k, its closed subgroup K is also of finite type 
over k. The sequence 

— >■ K(k) — >■ G(jfe) -^U if (jfe) 

is exact, but by assumption, ip(k) is injective and therefore, K(k) = 0. It follows 
that K is a finite group scheme over k. By assumption the homomorphism 

V>*(iT) : Hom(if,G) ->■ Hom(if , if) 

is injective. It implies that the inclusion K <^-> G is the zero homomorphism and 
thus X = 0. 

In order to show that ip is an epimorphism, we consider the problem over fields 
of positive characteristic and characteristic zero separately. First, the case when 
k has positive characteristic p. Assume at first that H is connected. Let H[F n ] 
denote the kernel of the homomorphism F£ : H — > H^. As H is a scheme of 
finite type over k, the subgroup schemes H[F n ] are finite over k, for every n. It 
follows from the assumption that the inclusion H[F n ] > H factors through the 
inclusion G ^ H. Denote by In the augmentation ideal of H and by J the ideal 
in 0(H) (the coordinate ring of H) defining G, i.e., we have 0(G) = 0(H)/J. 
Since G contains the kernel of all powers of the Frobenius morphism of H, we 
have J C H^Li ^h- But this intersection is trivial, because H is connected. Hence 
0(G) = 0(H) and G = H . In the general case, denote by H° the connected 
component of H, containing the zero section, and by Go the intersection G H H°. 
The hypotheses of the proposition hold for the induced homomorphism ip\ Go : 
Go — > H° and since H° is connected, by the above arguments, we have Go = H°. 
This shows that G contains H°. As H is of finite type over k, it has finitely many 
connected components. Thus, the quotient H/H° is a finite etale group scheme. 
This finite quotient surjects onto the quotient H/G, which implies that H/G is 
a finite etale group scheme over k. Consider the following short exact sequence: 

-)■ G H — )• #/G -)• 0. 

Taking the /c-valued points, we obtain the following short exact sequence: 

-)• fT(ife) — )■ fT/G(jfe) -)■ 0. 

Since by assumption ip(k) is an isomorphism, we have that (H/G)(k) is trivial. 
As H/G is etale and is trivial on A;- valued points, the group scheme H/G is trivial 
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as well. Hence ip is an isomorphism. 

Now assume that A; is a field of characteristic zero. Since ip(k) is surjective, ip 
is a dominant morphism. It follows that the kernel of the ring homomorphism 
ijfl : O(H) —7- 0{G) between the Hopf algebras of H and G is nilpotent. Since 
k is of characteristic zero, H is reduced (Cartier's theorem) and therefore the 
kernel of ip* is zero, which means that ip : G — > H is an epimorphism. □ 

Remark 1.0.8. 

1) If characteristic of k is positive, the homomorphism ip is a monomorphism 
even without the assumption on the fc-valued points. Indeed denote by 
K the kernel of ip. Since G is a scheme of finite type over k, the closed 
subscheme K is also of finite type and therefore if[F], the kernel of the 
Frobenius morphism of K, is a finite group scheme over k. As K[F] lies 
inside the kernel of ip, the composition K[F] > G — H is the trivial 
homomorphism. It follows from the assumption that K[F] G is the zero 
homomorphism. Hence K[F] = 0. This implies that K is an etale group 
scheme of finite type over k and therefore is finite. Again, the composition 
K *-»■ G — H is trivial, which implies that K = 0. 

When the characteristic of k is zero, however, the assumption on the k- 
valued points is necessary, for there are affine group schemes of finite type 
which don't have any non-trivial finite subgroups (e.g. G® n ), and therefore, 
any group homomorphism between them satisfies the first assumption. 

2) The author believes that when k is of positive characteristic, the first as- 
sumption alone is enough to guarantee that ip is an isomorphism. However, 
since we will not use the more general statement in the sequel, we content 
ourselves with the weaker statement. 

Now, we give the definition of a truncated Barsotti-Tate group over a base scheme, 
given in [11185 ] . For more details on (truncated) Barsotti-Tate groups and their 
properties we refer to I.e. and [Mcs72j. 

Definition 1.0.9. Let S be a scheme, n a positive natural number and G an 
fppf sheaf of Abelian groups over S. We call G a truncated Barsotti-Tate group 
of level n over S if G fulfills the following conditions (i) and (ii), and the extra 
condition (iii) when n = 1: 

(i) G is annihilated by p n and is a flat sheaf of Z/p n Z-modules. 

(ii) the kernel of p : G — > G is representable by a finite locally free group scheme 
over S. 
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(iii) (n— 1) If Sq := V(p) C 5 (the closed subscheme of S where p is zero) and 
G := G x s S , the sequence 

Go > Go — > Go 

is exact. 

The rank of G[p] = Ker(p. : G — >■ G) is of the form p' 1 , where /i : 5 — > N is a 
locally constant function, called i/ie height of G. 

Definition 1.0.10. Let S be a scheme and G an fppf sheaf of Abelian groups over 
S. We call G a Barsotti-Tate group or p-divisible group over S if the following 
conditions are satisfied: 

(i) G is p-divisible, i.e., the homomorphism p : G — > G is an epimorphism. 

(ii) G is p-torsion, i.e., the canonical homomorphism lim G[p n ] — > G is an iso- 

n 

morphism. 

(iii) G[p] is representable by a finite locally free group scheme over S. 

The rank of G[p] is of the form p h , where h : S — > N is a locally constant function, 
called £/ie height of G. 

Definition 1.0.11. A p-divisible group G over a scheme S 1 is said to be infinites- 
imal, if for every s G S, the fiber G s is a connected (or equivalently formal) 
p-divisible group over the residue field k(s) at s. 

Definition 1.0.12. Let G be a p-divisible group over a base scheme S. The 
dimension of G is the set-theoretic map dim(G) : S — > N, which sends a point 
s G 5 to the dimension of the p-divisible group G s over the residue field k(s) at 
s. 

Definition 1.0.13. Let (A, m) be a complete local Noetherian ring and denote by 
X and % n the formal scheme Spf (A) respectively the affine scheme Spec(A/m n ). 
We also set X := Spec (A). 

(i) A truncated Barsotti- Tate group of level % over X is a system (3 = (G(n)) n >i 
of truncated Barsotti-Tate groups of level i over X n endowed with iso- 
morphisms G(n + l)\x„ = G(n), where G(n + l)\x n is the base change of 
G(n + 1) to 3L n . A homomorphism ip : C5 — > between two truncated 
Barsotti-Tate groups of level % over X is a system (y?(n)) n >i of homomorph- 
isms tp(n) : G n — > H n over X n , such that for all n, ip(n + l)\x n — ^p{ n )- 
We denote by ^B%i /X (respectively by 23Tj /X) the category of truncated 
Barsotti-Tate groups of level % over X (respectively over X). Multilinear, 
symmetric and alternating morphisms of truncated Barsotti-Tate groups of 
level i over X are defined similarly. 
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(ii) A p-divisible group over X is a system & = (G(n)) n >i of p-divisible groups 
G(n) over X n endowed with isomorphisms G(n + l)\x n — G(n), where 
G(n + l)\x n is the base change of G(n + 1) to X n . A homomorphism ip : 
(3 — > between two p-divisible groups over X is a system (y?(n)) n >i of 
homomorphisms (f(n) : G n — > H n over X n , such that for all n, ip(n + l)\x„ = 
<f(n). We denote by p-Qiv /X (respectively by p-Qiv /X) the category of 
p-divisible groups over X (respectively over X). Multilinear, symmetric and 
alternating morphisms of p-divisible groups over X are defined similarly. 

Let G be an object of p-Qiv / X (respectively of /X) and denote by G(n) 
the pullback of G to X n . We have canonical isomorphisms G{n + l)|x„ — G(n) 
and therefore, the system (G(n)) n >i defines a p-divisible group (respectively a 
truncated Barsotti-Tate groups of level i) over X that we denote by 3(G). 
For the proof of the following proposition, we refer to |Mes72] . Ch. II, lemma 
4.16, p. 75, or |d.I95] . lemma 2.4.4, p. 17. 

Proposition 1.0.14. The functors 

3 : <B% jX — > 53 Tj /X 

and 

3 : p-2)io jX — > p-Dio /X 

are an equivalences of categories. 
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Chapter 2 



/^-Multilinear Theory of 
i?-Module Schemes 

2.1 R- module schemes 

Definition 2.1.1. Let M be a commutative group scheme over S. If there 
is a ring homomorphism Om : R — >■ End,s(M), then M together with ckm is 
called an R-modules scheme over S, and «m is called the module structure of M . 
Equivalently, an .R-module structure on M is a factorization of the representable 
functor h M = Hom s (_, M) : &d) / S — >■ 2tb through the forgetful functor i?- 
OJtot) — ?> 2tb from the category of i?-modules to the category of Abelian groups. 
By abuse of terminology, we call M an R- module scheme (over S). For simplicity, 
we write r- : M — > M or simply r : M — )• M for a(r). 

Definition 2.1.2. Let M and be i?-module schemes over S. An R-linear 
homomorphism over 5 or an R-module homomorphism ip over S from M to 
is a group scheme homomorphism ip : M N over S, such that a^r) o if = 
ip o a M (r) for every r E R. We denote by Hom i? (M, A r ) the group of all i?-linear 
homomorphisms from M to N, which is in fact an i?-module using the action of 
R on M or N. If the ring R is understood from the context and there is little 
risk of confusion with the group of all homomorphisms (not necessarily .R-linear) 
from M to N, we denote this module by Hom(M, N). 

Remark 2.1.3. 

1) A sequence 

->■ W — > M — > M" — >■ 

of R- module schemes is exact, if it is exact as a sequence of commutative 
group schemes. 

2) If T is an ^-scheme, then the -R-module structure of M gives an _R-module 
structure of the base extension My. 
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3) If Mi, ... , M r are .R-module schemes over S, then the product Mi x s M 2 x s 
■ ■ ■ x s M r is again an i?-module scheme over S. 



4) A commutative group scheme over S is a Z-module scheme over S. So, 
we can think of the theory of -R-module schemes as a generalization of the 
theory of commutative group schemes. 

5) Let M be an R'-module scheme over S and G a group scheme over S. Then 
the group Hom 5 (M, G) has a natural structure of R- module through the 
action of R on M. 

6) Let M be a finite flat i?-module scheme over S. The Cartier dual of M, i.e., 
the group scheme Hom (M, G m ,s) has a natural i?-module scheme structure 
given by the action of R on M. 

7) Let M be a finite flat -R-module scheme over Spec(A), where A is a 
Henselian local ring. We have the connected-etale sequence of M as a 
group scheme over Spec (A) 

->■ M° ->■ M ->■ M 6t ->■ 0. 

The functoriality of this sequence implies that the action of i? on M induces 
actions on connected and etale factors, i.e., for every r e -R, we have the 
following commutative diagram: 

> M° M > M 6t 

r- 

V 

> M° > M > M 6t > 0. 

Therefore, the connected and etale factors of M have natural structures 
of i?-module schemes and the connected-etale sequence of M is an exact 
sequence of i?-module schemes over Spec(A). 

Definition 2.1.4. Let M and be i?-module schemes over S. Define a con- 
travariant functor Hom R (M, N) from the category of schemes over S to the cat- 
egory of .R-modules as follows: 

T I— > Hom fl (M, N)(T) := Hom^(M T , iV T ). 

If this functor is representable by a group scheme over S, that group scheme, 
which is in fact an i?-module scheme is also denoted by Hom ^fM, N) and is 
called the inner Horn from M to N . 

Remark 2.1.5. Note that the condition of a homomorphism to be i?-linear, 
is a closed condition, therefore, if Hom (M, N) exists as a group scheme, then 
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Horn (M, N) exists and is a closed subscheme of Hom (M, N). So, we can apply 
the existence results that we have for group schemes, to the new setting of R- 
module schemes. For instance, if M is finite flat over S, and N is affine, then 
Hom fl (M, N) is representable by an affine i?-module scheme (cf. theorem 1.3.5 
in If in addition, N is of finite type over S, then Rgm R (M, N) is of 

finite type too. 

It is known that exact sequences of group schemes are stable under base change, 
and therefore, the same holds for exact sequences of -R-module schemes. However, 
we give a proof of this fact in the following special case: 

Lemma 2.1.6. Suppose that K iV Q is a short exact sequence 
of affine R-module schemes over a field k and let T = Spec C be a k-scheme. 
Then the sequence 

K T N T Q T ^0 
obtained by base change is exact. 

Proof. Denote by A, B the Hopf algebras representing N, Q and by Ib the aug- 
mentation ideal of B. Then the Hopf algebra representing K is A/(Ig ■ A). Since 
C is flat over k, we have an injection B® k C <— > A® k C and therefore N? PT > Qt 
is a quotient morphism. We also have (Ib ■ A) ® k C = (Ib ®k C) ■ (A Cg> fc C) and 
so by flatness we have 

(A/(I B -A))® k C^A ® k C/((I B -A)® k C)=A ® k C/(I B ® k C)(A ® k C). 

It implies that Kt is the kernel of Nt Vt > Qt- Consequently the short sequence 
—> Kt Nt Qt -> is exact. □ 

Proposition 2.1.7. Let M be an affine R-module scheme over a field k. Then 
the functors Hom fi (-, M) and Honr ^fM, — ) from the category of affine R-module 
schemes over k to the category of presheaves of R-modules are left exact. 

Proof. Let — > K — N — Q — > be a short exact sequence of -R-module 
schemes over k. We have to show that the sequence 

-> Rgm R (Q, M) Ham R (N, M) Horn * (AT, M) 

is exact. It is equivalent to the exactness of the sequence 

-> Rom R (Q, M)(C) Hom fl (JV, M)(C) Rom R (K, M)(C) 

for every fc-algebra C, i.e., the exactness of the sequence 

Uom R (Q c , M c ) Hom£(JV 0> M c ) Rom%(K c , M c ). 

■"■Note that since the paper [Pink is not yet published and is in preparation, its numbering 
is subject to change. In this treatise, we will use the numbering of the last version available so 
far. 
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By previous lemma, the i?-morphism Nc > Qc is the cokernel of the in- 
jection K c > N c in the category of affine .R-module schemes. So, for any 
i?-homomorphism <p : Nc — > Mc such that <p o i c = 0, there exists a unique 
i?-homomorphism ^ : — > Mq with (p — ip oj) C) i.e., the following diagram is 
commutative: 




The exactness now follows; indeed, pick an i?-morphism / : Qc — > Mc with 
/ ° Pc = 0, then putting ip :— the zero morphism, there are two i?-morphisms 
Qc — > Mq, namely / and the zero morphism, whose composition with p c are ip 
and from the above observation they should be equal. This shows the injectivity 
of 

Hom£(Qc, M c ) Homg(iV c , M c ) 



Clearly we have lm.p* c C Keri c . Let g : Nc — > Mc be an element of Keri c , i.e., 
g o i* c = 0, then according to what we said above, there is a ip : Qc —> M c with 
p c o ip = g 1 or in other words g = Pci^P) an d thus Keri c C lmp c . 



Similarly, the fact that Kc %c > Nc is the kernel of the quotient morphism 
Nc Pc > implies that given any i?-homomorphism ip : Mc — > Nc with 
trivial composition pc o <p there is a unique i?-homomorphism ip : Mc — > ifc 
such that the following diagram is commutative 




And this implies, as above, the exactness of the following short sequence 

-> Homg(M c ,K c ) Homg(Mc7V c ) Hom«(M C) Q c ) 

for every /c-algebra C, and consequently the following sequence of .R-module 
schemes is exact 



->■ Hom fl (M, X) Hom*(M, TV) Hom*(M, Q) 



□ 



2.2 i?- multilinear morphisms 

Let M be a presheaf on the fppf site of a base scheme S. For any positive integer 
r we denote by M r the product of r copies of M, and for any 1 < i < j < r we 
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let 

A", : AT" 1 ->■ M r 

denote the generalized diagonal embedding equating the i th and j th components. 

Definition 2.2.1. Let Mi, . . . , M r , M and N be presheaves of R- modules on the 
fppf site of the scheme S. 

(i) An R-multilinear or simply multilinear morphism from Mi x • • • x M r 
to N is a presheaves (of sets) morphism, which is i?-linear in each factor 
or equivalently, if for every S-scheme T, the induced morphism Mi(T) x 

• • • x M r (T) — > N(T) is R- multilinear. The R- module of all i?-multilinear 
morphisms from Mi x • • • x M r to N is denoted by Mult R (Mi x • • • x M r , N). 

(ii) An i?-multilinear morphism M r — > N is called symmetric if it is invariant 
under permutation of the factors. Equivalently, a multilinear morphism is 
symmetric if for every S'-scheme T, the induced morphism M(T) r — > N(T) 
is symmetric. The i?-module of all such symmetric multilinear morphisms 
is denoted by Sym i? (M r , N). 

(iii) An ^-multilinear morphism M r — > N is called alternating if its composi- 
tion with A£- is trivial for all 1 < i < j < r. Equivalently, a multilinear 
morphism is alternating if for every S- scheme T, the induced morphism 
M(T) r — > N(T) is alternating. The i?-module of all such alternating mul- 
tilinear morphisms is denoted by Alt' R (M r , N). 

There is a weaker notion of multilinearity which will be useful when we want to 
map to group schemes rather than i?-module schemes. 

Definition 2.2.2. Let Mi ... , M r and M be presheaves of -R-modules and G a 
presheaf of Abelian groups. 

■ — Ft 

(i) We denote by Mult (Mi x • • • x M r , G) the group of morphisms if : Mi x 

• • • x M r — > G which are multilinear, when Mj are regarded as presheaves 
of Abelian groups and has the following weaker property than i?-linearity: 
for every S'-scheme T, every tuple (mi, • • • , m r ) G Mi(T) x • • • x M r (T), 
every a G R and every i G {2, 3, • • • , r}, we have 

if {a ■ mi, m 2 , • • • , m r ) = </?(mi, • • • , m^-i, a ■ mi, m i+ i, • • • , m r ). 
— ~ — a 

The elements of Mult (Mi x • • • x M r , G) are called pseudo-R-multilinear. 

R — R 

(ii) We denote by Sym (M r , G) the subgroup of Mult (M r , G) consisting of 
symmetric morphisms. 

(iii) We denote by Mt R (M r , G) the subgroup of Mult i? (M r , G) consisting of 
alternating morphisms. 
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Remark 2.2.3. Note that the group Mult (Mi x • • • x M r , G) has a natural struc- 
ture of R- module through the action of R on one of the factors Mi, M 2 . . . M r _i or 
M r , and this is independent of the factor we choose. Similarly, there is a natural 

_R-module structure on the groups Sym (M r ,G) and Alt (M r ,G). 

Definition 2.2.4. Let Mi, ... , M r , M and N be presheaves of .R-modules and G 
a presheaf of Abelian groups. Define contravariant functors from the category of 
i?-module schemes over S to the category of -R-modules as follows: 

(i) 

T I— > Mult R (M 1 x • • • x M r , N)(T) : = Mult£(Mi, T x • • • x M r , T , N T ) 
and respectively 

T I— >■ Mult (Mi x • • • x M r , G)(T) : = Mult T (Mi, T x • • • x M rjT ,G T ). 

If these functors are representable by group schemes over S, we will also 
denote those group schemes, which are .R-module schemes, by M_ult R (Mi x 

• • • x M r , N) and respectively Mult (Mi x • • • x M r , G). 

(ii) 

T ^ Sym i? (M r , N){T) : = Sym£(M£, N T ) 

and respectively 

T ^ Syni fl (M r , G)(T) := SyjmJ(M^, G T ). 

If these functors are representable by group schemes over S, we will also 
denote those group schemes, which are i?-module schemes, by 

Sym R (M r ,iV) and respectively Sym R (M r , G). 



in 



T Alt R (M r , N)(T) := Symy(M£,, Nj) 

and respectively 

T ^ Ah R (M r , G)(T) := Ahv(M£, G T )). 

If these functors are representable by group schemes over S, we will also 

denote those group schemes, which are .R-module schemes, by Alt^(M r , N) 

~R, 

and respectively Alt (M r , G). 



Remark 2.2.5. 
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— R 

1) Mu\t R (M 1 x ••• x M r ,N) and respectively Mult (Mi X • • • X M r , G) are 
subgroups of Mult (Mi x • • • x M r ,N) and respectively Mult (Mi x • • • x 
M r ,G) (the group of multilinear morphisms). The conditions of being 
/^-multilinear or pseudo--R-multilinear are closed conditions, and thus the 

functors Mult ^fMi x ■ • • x M r , N) and Mult (Mi x ■ ■ ■ x M r , G) are closed 
subschemes of Mult (Mi x • • • x M r ,N) and respectively Mult (Mi x ■ • • x 
M r ,G) if they are representable (cf. Remark 2.1.5). 

2) Sym R (M r , N) and respectively Sym (M r , G) are subgroups of 
Sym(M r , N) and respectively Sym(M r , G) (the group of symmetric mul- 

c " ■ — " R 

tilinear morphisms). Thus, Sym (M r ,N) and Sym (M r ,G) are closed 
subschemes of Sym(M r , N) and respectively Sym(M r , G) if they are repre- 
sentable. 

3) A\t R (M r ,N) and respectively Mt R (M r ,G) are subgroups of Alt(M r , N) 
and respectively Alt(M r ,G) (the group of symmetric multilinear morph- 

R ' ^ 

isms). Therefore, Alt n (M r , N) and Alt (M r , G) are closed subschemes of 
Alt(M r , N) and respectively Alt(M r , G) if they are representable. 

4) We have a natural action of the symmetric group S r on M r . This ac- 
tion induces an action on the i?-module Mult fi (M r , N) (and respectively 

Mult i? (M r , G)). Its submodule Sym i? (M r ,A^) (respectively Sym i? (M r ,G)) 
is precisely the submodule of fixed points, i.e. 

Sym R (M r , N) = Mult i? (M r , N) Sr 

(respectively Sym' R (M r , G) = Mdt^(M r , G) Sr ). 

We are now going to prove a general proposition on multilinear morphisms which 
will be used throughout the paper, but we first establish two lemmas: 

Lemma 2.2.6. Let Mi, . . . , M r , M and N be R-module schemes over S and G a 
group scheme over S. There are natural isomorphisms of R-modules 

Mult^Mi x • • • x M r , Hom fl (M, N)) = Mult^Mx x • • • x M r x M, N) 

and 

Mult i? (M 1 x ■ ■ ■ x M r , Hom(M, G)) = Mult fl (Mi x ■ ■ ■ x M r x M, G) 
functorial in all arguments. 

Proof. We show the first isomorphism, and the second one is proved similarly. 
However, one has to note that in the second isomorphism, on the left hand side, 
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we have the -R-module of .R-multilinear morphisms and not merely pseudo-i?- 
multilinear ones. 



By the definition of Egm R (M, N), giving a morphism of schemes 

tp : M l x ■ ■ ■ x M r -»■ Rgm R (M, N) 

is equivalent to giving a morphism of schemes 

: M ± x ■ ■ ■ x M r x M ^ N 

which is .R-linear in M. Since the -R-module structure of Hom iJ (M, N) is induced 
by that of M, one sees easily that tp is i?-linear in Mi if and only if <p is .R-linear 
in Mj. This completes the proof. □ 

Now, we give an "underlined" version of this lemma in order to show our general 
result of this type: 

Lemma 2.2.7. Let us use the notations of the previous lemma. We have natural 
isomorphisms 

Mult^Mi x • • • x M r , Hom R (M, N)) = Mult * (Mi x ■ ■ • x M r . x M, N) 

and 

Mult R (M 1 x • • • x M r , Hom(M, G)) ^ MmW il^ x ■■■ x M r x M,G) 
functorial in all arguments. 

Proof. If we establish the isomorphism (as functors), the representability will 
follow directly from it, because if two functors are naturally isomorphic and one 
is represent able, the other is representable too. The second isomorphism can be 
proved similarly to the first one, and so we only show the first isomorphism. We 
show at first that for any .R-module schemes M and iV over S and any S'-scheme 
T, we have Rgm R (M T , N T ) = Hom fl (M, N) T . Indeed, if X is any T-scheme, then 

Horn* (Mt,N t )(X) = Eom^((M T ) x , (N T ) X ) = Rom^(M x ,N x ) 

= Eom R (M, N)(X) = Hom R (M, N) T (X). 

Now, we have 

Mult fl (Mi x M 2 x • • • x M r , N)(T) = Mu\t R (M hT x M 2 , T x • • • x M,,, . N T ) 
and by Lemma 2.2.6| this is isomorphic to 

Mult i? (Mi jT x M 2i t x • • • x M r _i T , Hom R (M r >T , N T )). 
By the above discussion, it is isomorphic to 

Mult i? (Mi iT x M 2 , T x • • • x M r _i )T , Hom R (M r , N) T ) = 
Mult R (M 1 x M 2 x ••• x M r -i, Hom fl ( 'M r , N))(T). 
This achieves the proof. □ 
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Here is the desired result: 

Proposition 2.2.8. Let Mi, . . . , M r , Ni, . . . ,N S and P be R-module schemes 
over S and G a group scheme over S. We have natural isomorphisms 

Mult i? (M 1 x ■ ■ ■ x Mr, Mult fl (iVi x---xN s ,P)) = 

Mu\t R (M 1 x • • • x M r x N x x • • • x N 8 , P) 

and 

Mult i? (M 1 x • • • x .!/,.. Muli^j.V x ■■■ x N s , G)) = 

Mult (Mi x ■ ■ ■ x M r x Nx x • ■ ■ x N s , G) 
functorial in all arguments. 

Proof. As before, we only prove the first isomorphism. We prove this propo- 
sition by induction on s. If s — 1, then it is exactly the Lemma 2.2.6 So 
assume that s > 1 and that the proposition is true for s — 1. We have a series of 
isomorphisms: 

Mult i? (M 1 x • • • x M r x Ni x • • • x N s , P) ™ 
Mult i? (M 1 x • • • x M r x Ni x • • • x iV s _i, Eom R (N s , P)) = 

hyp. 

Mult R (M! x ■■• x M r , Mult fl (iVi x ••• x A^ s _ 1 ,Hom iJ (A" s ,P))) l2 i Z1 



Mult R (M! x • • • x M r , Mult fl (^ x ■ ■ ■ x N s , P)). 



□ 



Remark 2.2.9. Let M x . . . ,M r ,N x . . . , N s , M, N and P be P-module schemes 
over a base scheme S. There is a natural action of the symmetric group S n on 
N n that induces an action on the -R-module scheme Mult ^fiV", P) which itself 
induces an action on the -R-module 

Mult R (Mi x • • • x M r , Mult^iV™, P)). 

We also have a natural action of this group on the -R-module 

Mult fl (M 1 x ■ ■ • x Mi x N n , N). 

One checks that the isomorphism in the proposition is invariant under the action 
of S n . Similarly, we have an action of the symmetric group S m on 

Mu\t R (M m , Mult (JVi x • ■ • x N s , P)) and Mult i? (M m x N x X ■ ■ ■ x N s , P) 

induced by its action on M m . Again, one can easily verify that the isomorphism 
in the proposition is invariant under this action of S m . 

We have the same remark for the pseudo--R-multilinear morphisms. 
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In the same way that Lemma 2.2.7| follows from Lemma 2.2.6 , the following 
proposition can be deduced from Proposition 2.2.8 we will thus omit its proof: 



Proposition 2.2.10. Let Mi, . . . , M r , N±, . . . ,N S and P be R-module schemes 
over S and G a group scheme over S. We have natural isomorphisms 

Mult fl (M] x • • • x .U,...\liih / ''( .V x • • • x N„ P)) = 

Mult fl (M 1 x • • • x M r x Ni x • • • x N s , P) 

and 

Mult * (Mi x ■ ■ ■ x .U r . Muh 7 ' ( \ ; x • • • x N 8 , G)) = 

Mult ^fMi x ■ ■ ■ x M r x jVi x • ■ ■ x N s , G) 
functorial in all arguments. □ 

Remark 2.2.11. 

1) Assume that Ml, . . . , M r are finite and flat and N (respectively G) is affine 
over S. We can show by induction on r that Mult * (Mi x • • • x M r , N) 

(respectively Mult (Mi x ■ ■ • x M r ,G)) is representable by an affine R- 
module scheme, and this scheme is of finite type, if moreover, N (respec- 
tively G) is of finite type. We explain the i?-multilinear case and drop 
the similar case of pseudo- ^-multilinear morphisms. Indeed, if r = 1 



then this is what we explained in Remark 2.1.5 So let r > 1 and sup- 
pose that the statement is true for r — 1. By the induction hypothesis, 
Mult * (Mi x • • • x M r _i , Hom R (M r , N)) is representable and is affine. From 
Lemma 2.2.7[ it follows that 



Mult i? (M 1 x ••• x M--T , Hom* (M 1 N)) = Mult *(M x ••• x M r ,N). 

Hence, the right hand side is representable and affine. A similar argument 
implies the property of being of finite type. 

2) Let M be finite and flat and iV (respectively G) affine over S. By Definition 
" it is clear that the functors Sym*(M r , N) and Alt R (M r , N) (respec- 



2.2.4 



tively Sym (M r , G) and Alt (M r , G)) are subfunctors of the representable 

functor Mult *(M r , N) (respectively Mult (M r , G)). Since the conditions 
defining these subfunctors are closed conditions (given by equations), they 
are represented by closed subgroup schemes, and therefore are affine and if 
N (respectively G) is of finite type, they are also of finite type. 
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Lemma 2.2.12. Let M,N be R-module schemes over a base scheme S and let 
r be a finite group acting on M . Then we have a natural isomorphism 



Hom R (iV, M) r = Hom^JV, M r ), 

where M T is the submodule scheme of fixed points, in other words, M r (T) = 
M(T) r for any S-scheme T, where M(T) r is the submodule of fixed points of 
the R[T]-module M(T) (R[T] being the group ring) and the action of T on the 
R-module Hom' R (iV, M) is induced by its action on M . More precisely, the image 
of the inclusion Hom' R (iV, M r ) > Hom^(iV, M) is the module of fixed points 
Rom R (N,M) r . 

Proof. Let ip : N — > M r and 7 £ T be given. The image of (p under the 
inclusion in the lemma is the composition N — M r > M and under the 
action of 7 on Hom^iV, M) it maps to the morphism N — ^ M r M — M. 
But by definition of M r , we have that the composition M r ^> M 7 ' > M is the 
same as the inclusion M r e — >■ M and hence the composition — M r ■=->■ M 
is an element of Hom' R (A^, M) r . We have thus an inclusion Hom^iV, M r ) C 
Hom i? (A r , M) r , where we have identified Yiom R {N ) M v ) with its image. 
Now, assume that we have a morphism ip : N — )■ M which lies inside the module 
of fixed points. This means that the composition 70^ for any 7 • : M — > M 
is equal to ip and therefore ^ must factor through M T . This gives the inclusion 
Hom^iV, M) r C Rom R (N, M v ) and the lemma is proved. □ 

We are now going to apply this lemma to the particular case, where the acting 
group is the symmetric group S n which acts on Mult R (M", P), where M and P 
are two P-module schemes. 

Proposition 2.2.13. Let M,N and P (respectively G) be R-module schemes 
(group scheme) over a base scheme S, then for every natural number n we have 
natural isomorphisms 

Rom R (N, Sym R (M ra ,P)) = Mult^iV x M n ,P) Sn 

(respectively 

Rom R (N,Sym R (M n ,G)) ^ Mu5t*(iV x M n , G) Sn ) 
functorial in all arguments. 

Proof. We prove the statement for the P-multilinear morphisms and drop the 



similar proof for the pseudo-P-multilinear morphisms. Lemma 2.2.12 states that 
we have an isomorphism 

Rom R (N,M}M R (M n ,P) Sn ) ^ Hom fl (M, Mult fl (M n , P)) Sn . 
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By Definitions 



Sym K (M n , P) is exactly the 



2.2.1 and 2.2.4 and Remark 2.2.5 
module of fixed points Mult (M n ,P) Sn , and therefore we can rewrite the last 
isomorphism as 

Rom R (N, Sym R (M n ,P)) = Rom R (N,Mu\t R (M n , P)) Sn . (2.14) 



We now apply Proposition 2.2.8 and Remark 2.2.9 taking the fixed points of both 



sides of the isomorphism in Proposition |2.2.8[ we will again get an isomorphism. 
We can thus apply it to our situation, and obtain the isomorphism: 



Hom R (AT,Mult i? (M n ,P)) 5 " = Mult R (iV x M n ,P) 



Combining this with (2.14), we obtain the desired isomorphism. 
Remark 2.2.15. 



□ 



1) We recall that the action of S n on the right hand side consists of permut- 
ing the factors of M n and consequently, the group Mult R (iV x M n , P) 5 " 

(respectively Mult [N x M n ,G) n ) consists of P-multilinear (respectively 
pseudo-P-multilinear) morphisms from N x M n to P (respectively G) that 
are symmetric in M n . 

2) Note that the functoriality of this isomorphism in N implies that the group 
scheme Sym iJ (M n ,P) (respectively Sym (M n ,G)) represents the functor 

Mult i? (- x M n , P) Sn (respectively Mult (- x M n , G) Sn ) from the category 
of P-module schemes to the category of P-modules. 

3) It is clear that if we change N x M n to M n x iV the proposition remains 
valid; we have thus another natural and functorial isomorphism 

Hom R (iV, Sym fi (M",P)) = Mu\t R (M n x iV, Pr- 
ospectively 

Rom R {N, Sym R {M n ,G)) S Mult^M" x N,G) S "). 
Similar arguments prove the following proposition: 

Proposition 2.2.16. Let M, N\, . . . , N s and P be R-module schemes over S and 
G a group scheme over S. We have natural isomorphisms 

Mult fl (AT 1 x • • • x N r x M n , P) Sn = Mult fl (AT 1 x • • • x JV r , Sym R (M n , P)) 

and 

Mu\t R (N 1 x ■■■ x N r x M n , G) Sn Mult^A^ x • • • x N r , Syni^M™, P)). 



□ 
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We can show, with slight modifications of arguments, similar results concerning 
the group of alternating multilinear morphisms and in particular the following 
proposition: 

Proposition 2.2.17. Let M 1 , M r , N,P and respectively G be R-module 
schemes and respectively a group scheme over S. We have natural isomorph- 
isms 

Alt fl (Mi x • • • x M r x N n , P) = Mult i? (M 1 x • • • x M r ,Mt R (N n , P)) 
and respectively 

Mt R (M 1 x ■ ■ ■ x M r x N n , G) = Mult i? (M 1 x • • • x M r , Mt, R (N n , G)) 

where the modules on the left hand side are the modules of R-multilinear and 
respectively pseudo-R-multilinear morphisms that are alternating in N n . □ 
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Chapter 3 



/^-Multilinear Covariant 
Dieudonne Theory 

In addition to the notations at the beginning, we use the following notations in 
this chapter. 

Notations 3.0.1. 

• R is a fixed ring. 

• Unless otherwise specified, all schemes are defined over k, where A; is a 
perfect field of characteristic p. 

• Let G be a local-local p-divisible group over k. Then for every positive 
natural number n, the finite group G n is local-local, and there exists a 
natural number mc(n) such that for all m > main) we have F m G n = = 
V m G n (cf. |Dem86| ). 

Remark 3.0.2. Let M be a finite p-torsion i?-module scheme over k. By func- 
toriality of the Dieudonne functor (covariant or contravariant), the R- module 
structure on M induces an R- module structure on D(M), where D(M) is the 
Dieudonne module of M: 

R ->■ End(M) = End(D(M)). 
It follows that D(M) has a natural action of ®z R- 

Remark 3.0.3. Let G be^a finite local group scheme overjc, then the inclusion 
Hom(G, W) Hom(G, W) induced by the inclusion W W is an isomorphism. 
Indeed, for every n we have Hom(G, W n ) = lim Kom(G, W n>m ), because G is 

m 

annihilated by a power of Frobenius, and therefore 

Hom(G, W) = lim Hom(G, W n ) S lim Hom(G, W„, m ) = Hom(G, W). 
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Construction 3.0.4. Fix a natural number r and an element d G Zq. For every 
natural number n, the composition 

W r ""+ d i x - X7r "+^ > iy[F n+dl ] x ■ ■ ■ x W[F n+dr ] ^ W x • • • x W W 

has image inside the subgroup scheme because mind = and Frobenius 

is a ring homomorphism. Therefore, for every n, we have a multilinear morphism 

Cd,n ■= W W^F"] 

and these morphisms (for all n) are compatible with respect to the projections 
F : -» W[F n ], and thus, they induce a multilinear morphism 

Q ■= W -> W 

with the property that for all n, 7r n o Q = £^ n . 

We cite the Proposition-Definition 4.4.2, p. 40 of |Pink] in the following definition: 

Definition 3.0.5. For any r > 2 and d G Zq there exists a unique multilinear 
morphism $^ : W r x W — > G m such that for all n > 0, all Xj G W, and y G W n , 
we have 

. . . ,x r ,e(y)) = E(TT n+dl (xi) . . . ir n+dr (x r ) ■ r(y); 1). 
Proposition 3.0.6. Consider the following composition: 

Mult(W r x W,G m ) -A Mult(W x V?,G m ) 

Mult(W^om(W,G m )) -A Mult(W r ,W), 

where f is induced by the inclusion W ^ W and the isomorphism h is induced 
by the duality between W and W, given by the Artin-Hasse exponential. Under 
this composition and for all d G Zq ; the element <3>^ maps to Q. 

Proof. For every m > 1, let us denote by a m the isomorphism 
W[F m ] = \imW n , m = \imW^ n = HmHom(W m)ri , G m ) Hamflim^ G m ). 

n ?i ra n 

Then, the isomorphism a : W - > Hom(W / ,G m ), given by the Artin-Hasse 
exponential, is the inverse limit over m of a m . It means that if £ = (£ m ) is an 
element of G with £ m G H^fF" 1 ], then for all y G limW mjn , we have 

n 

a(0(y) = E(U-r(y);l), (0.7) 



43 



where ; 1) denotes the Artin-Hasse exponential. Now take an element x G W r 
and set £ = (£ m ) := ho go G W. We have a(£) = g o and so 

for all y G lim W m n we have 



= ®d{x,e{y)) = E{<K m+dl {xx) . . .7r m+dr (x r ) • r(y); 1) = £(Cd, m • r(y); 1). 



have a(£)(y) = a(Q)(y). It follows 



The latter is equal to a(Cd) by (0.7). Thus, for all m and all y G limW m ,n we 



that a(£) = a(Cd) an d since a is a bijection, 



this implies that £ = finishing the proof. 



□ 



Proposition 3.0.8. Lei H be a finite group scheme. Then for every element 
v G Hom(W, H), the following diagram is commutative: 



x H* 



CdXld 



Id x»* 

Y 

W r x W 

Id xi 

I 

W r x W 



WxH* 

uxld 

H x H* 

pairing 



where v* : H* -^-W is the dual morphism to v : W — > H (using the Artin-Hasse 
exponential, the group functors W and W are in duality), i : W ^ W is the 
inclusion, and H x H* — > G m is the perfect pairing putting H, H* Cartier dual 
one of the other. 

Proof. By the definition of v*, the following diagram commutes: 



- Eom(W, G m ) 

(_)0D* 

Y 

Hom (F,GJ. 



H 



Applying the functor Mult(W r , _) on this diagram, we obtain the following com- 
mutative diagram 



Mult(W r ',W) 



Mult(W r ,Hom(W,(G m )) 



Mult(W r x W,G m ) (0.9) 



MultfW, H) Mult(W r , Homfff*, G m )) Mult(W r x H*,G m ). 
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Now, consider the two compositions 



a : Mult(W r x W,G m ) Mult(W r x W,G m ) Mult(W r x H*,G m ) 

induced by v* and 

: Mult(W r ,W) -> Mult(W r ,#) Mult(W r x H*,G m ) 

induced by v. The commutativity of the diagram in the statement of the propo- 
sition is equivalent to the equality a($d) = 0(Cd)- This equality follows from the 



last proposition and the commutativity of diagram (0.9). □ 



Remark 3.0.10. It follows from the previous proposition, that for every finite 
group scheme H and every deZj, the following diagram commutes: 

Hom(W, H) — > Mult(W r , H) 



V 



Hom(iT\ W) Mult(W r x H\ G r 

d 



where by $^ we mean the map that sends an element u G Hom(if*, W) to the 
element <J>rf o (Id x ••• x Idxu). In fact, the statement of the proposition is 
equivalent to the commutativity of this diagram. 

The following theorem, is a direct consequence of theorem 4.4.5, p. 41 of [PinkJ, 
when taking into account the presence of R. 

Theorem 3.0.11. For any unipotent R-module scheme M over k and any r > 1, 

respectively for any profinite local-local R-module scheme M over k and any r > 0, 
the following morphism is an isomorphism: 

9 M : Hom(M, W) — > Mult(W r x M,G m ), 
(Ud)d 1 — > P| $d o (Id x • • • x Id XMrf). 

Remark 3.0.12. 

1) Once we have the theorem for group schemes (i.e., R — Z, and which 
is the result in |Pink] ) . then this theorem follows from the fact that the 
homomorphism 0m preserves the scalar multiplication of R. 



2) Using Remark 3.0.3, in the previous theorem, we can replace Hom(M, W) 
by Hom(M, W). 
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Proposition 3.0.13. For any finite local R-module scheme M and any r > 1, 

the following morphism is an isomorphism: 

A M : Hom(W, M) — > Mult(W r , M), 

(fd)d 1 ► ^ fd ° (d- 



Proof. It is clear that the morphism Am preserves the -R-module structure. It is 
therefore sufficient to prove that it is a bijection. The diagrams (for all d in Zq) 
in the last remark give rise to the following commutative diagram: 

0, eZr Hom(W, M) Am=E( ' )oC ^ > Mult(W r , M) 



d£Zr Hom(M*, W) — ^— - Mult(W r x M*, G m ). 

we 



Now using Theorem 3.0. 1 1| (note that M* is unipotent) and Remark 3.0.12 
know that the homomorphism ^*d ^ s an isomorphism and since the vertical 
homomorphisms are also isomorphisms, we conclude that the homomorphism 
Ah is an isomorphism as well. □ 

Definition 3.0.14. Let M u M r , M, N be left E k ® z .R-modules. 

1) We let L R (Mi x • • • x M r , N) denote the group of W(k) ®- L _R-multilinear 
maps i : M\ x • • • x M r — > N which satisfy the following conditions for all 
rrii G Mi. 

£(Vmi, . . . , Vm r ) = V£(mi, . . . , m r ), 
£(Fmi,m 2 , . . . , m r ) = F£(mi, Vm 2 , . . . , Vm r ), 



£(mi, . . . , m r _i, Fm r ) = F£(Vm 1 , . . . , Vm r -i, m r ). 

- R 
J syi 

metric morphisms. 



2) Let L^ m (M r ,A^) denote the submodule of L r (M r ,N) consisting of sym- 



3) Let L^ t (M r , N) denote the submodule of L r (M r , N) consisting of alternat- 
ing morphisms. 

Remark 3.0.15. For any r > and any sheaves of -R-modules M, N over k, the 
group Mult(W r x M, N) has a multilinear left action of EJ* ®i R by 

(ex, . . . , e r ) ® r • ip := ip o (e* x • • • x e* x r.), 

where (_)* is the natural anti-automorphism of E&, being identity on W(k) and 
interchanging F and V. 
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The following proposition is a direct generalization of proposition 4.5.3, p. 48 of 
[Pinkj and its proof is the same as the proof of proposition 4.5.3, p. 48 of |Pink] 
with the slight and easy modifications due to i?-linearity and i?-multilinearity, 
and therefore we omit the proof of the proposition. The following proposition is: 

Proposition 3.0.16. For any r > 1, any finite local-local R-module schemes 
Mi, . . . , M T and any unipotent R-module scheme M the following map is a well- 
defined isomorphism, where D x , . . . , D r are respectively the covariant Dieudonne 
modules of Mi, . . . , M r : 

L R (D 1 x ■■■ x D r ,D*{M)) --> Mult. ; . ,,(/;, x ••• x D r , Mult(W r x M,G m )), 

£ i y 6(£) : (m, . . . , u r ) i y e M {{t{V^ui, V d ^u r ))d) = 

Y[ $d o (Id x • • • x Id x£(V dl u u V dr u r )). 

Let if be a finite group scheme. Take an element [w\, . . . ,w r ) G W r , a homo- 
morphism v : H* — > W (i.e., an element of D*(H*)) and an element d e Zq. The 
homomorphism ^(t^i, . . . ,w r ,v (_)) : H* — > G m can be seen as a section of H 
under the identification Hom (g*, G m ) = H. We have thus for any v G D*(H*) 
and any d G Zq a multilinear morphism 

$d o (Id X • • • X Id x«(.)) : W r — )■ H 

which corresponds to the multilinear morphism $^o(Id x ■ • - xld xt>) 6 Mult(W r x 
H*,G m ) under the canonical isomorphism Mult(W r ,F) = Mult(W r x H*,G m ). 

Proposition 3.0.17. For any r > 1, any finite local-local R-module schemes 
Mi, . . . , M r and any finite local R-module scheme M the following morphism is a 
well-defined isomorphism, where Di, . . . , D r and D are respectively the covariant 
Dieudonne modules of Mi, . . . , M r and M: 

L R (Di x ■ ■ ■ x D r , D) A(Ml -- Mr;M) > Mult.;. ; ^ x • • • x D r , Mult(W r , M)), 

£ ^ A(Mi,...,M r ;M){£) ■ (Ul,.. • ,U r ) f-> 

®d o (Id x ■ ■ ■ x Id x£(V dl Ui, V dr u r )(.)). 

Proof. This is a direct consequence of the previous proposition, in virtue of the 
following facts: M* is a unipotent -R-module scheme, the covariant Dieudonne 
module of M is canonically isomorphic to the contravariant Dieudonne module of 
M*, and the two groups Mult(W r ,M) and Mult(W r x M*,G m ) are isomorphic. 

□ 
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In the case, when M is also local-local, we can give a more direct isomorphism of 
the two groups L R {D X x • • • x D r , D) and Multg.^pi x • • • x D r , Mult(W r , M)), 
without a detour to the Cartier duality. We have: 

Proposition 3.0.18. For any r > 1 and any finite local-local R-module schemes 
Mi, . . . , M r and M the following morphism is a well-defined isomorphism, where 
Di, . . . , D r and D are respectively the covariant Dieudonne modules of Mi, . . . 
, M r and M: 

L R (D 1 x ■ ■ ■ x D r , D) A(Ml -- Mr;M) > Multg.^p! x • • • x D r , Mult(W r , M)), 

£ H- A (Ml ,...,M r ;M)(£) ■ K, ...,Vr)^ A M ((^(^ 1 «1, ■ ■ ■ , V dr U r ))d) = 

^^S,...,y\)o(, 



Proof. The proposition follows at once from Proposition |3.0.16| and Remark 
13.0.101 □ 

Again, the following proposition is the "i?-generalization" of the proposition 4.5.2, 
p. 47 of |Pinkj and we omit its proof: 

Proposition 3.0.19. For any r > 0, any finite local-local R-module schemes 
Mi, . . . , M r and any sheaves of R-modules M, N, the following morphism is an 
isomorphism, where D x , . . . , D r are respectively the covariant Dieudonne modules 
ofM x ,...,M r : 

Mu\t R (M 1 x ■ ■ ■ x M r x M, N) -+ Mult..,, . „(/;, x • • • x D r , Mult(W r x M, N)) 

ip i — y ((itj) i — y cp o (ui x • ■ ■ x u r x Id)). 

Proposition 3.0.20. For any r > and any finite local-local R-module schemes 
Mi, . . . , M r and any sheaf of R-modules M , the following morphism is an iso- 
morphism, where D x , . . . , D r are respectively the covariant Dieudonne modules of 
Mi,...,M r : 

Mn\t R (M 1 x ■ ■ ■ x M r , M) V(JVJl '- ;Mr;M) > Mult :., x • ■ • x D r , Mult(W r , M)) 

V ^ ((/i) ^ifo(fiX---X f r )). 

Proof. This proposition follows from the previous proposition by replacing in that 
proposition, M with the trivial sheaf of -R-modules and H by the given .R-module 
scheme (in the statement of this proposition) seen as a sheaf of i?-modules. □ 
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Corollary 3.0.21. For any r > and any finite R-module schemes Mi, . . . , M r 
and M , of p-power torsion, there exists a natural isomorphism: 



L R {Di x • • • x D r , D) — ► Mult K (M 1 x • • • x M r , M), 

where Di, . . . , D r and D are respectively the covariant Dieudonne modules of 
Mi, . . . , M r and M . This isomorphism is functorial in all arguments. When M 
is local and Mj are local-local, this isomorphism is given by 

V (A/ 1 ,...,M r ;M) ° A (Af 1 ,...,Af r ;M)- 

Proof. If r = 1, then this is the classical Dieudonne theory. If r > 1, M is local 
and Mi are local-local, then the corollary is a direct consequence of Propositions 



3.0.20 and 3.0.17 Otherwise, the same arguments as in the proof of Proposition 



4.5.9, p. 52 in |Pink] imply the required result. □ 
Remark 3.0.22. 

1) In later chapters, we only need the explicit isomorphism of the Corollary 
in the case, when Mi are local-local and M is local. This is why we didn't 
reproduce the proof in all cases. 

2) Let M and iV be i?-module schemes of p-power torsion. According to 
Theorem 5.4.2, p. 66 in [Pmk] . the submodule L R m (D*(M) r , D*(N)) of 
L R (D*(M), D*(N)) is mapped, under the above isomorphism, bijectively 
onto the submodule Sym R (M r , N) of Mult fi (M r , N). Similarly, when p > 
2, the submodule L R t (D # (M) r , D*(N)) of L R (D*(M), D*(N)) is mapped, 
under the above isomorphism, bijectively onto the submodule A\t R (M r , N) 
of Mult R (M r ,N). 



49 



Chapter 4 



Tensor Product and Related 
Constructions 

4.1 Basic constructions 

Definition 4.1.1. Let Mi • • • ,M r ,M be i?-module schemes and M' a group 
scheme over S. 

(i) A pseudo-i?-multilinear morphism r : M\ x • • • x M r — > M', or by abuse of 
terminology, the group scheme M', is called a tensor product of Mj, (i = 
1, • • • , r) if, for all group schemes N over S, the induced morphism 

t* : Hom(M', N) ->• Mult R (Mi x • • • x M r , JV), V ^ V> ° r > 

is an isomorphism. If such M' and r exist, we write M\ ®_r • • • ®rM t for M' 
and call r £/ie universal multilinear morphism defining M x ®^ • • • ® R M r . 

(ii) A symmetric pseudo--R-multilinear morphism a : M r — > M', or by abuse of 
terminology, the group scheme M', is called an r th symmetric power of M 
over R, if for all group schemes iV over S, the induced morphism 

a* : Hom(M',A r ) — >■ Sym i? (M r , A r ), ^^o ff , 

is an isomorphism. If such M' and cr exist, we write S r M for M' and call 

cr the universal symmetric morphism defining S^M. 

(iii) An alternating pseudo-i?-multilinear morphism A : M r — > M', or by abuse 
of terminology, the group scheme M', is called an r th exterior power of M 
over R, if for all group schemes iV over S, the induced morphism 

A* : Hom(M',A0 ->■ Mt R (M r ,N), $ ^ ^ ° \ 
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is an isomorphism. If such M' and A exist, we write f\ r M for M' and call 

R 

A the universal alternating morphism defining f\ r M. 

R 

Remark 4.1.2. If Mi ®^ • • • ®r M r respectively S r M respectively f\ r M exists, 

R R 

it with the pseudo-i?-multilinear morphism r : M\ x ■ ■ ■ x M r — > M\ ®n ■ ■ ■ ®^M r 
respectively a : M r — >■ S r M, respectively A : M r — > f\ r M, is unique up to 

R R, 

unique isomorphism and so, in the sequel, we will say "the tensor product" , "the 
symmetric power" and "the exterior power" . 

Definition 4.1.3. Let k be a field and M an i?-module scheme over k. We set 
M* := h m M , M'*, where M' runs through all finite subgroup schemes of M. 

Theorem 4.1.4. Let k be a field and Mi,...,M r and M profinite R-module 
schemes over k. 

1 ) M\ ®r ■ ■ ■ ®r M r exists and is profinite. If Mi are finite, then 

Mi ® fl • • • ® R M r ^ yMt R (M 1 x • • • x M r , G m )*. 

2) /\ 3 M exists and is profinite. If M is finite, then 

R 

/\ J M = Mt R {M j ,G m )*. 

R 

3) S 3 M exists and is profinite. If M is finite, then 

R 

S j M = S^m R {M j ,G m )*. 



Proof. Theorems 2.1.6 (p. 21) and 2.3.3 (p. 24) in |Pink] are the same as this 
theorem when R = Z, i.e., this result for group schemes over k. Little modifi- 
cation of their proof, due to the presence of R, will give a proof of this theorem 
and therefore, we will not prove the theorem. However, one can also prove this 
theorem using those two theorems in |Pinkj . Indeed, these tensor objects "over 
R" (tensor product, exterior and symmetric powers) are quotients of the same 
tensor objects "over Z" by the subgroups generated by the obvious relations due 
to scalar multiplication of R, e.g., for the tensor product, we should mod out the 
relations 

ami ® • • ■ <8> n^r = mi ® avri2 <8> • • • <S> rn r = ■ ■ ■ = mi ® ■ • • £g> m r _i £g> am r 
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for every a G R and every rrii G Mj. To be more precise, for every a G -R, let 
Oj : M x (g • • • g) M r — > Mi (g • • • <g M r denote the morphism 

mi (g) • • • (g m r H-mi®---® m^i (g am; (g m i+ i (g • • • <g m r 

and denote by N it j(a) the image of the morphism — and finally set 

N':= 

i,j<r,a£R 

Then M 1 <g R • • • ® R M r = M : <g • • • g) M r /N'. □ 

Remark 4.1.5. Let </?j : Mj — )■ iVj for i = 1, • • • , r and ip : M — > N be i?-linear 
morphisms between _R-module schemes over S*. 

1) The morphism ip x x • • • x ip r : M 1 x • • • x M r — > Aq x • • • x N r composed 
with the tensor product r' : Aq x • • • x N r — > Aq ® R ■ ■ ■ <g> R A" r is pseudo-i?- 
multilinear and therefore, by the universal property of the tensor product 
we have a unique homomorphism </q <S>r ■ • ■ <8>r y? r '■ Mi <S>r • ■ ■ (g>j? M r — > 
Aq <S>r • • • <S>r N r such that the following diagram commutes: 

ipl X ••• X Ifir 



Mi x • • • x M r 



JV 1 x---xiV r 



M x ® R 



<S> R M r -----^N 1 ® R 



® R N r . 



2) For all positive natural numbers n, we have a morphism (p n : M n — > N n 
whose composition with the n th symmetric power a 1 : N n — > S n N is a 

R 

symmetric pseudo-i?-multilinear morphism, and therefore, from the univer- 
sal property of the symmetric power, we obtain a unique homomorphism 
S n (f : S n M — > S n N such that the following diagram is commutative: 

R R R 



M n 



S n M 

R 



S n N. 



3) Likewise to the symmetric power, we obtain for every positive natural num- 
ber n, a homomorphism /\ n (p : /\ n M — > f\ n N such that the following 

R R R 

diagram commutes: 



M n * N T ' 

A n M _ _ ^ A n ^- 

R A> R 



52 



Remark 4.1.6. 



1) From the definition of the tensor product, it follows that if the tensor prod- 
uct of R- module schemes Ml, ■ ■ ■ , M n exists, then it possesses an R- module 
structure, which is given by the morphism 



R, IdMi_ 



^>r Idftf 



R Wm„ 



where r is an element of R and z is any index between 1 and n (changing i, 
doesn't change the morphism). More precisely, the action of the element r 
on the tensor product is equal to this morphism. 

2) Similarly, let M be an i?-module scheme and r 6 R. Then the following 
diagram is commutative: 

Mm X— x(r.)x — xldiw 

M x ••■ x M — — * M x ■■■ x M 



S n M 



S n M 

R 



where in the first row, the morphism (r.) is at the i th place, with i any index 
between 1 and n. 

3) Again, with the above notations, we have a commutative diagram: 

I<Jm x—x(r.)x— xWm 

M x ... x M — — * M x ••• x M 



A n M 



A n M 



where in the first row, the morphism (r.) is at the i th place, with i any index 
between 1 and n. 



Remark 4.1.7. It follows from Remark 4.1.6 that if the tensor product Mi <g># 
• • • (g)^ M r exists, then it satisfies the following universal property as well: 
let iV be an i?-module scheme, then the morphism 

Hom i? (Mi ® R ■ ■ ■ ® R M r , N) ->■ Mult R (Mi x • • • x M r , N), ip ^ ip o r 

is an isomorphism. In fact we have the following commutative diagram: 

Rom R (M 1 (g) R --- (g) R M r ,N)- — »- Mult fl (Mi x ■ • • x M r , N) 



Hom(Mi ® B • • • ®b M r , N) 



Mult (Mi x ••• x M r , N). 
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But, it is a priori possible that the tensor product which satisfies the bottom 
isomorphism exists, whereas the tensor product as in the Definition 4.1.1 does 
not. 

Proposition 4.1.8. Let R -» R' be a surjective ring homomorphism, and let 
M, Mi, ■ ■ ■ ,M r be R' -module schemes over S. Then we have canonical R-linear 
isomorphisms: 

a) Mi ® R • ■ ■ ® R M r ^ Mi - • ■ ® w M r . 

b) S n M = S n M. 

R R' 

c) f\ n M = A"M. 

R R' 

PROOF. We show the first isomorphism; the other two can be shown similarly. 
We prove that the tensor product 

t' : Mi x ■ • • x M r -»■ Mi ® R , ■ ■ ■ ® R , M r 

has the universal property of the tensor product of M, over R. So, take an R- 
module scheme N and an i?-multilinear morphism ip : Mi x • • • x M r — > N. Let I 
be the kernel of the homomorphism R —> R' and define the following submodule 
scheme of iV: 

K := p|Ker(r. : iV -»■ N). 

rel 

It is clear from the definition of K that it is an i?'-module scheme. Since the 
i?-module structure of Mj is given by the "restriction of scalars" R — > R', and 
so / • Mj = 0, the /^-multilinear morphism ip factors (in a unique way) through 

Mi x • • • x M r 

v. ' ' ^\ <f 

K<t >N. 

Now, the morphism Tp is i?'-multilinear and so there exists a unique i?'-linear 
morphism ip' : Mi ®_r' • • • ®_r' M r — > K such that ip' o r' = Tp. Putting this with 
the last diagram, we obtain: 

Mi x • • • x M r 

f 

<p 

M 1 

So, the composition i o ip' is i?-linear and its composition with r' is equal to 
the given multilinear morphism ip. This shows the existence part of the uni- 
versal property of the tensor product. The uniqueness part follows from the 
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uniqueness of ip' and Tp and the fact that the homomorphism i : K — > N is a 
monomorphism (note that since M 1 <g> R / • • • <2)r> M r is an i?'-module scheme, every 
i?-homomorphism from Mi <g> R i ■ ■ ■ ® R > M r to N factors in a unique way through 
i:K^N). □ 



4.2 Base change and Weil restriction 



Definition 4.2.1. Let M and Mi, • • • , M r be i?-module schemes over a base 
scheme S and let T be an S'-scheme and r a positive natural number. Then we 
have a natural isomorphism M 1t x t • • • x T M rT = (Mi x s ■ ■ ■ x s M r ) T . 



(i) The two universal multilinear morphisms defining M x ® R 
Mi T ® R • • • ® R M r . T give rise to the following diagram 



® R M r and 



M lT x t ■■■ x T M, 



■*(Mi x s -- x 5 M r ) T 



(Mi (8) fl • • • (8)fl M r ) T . 



Now, the universal property of the tensor product M\ T ® R ■ ■ 
completes the diagram by a unique morphism 

t t/s : M lT ® R ■ ■ ■ ® R M rT -> (Mi ® R ■ ■ ■ ® R M r ) T 

which we call the base change homomorphism of tensor product. 

(ii) The two universal symmetric multilinear morphisms defining S R M and 
S r (Mt) give rise to the following diagram 



M™ 



S n R {M T ) 



^ (M n ) T 
(S n R M) T 



Now, the universal property of the symmetric power S r (Mt) completes the 
diagram by a unique morphism 

a T/s : S n R {M T ) -)• {S n R M) T 

which we call the base change homomorphism of symmetric power. 
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(ii) The two universal alternating multilinear morphisms defining f\ n M and 



/\ n (Mr) give rise to the following diagram 

R 



R 



M™ 



A n (M T ) 

R 



(M") T 



(/\ n M) T . 

R 



Now, the universal property of the exterior power /\ ra (Mr) completes the 

R 

diagram by a unique morphism 



An . n 

(Mr) -+ (/\ M) T 



R R 

which we call the base change homomorphism of exterior power. 
Remark 4.2.2. The base change homomorphisms in the last definition need not 



be isomorphisms. However, as we will show (cf. Propositions 4.2.3 and 4.2.6), if 



S = SpecE and T = SpecL, where L/E is either a separable or a finite field 
extension, then the three base change homomorphisms are isomorphisms. 

Proposition 4.2.3. Let E be a field and L/ E a separable field extension. Then 
the three base change homomorphisms 



M hL ® 



R 



®r M r , L -+ (Mi ® R ■ ■ ■ (S) R M, 
/\ T (M L ) {f\M) L 



r L, 



R 



R 



and 



are isomorphisms. 



S r (M L ) -)■ (S r M) L 

R R 



Proof. We prove the statement just for the tensor product, and drop the similar 
proof of the exterior and symmetric powers. For simplicity, denote by T(M£) and 
T(M) the tensor products M ljL ® R ■ ■ ■ ® R M r>L and M\ ®r ■ ■ ■ ®r M r respectively. 



By Theorem 4.1.4 we know that 



■R 



T(M L ) S Mult (M hL x 



x M 



r,L) "m 



and 



-R 



T(M) L £ ( Mult (M 1 X • • • x M r , G m )*) L . 
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By definition, we have 

Mdt R (Mi x ••• x M r ,G m )* = lim/T, 

where H runs through all finite subgroup schemes of G :— Mult (Mi x • • • x 
M r ,G m ). Consequently, we have 

( Mult (M x x ••• x M r ,G m )*) L (lim H*) L = \im(H* L ) 

since the transition homomorphisms are epimorphisms and L/E is flat. Let H 
be a finite subgroup scheme of G. Then Hl is a finite subgroup scheme of 

G L = Mult (Mi x • • • x M r , G m ) L Mult (M 1>L x • • • x M r , £ , G m ). 
Therefore, there exists a natural homomorphism 

7T : Mult (Mi )£ x • • • x .1 /,,,.. G m )* -> Mult (M x x • • • x M r , G m )* L 

which corresponds to the base change homomorphism b : T(M L ) — > T(M) L . 
Again, since the transition homomorphisms are epimorphisms, this homomorph- 
ism ( "projection to sublimit") is an epimorphism. 

Let us assume at first that L is a separable closure of E and denote by V the 
absolute Galois group of E. We would like to show that n is an isomorphism. 
It is sufficient to prove that the system of finite subgroups of Gl, which are of 
the form Hl for a finite subgroup H of G, is cofinal in the system of all finite 
subgroups of Gl. Let H be a finite subgroup of Gl- So, elements of H are closed 
points of Gl-, in other words, H is a finite subgroup of the group Gl{L) = G{L) 
of Irrational points of G. It follows that V ■ H (the Galois conjugate of H) is 
again a finite subset of G(L) (note that T acts canonically on Gl and G(L)). The 
subgroup of G(L) generated by Y • H is therefore finite, because G is Abelian. 
This subgroup, denoted by Hr, is a finite subgroup scheme of Gl, which is in- 
variant under the action of T. By Galois descent, there exists a finite subgroup 
H of G such that H L = H r . As H C H r , we have that H C H L , proving the 
claim. 



Now, assume that L is a separable extension of E and thus subextension of a 
separable closure E s , of E. The base change homomorphisms yield the following 
commutative triangle 



T(M Es ) 




T(M L ) Es - — — -•/•!.!/),,. 
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By the above discussion, b Es / E is an isomorphism and b Es /L is an epimorphism. 
It follows that bE s /L is also a monomorphism and thus an isomorphism. This 
implies that is an isomorphism. This homomorphism is the extension to E s 
of the base change homomorphism b : T(M^) — > T(M)^. As this extension is an 
isomorphism, we conclude that b is an isomorphism as well. □ 

Recall that if E is a field and L is a finite extension of E, then the Weil restriction 
ResL/E is the right adjoint of the base change functor from the category of affine 
schemes over E to the category of affine schemes over L, i.e., for every affine 
E'-scheme X and every affine L-scheme Y we have a bijection of sets: 

Mor L (X L , Y) = Mor £ (X, Res L/E Y). 

In fact, the Weil restriction is the restriction, to the full subcategory of affine 
schemes, of the pushforward functor from the category of fppf sheaves over Spec L 
to the category of fppf sheaves over Spec E. Explicitly, this functor sends an fppf 
sheaf J 7 over Spec L to the sheaf 

T^Res L/E F(T) :=F{T L ). 

Recall also that the Weil restriction preserves the group objects, i.e., Rqsl/eH 
is an affine group scheme over E if H is an affine group scheme over L and the 
above bijection restricts to a group isomorphism 

Rom L (G L ,H) = Rom E (G,Res L/E H) 

for every affine group scheme G over E. It also follows from the adjunction that 
if H is an affine i?-module scheme over L, then Res^/^iJ is an affine i?-module 
scheme over E and the above isomorphism induces an i?-module isomorphisms, 
when restricted to the subgroup of i?-linear homomorphisms. Finally, recall that 
the Weil restriction commutes with base change, that is, if T is an E-scheme, 
then there exists a canonical isomorphism 

(Resi/E Y)t = Res Lx eT /t(Y x e T). 

Lemma 4.2.4. Let E be a field and L/E a finite field extension. Let M be an 
affine R-module scheme over E and N an fppf sheaf of R-modules over Spec L. 
Then there exists a canonical sheaf isomorphism 

Res L/E Hom f .(M r „ N) = Hom E (M, Res L/E N) 

which is the "sheafified" version of the Weil restriction, i.e., the global sections 
of this isomorphism deliver the usual Weil restriction. 
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Proof. Let T be a scheme over E. We have the following isomorphisms 

Egm E (M,Res L/E N)(T) = Hom T (M T , (Res L/E N) T ) = 

Hom T (M T , Res TL/T (iV x E T) = Hom T (M T , Res TL / T (iV x L T L )) = 

Rom TL ((M T ) TL ,N x L T L )) = Hom Ti ((M L ) Ti , N x L T L )) = 

Hpm L (M L ,A0(T L ) = Res L/E (Hom L (M L ,N))(T), 

where the first isomorphism (not equality) follows from the fact that the Weil 
restriction commutes with base change. The second isomorphisms is induced by 
the canonical isomorphism N x E T = N XlTl. The third isomorphism follows 
from the adjunction property of the Weil restriction. The fourth isomorphism 
follows from the canonical isomorphism (Mt)t l — {Ml)t l - Finally, the last 
isomorphism is given by the "definition" of the Weil restriction. □ 

Proposition 4.2.5. Let E be a field and L/E a finite field extension. Let 
Mi, M 2 , . . . , M r and M be affine R-module schemes over E and N an fppf sheaf 
of Abelian groups over L. 

a) The bisection 

Mor L (Mi iL x • • • x M r>L , N) = Mor E (M 1 x • • • x M n Res L/E N) 
restricts to an isomorphism 

Mult L (Mi iL x • • • x M r>L , N) = Mult £ (Mi x • • • x M r , Res L/E N). 

b) The isomorphism Mult L (M£, N) = Mult B (M, ResL/ E N) of part a) restricts 
to an isomorphism 

Altf(M£, N) = Alt*(M, Res L/E N). 

-~^R —^R 

c) The isomorphism Mult L (M£, N) = Mult E (M, Res^/^ N) of part a) restricts 
to an isomorphism 

Sy^nf (M r L ,N) S Sym^Res^iV). 

Proof. a) We will proceed by induction on r. If r = 1, then the statement 
follows from the adjunction of the Weil restriction or more generally of the 



pushforward, discussed before Lemma 4.2.4 So, assume that r > 1 and 



that we know the result for smaller integers. We have 

Mult^(Mi )X x • • • x M r>L , N) = 
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Mult L (M liL x • • • x M r _i f„ Honij (M r j„ N)) = 

Mult B (Mi x • • • x M r _i, Resr,/p; Hom I (Af r >L , N)) = 

Muti, E (M 1 x ••• x M r _i , Horn F (M r , Res L/E N)) = 

Mutt* (Mi x • • ■ x M r , Res L/E N). 

b) By the adjunction property, we know that there exists a unique i?-linear 
homomorphism '■ (Resr/E N)l — > N with the following universal prop- 
erty: for every .E-scheme X the map 

Mor E (X,Res L/E N) -> Mor L (X L ,N) 

induced by base change to L and composing with is an isomorphism. It 
follows that if (p : M r — > Res l/ E N is alternating, the morphism <jn ° ¥l is 
alternating too and therefore, the i?-linear isomorphism of part a) restricts 
to an i?-linear monomorphism 

Ait^(M r ,Res L/ £iV) ^ XTtf (M£, JV). 

We have to show that this is surjective too. Take an alternating morphism 
ip : M£ — > N. Because of part a), we know that there exists a pseudo-i?- 
multilinear morphism tj) : M r — > ResL/ E N such that if = o ijj L . We want 
to show that ip is alternating. For any 1 < i < j < r, let 

Ay : M r_1 -> M r , (mi, . . . ,m r _i) h-> (mi, . . . ,m j _ 1 ,m i ,m j , . . . ,m r ) 

denote the generalized diagonal embedding equating the i th and j th com- 
ponents. By functoriality of the Weil restriction, the following diagram 
commutes: 

Mult B (M r , Res L/E N) - >■ Mult L (M£, N) 

A* . A* . 

Mutt*(M r -\ Res L/E N) — s Mutt^Mj^ 1 , iV). 

Since </? is mapped to zero under the homomorphism 

Mult L (M£,iV) -»■ Mult L (M£ _1 , N) 

(because it is alternating), the morphism ip lies in the kernel of the homo- 
morphism 

Mnlt E {M r ,Res L/E N) -> Mult s (M r_1 , Res^/^ iV), 
and this holds for every pair i < j. Hence ?/> is alternating. 
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c) Similar arguments prove the desired isomorphism. 

□ 

Proposition 4.2.6. Let E be a field and L/E a finite field extension. Let 
Mi, M 2 , . . . , M r and M be finite R-module schemes over E. Then the three base 
change homomorphisms 

M ljL ®r---®r M T:L ->■ (Mi <g>H • • • ® R M r ) L , 
/\\m l ) {f\M) L 

R R 

and 

S r (M L ) -> (S r M) L 

are isomorphisms. 

Proof. We prove the statement for the tensor product and drop the proofs for 
the exterior and symmetric power, as they can be similarly proved. 

Let N be an affine group scheme over L. By functoriality of the Weil restriction, 
we have the following commutative diagram: 

Home (Mi ® R • • • ® R M r , Res L/E N) -=->■ Hom L ((Mi ® R ---® R M r ) L , N) 

MuMMi x r - x R M r ,Res L/E N)^^mAt R L (M hL x R ■ ■ ■ x R M r , L , N) 

where the vertical homomorphisms are induced by the universal i?-multilinear 
morphisms. The left vertical morphism is an isomorphism by the definition of 
Mi ®r • • • CS>r M r . The horizontal morphisms are isomorphism by the Weil re- 
striction. Thus the right vertical homomorphism is an isomorphism as well. The 
base change morphism induces a commutative triangle 

Hom L ((Mi ® R ■ ■ ■ ® R M r ) L , N) Hom^M^ <S>r-'<S>r M r , L , N) 

Mult"(Mi, L X R --- X R M r<L , N) 

where the vertical and oblique morphisms are isomorphisms. In fact the vertical 
arrow is an isomorphism because of the last diagram and the oblique arrow is 
an isomorphism by the definition of Mi^ ® R ■ ■ ■ ® R M r ^. Consequently, the 
homomorphism 

Hom £ ((Mi ® R ■ ■ ■ ® R M r ) L , N) -> Hom L (Mi jL ® R ---® R M r>L , N) 

is an isomorphism, and this holds for every affine group scheme iV over L. It 
follows that the base change homomorphism is an isomorphism. □ 
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4.3 Main properties of exterior powers 

Proposition 4.3.1. Let M be an R-module scheme over S. If /\ n M = then 



we have /\ m M = for all m > n. 



R 



R 



Proof. We show that /\ n M = 0; the result follows immediately by induction. 

R 

Let N be an .R-module scheme. By the definition, we have an isomorphism 



n+l 

R 



Rom R (/\ M, N) = A\t R (M n+ \ N). 
Under the isomorphism 



Mu\t(M n+1 ,H) ^ Mult(M n , Hom (M, H)) 



given in Lemma 2.2.6, the image of the sub- .R-module A\t R (M n+1 , N) lies in 
the sub-fl-module ;~AiF(M w , Rom R (M, N)) of Mult i? (M n , Hom i? (M, N)), i.e., we 
have an isomorphism 

A\t R (M n+ \N) Alt R (M w ,Hom H (M, N)). 

Again by definition, we have 

A\t R (M n , Hom R (M, N)) = Hom fi (/\™M, Hom /? (M, N)). 

R 

The latter .R-module is trivial by hypothesis and thus, we have 

Rom r (/\ n+1 M,N) = Alt R {M n+1 ,N) = Alt R (M n , Hom R (M, N)) = 



R 



for all -R-module schemes N, which implies that /\ n M = 0. □ 

R 

Proposition 4.3.2. Let M±,M2 and P be R-module schemes over S and r±,r2 
two positive integers. We have a natural isomorphism 

A* 2 : Alt i? (M[ 1 x M;\P) = Rom R {/\ ri M 1 ® R /^' 2 M 2 ,P). 

R R 



Proof. Using Proposition 2.2.17 we have a natural isomorphism 



Alt R (M[ 1 x M r 2 \P) = Alt i? (M[ 1 ,Alt R (M 2 r2 ,P)) 
and by definition of f\ ri Mt this is isomorphic to Hom fl (/\ ri M 1 , Alt R (Mo 2 ,P)) 

R R 

which is again by Proposition |2.2.17 isomorphic to 



Alt i? (/\ ri M 1 x M r 2 \P) S A\t R (M;\ Hom fl (/\ ri M| , P)) 

R R 
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Rom R (/\ M 2} Rom R (/\ M u P)) = Mu\t R (/\ M x X [\ M 2 ,P) 

R R R R 

Hom i? (/\ ri M 1 ®/\ r2 M 2 ,P). 



R 



□ 



Remark 4.3.3. 

1) Let Ai >2 : Ml 1 x M 2 r2 -> /\ n Mx (g) R f\ r2 M 2 be the multilinear morphism in 

R R 

Alt R (M[ 1 x M 2 r2 , /\ ri M! ® R f\ r2 M 2 ) that maps to the identity of 

R R 

f\ ri Mi ® R f\^ 2 M 2 by the isomorphism given in the Proposition 4.3. 

R r 

one can easily see that the R- module scheme f\ ri Mi ® R f\ M 2 

R R 

following universal property: Given any i?-multilinear morphism ip : M^ 1 x 
MI, 2 — > P which is alternating in M[ 1 and M^ 2 , there exists a unique R- 
linear homomorphism 



Then, 
las the 



R R 

making the following diagram commute: 



Ml 1 x M r 2 




A ri Mi ® R K 2 M 2 . 

R R 



2) We can generalize the Proposition 4.3.2, i.e., if Mi, • • • , M n are -R-module 
schemes and ri, •-• ,r n are positive integers, then there is a multilinear 
morphism 

A v .. , n : M? x • • • x M;- -> /\ ri M x <g) fl • • • ® B /\ r "M n 



R 



R 



alternating in each Mp such that the homomorphism 

Rom R (/\ ri M 1 ® R ■ ■ ■ ® R f\' n M n , P) -> Alt(M[ 1 x • • • x M r n \ P) 



R 



R 



if H> if o Ai... n 



is an isomorphism. 
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3) Let ifi : Mi — > M, i = 1,2 be P-linear morphisms and ri,r 2 two posi- 
tive natural numbers. We have a morphism ip^ 1 x ip? 2 '■ Ml 1 x M r 2 2 — > 
M ri+V2 whose composition with A : M r ' L+r ' 2 — > f\ ri+T2 M lies in the module 



Alt K (M[ 1 x M2 2 , f\ ri 2 M). Using the isomorphism of Proposition 

R 

with P replaced by f\ ri+r2 M, we obtain an P-homomorphism 

R 

ATI A r 2 A r 2 A r 2 A r l+ r 2 

^iA/\ <P2-./\ Mi® fl /\ M 2 ->/\ M. 

./£ i? -R 

That is, we have the following commutative diagram: 



4.3.2 



M[ 1 x M 2 ra 



Al,2 



7' 1 7'9 



M ri+r2 



A^m^h A r2 M 2 ^a 



ri+r 2 



M. 



If ri (respectively r 2 ) is equal to 1, we write <pi A /\ r2 f2 instead of AVi A 
/\ r2 (fi2 (respectively /\ ri (fi A <£> 2 instead of f\ Tl (pi A AV2)- 

4) Let P be an P-module scheme over S. The homomorphism /\ Tl fi A f\ r2 <P2 
induces an P-module homomorphism 

Hom fi (/\ n+r2 M, P) Hom^^'M! ® fi /\ r2 M 2 , P) 



R 



R 



R 



that together with the isomorphisms of Proposition 4.3.2 and Definition 

Lgram: 

Alt* {Ml 1 x M 2 r2 ,P) 



4.1.1 (iii) gives the following commutative diagram: 
Alt R (M ri+r2 , P) 



^1,2 



Hom i? (A ri+r2 M, P) 

R 



Hom*(A n M 1 ® R A r2 M 2 ,P). 



Lemma 4.3.4. Lei v 9 * : — >* ^ i = 1,2 be R-epimorphisms of R-module 
schemes over S and ri,r 2 iwo positive natural numbers. Then the morphism (cf. 
Remark \4l^ 3)) 

ATI A r 2 A r l A r 2 A r l+ r '2 

<^iA/\ y? 2 :/\ Mt® R /\ M 2 ->/\ M 

R .R -R 

zs an epimorphism. In particular, we have a canonical epimorphism 

Ari A r 2 « ri+r 2 

M® R /\ M ^ /\ M. 



R 



R 



R 
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PROOF. The morphism ip r ^ x ip r 2 2 '■ M[ 2 x M 2 2 — > M T1+r2 is an epimorphism. 
Therefore, for every P-module scheme P, the induced morphism 

Alt R (ilT 1+r2 ,P) -> k\t R (M{ 2 x M 2 r2 ,P) 

is injective. 



Using the diagram of Remark 4.3.3 4), we conclude that the induced morphism 
Hom fi (/\ ri+r2 M, P) Rom R (/\ ri M 1 ® R f\ 2 M 2 , P) 

R Ft R 



is injective for all P-module schemes P. This proves the first part of the state- 
ment. The second part follows from the first part by replacing (pi with the identity 
morphism of M. □ 

Notations. Let M', M" be sub- -R-module schemes of M and P and N P-module 
schemes. By A\t R (M' r x M" s x P\N) we mean the module of P-multilinear 
morphisms that are alternating in M' r , M" s and (M' D M") r+S (as a submodule 
scheme of M r+S )) and in P l . When we say that a multilinear morphism 

M" r x M" s x P* -> iV 

is alternating, we mean that it belongs to the module Alt R (M' r x M" s x P\N). 
Likewise, we define the module 

Alt ii (M[ 1 x • • • x M r n n x Pf 1 x • • • x P^ m , N) 

with Mj sub-P- module schemes of M and Pj's arbitrary P- module schemes. 

Lemma 4.3.5. Let 7r : M -» M" &e an epimorphism and let ip : M //r — > P 
fre an R-multilinear morphism such that the composition ip o 7r r : M r H is 
alternating. Then ip is alternating as well. 

Proof. The morphism ir induces a morphism A r 7i : A r M — > A r M" between 
diagonals and since the morphism 7r is an epimorphism, the morphism A r ir is an 
epimorphism too. 

Similarly, we have an induced epimorphism between A\-M C M r and A£-M" C 
M" r for all 1 < i < j < r, which we denote by A£-7T. In order to show that 
V? is alternating, we must show that for any 1 < i < j < r the composition 
AljM" > M" r —^-t- N is trivial. But we have a commutative diagram 



A[,M -H- ALM" 



M r ~ M" r —r^ N. 
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and since the composite p o n r is alternating, the composition ip o ir r o i is trivial, 
and so is the composition p o i" o A7r. The morphism An is an epimorphism, 
which implies that p o i" is trivial. □ 

Remark 4.3.6. Let M' be a sub-_R-module scheme of M and 7r : M -» M" an 
epimorphism. It can be shown in the same fashion that if the composition of a 
multilinear morphism M" r x M s x M n — > N with the epimorphism 

7r r x Id M >s x Id M « : M r x M s x M'* -> M" r x M s x M" 

is alternating (in the sense of the Notations above), then this multilinear morph- 
ism is also alternating. 

Lemma 4.3.7. Let M x ■ ■ ■ , M r be R-module schemes and f):M 1 x--xM r ->iV 
an R-multilinear morphism. Assume that for some 1 < i < r we have an exact 
sequence M[ — ^ M« — ^ Mf — > 0. If the restriction i^\mix-xM'-x-xm t ^ zero, 
then there is a unique multilinear morphism 

if/ : Mi x • ■ • x M'l x • • • x M T N 

such that ip = if>' o (Id^ x • • • x ir x ■ ■ ■ x HmJ with n at the i th place. 

Proof. By functoriality of the isomorphism in Proposition |2.2.8" we have a com- 
mutative diagram (we omit the superscript R to avoid heavy notations, and so the 
homomorphisms and multilinear morphisms are all i?-linear or i?-multilinear): 

Mult(Mi x ■ ■ ■ x M r , N) -=->■ Hom(Mf , Mult fMi x • • • x Mj x • • • x M r , N)) 
Mult(Mi x • • • x M r , N) Eam(Mj, Mult fMi x • • • x M { x • • • x M r , N)) 

Mult(Mi x ■ ■ ■ x M r , N) Hom(M-, Mult fMi x • • • x M; x • • • x M r , N)) 

where the indicated morphisms are the obvious ones and Mj means that this 
factor is omitted. The right column is exact and it* is injective, because the 
sequence — > M[ — ^ Mj — M" — > is exact and the functor Hom R (_, P) is 
left exact for any R- module scheme P. Therefore, the left column is exact too 
and 7f is injective. The morphism if) is an element of Mult fl (Mi x • • • x M r , N) 
which goes to zero under the morphism I (restriction morphism). By exactness, 
there is a unique multilinear morphism tp' £ Mult H (M 1 x ■ ■ • x M" x ■ ■ ■ x M r , N) 
which is mapped to ip under 7f. This proves the lemma. □ 

Lemma 4.3.8. Let M\ — b —± M 2 — M 3 — >■ be an exact sequence of R-module 
schemes over S and n a positive natural number. Then the sequence 

-»■ Alt*(M^\A0 k\t R (M%,N) Alf R (M 1 x M%~ 1 , N) 



is exact. 
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PROOF. Since it : M 2 — > M3 is an epimorphism, the morphism ir n : — > M% is 
also an epimorphism and so the induced morphism h\t R (M%, N) — y Alt i? (M^, N) 
is injective. 

Let if : M2 — > N be an alternating morphism and assume that the restriction 
V^Imixm™" 1 ^ s zero - We will show that there is a multilinear morphism tp' : M£ — > 



N such that <p = ip' o n n . The result will then follow, since by Lemma 4.3.7 <p' 
is also alternating, and it is thus inside the i?-module A\t R (M^, N). This will 
prove the exactness at the middle of the sequence (the fact that the composite 

A\t R (M™,N) -> A\t R {M%,N) -> A\t R (M 1 x M^ -1 , N) 

is zero follows directly from the fact that the composition tt o 1 is zero) and the 
proof will be achieved. 

Note that since <p is alternating and the restriction V^Ia/ixa^" 1 * s zero ; the restric- 
tions V'ImIxMixm^"^" 1 are zero ^ or an y 1 < « < n. — 1. Set <p = p. We show by 
induction on < % < n that there is a multilinear morphism <pj : M3 x M£~ l — » A" 
such that 99 = <pj o (7r* x Id M n-»). This is clear for % = 0, so let i > and assume 
that we have <pj_i with the stated property. Consider the following commutative 
diagram 

Mif 1 x Mi x M 2 n - 1 ^^ Mt 1 x M 2 x M 2 n ~* 




Mg -1 x Mi x M 2 n " ic ^ M*" 1 x M 2 x M 2 n 
where 7? = 7r 4_1 x Id^ x Id M «-i, 7r = 7r* _1 x Ha/ 2 x Id M n-» and p, p' are the 



inclusion morphisms. We know that = <p o p = p>^\ o n o p, which implies 
that <pj_i o p' o 7? = 0. The morphism tt is an epimorphism and so <pj_i o p', the 
restri ction of <p?,-i to Mg -1 x Mi x M^ _i , is zero. We can therefore apply Lemma 



4.3.7 and obtain a multilinear morphism <pj : M3 x M^ * — > N such that 

<Pi = <Pi-l (W M i-l X7T x Id M n- s ). 

We have thus <p = <pi o (7r* x Id M n-i). 

Now put i = n, the statement says that there is a multilinear morphism tp n : 
M^ — > A" with ip = ip n o 7r n . This <p n is the required <p'. □ 

For the following lemma, which is in some sense the "linearized" version of the 



previous one, we use notations introduced in Remark 4.3.3 3) 



67 



Lemma 4.3.9. Let Mi M 2 M 3 ->■ 6e an exact sequence of R-module 
schemes and n a positive natural number. Then the sequence 



Mi® fl /\ 



n-1 



M 2 



Id 



M 2 



/\"m 2 /\ n M 3 -> 



zs exact. 



Proof. The statement follows essentially from Lemma |4.3.8 and Proposition 
4.3.2 Indeed, the exactness of this sequence is equivalent to the exactness of the 
sequence obtained by applying the contravariant functor Hom' R (— , N) on it for 
all i?-module schemes N over S. So, let N be an arbitrary .R-module scheme over 
S and consider the following diagram: 







Rom{/\ n M 3 ,N) 

R 



Hom(A n M 2 ,N) 

R 



■k\t R {M%,N) 



Hom(M 1 ® R A"" M 2 ,N) 

R 



A\t R (Mi x M£-\N) 



where the first two vertical morphisms, i.e., A 2 , A 3 are given by the universal 



property of the exterior powers and the last one by Proposition |4.3.2| The com- 
mutativity of the first square follows from Remark 4.1. 5| 3) and that of the second 
square from Remark 4.3.3 4). The second row is exact by Lemma 4.3.8 The ex- 
actness of the first row follows immediately and this achieves the proof. □ 

Theorem 4.3.10. Assume that — > Mi — L —t M 2 — M 3 — > is a short exact 
sequence of R-module schemes over S . Let n 2 be a non-negative integer and write 
n-2 — n>x + n 3 for non-negative integers n% and n 3 . Consider the diagram 



A\t R (M^ 2 ,N)^^A\t H (M^ x Mf, iV) 



R i 



Alt R (M 1 " 1 x M£ 3 ,N) 



where p is the restriction morphism. 



(a) If /\ ri3+1 M 3 = ; then p is injective. 

R 

(b) If /\ ni+1 Mi = 0, then p factors through ir* . 

R 



(c) If both conditions hold, then there is a natural epimorphism 

Ani » 713 a ri2 

Mi® R /\ M 3 ^/\ M 2 . 



R 



R 



R 
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(d) If furthermore the sequence is split, then the epimorphism ( is an isomorph- 
ism. 

Proof. If n 2 = then n\ = = n% and all statements are trivially true, so 
assume n 2 > 0. We prove each point of the proposition separately. 

(a) Fix n 2 . We show by induction on ni, with < n\ < n 2 , that the restriction 
morphism gives an injective morphism 



Alt (M 2 2 , N) m- Alt fM" 3 , Mult (Mf 1 , iV")). 

If ni = then n 3 = n 2 , and p is the identity morphism, so there is nothing 
to show. So assume that < n\ < n 2 and that the statement is true 
for ni — 1 and n3 + 1 in place of n\ and 7^3. Then /\ n3+1 Ms = implies 

so by the induction hypothesis we have 



A" 3+2 m 3 



by proposition 



R 



an injection 



4.3.1 



Mt R (M^ 2 ,N) ^ A\t H (MZ 3+ \ Mult ^fMf 1 " 1 , N)). 



,R 



"3 + 1 



,R< 



4.3.8 



(note 



Since by hypothesis we have /\ n3+1 M3 = we can use Lemma 

R 

that /\ n ' i+1 M 3 = implies that Alt R (M™ 3+1 , P) = for every .R-module 

R 

scheme P), and we have thus an injection 

Alt fl (M " 3+1 , Mnlt R (M^-\ AO) Alt fi (M 2 n3 x Mi , Mult^fM" 1 " 1 , N)). 
The latter i?-module is inside the -R-module 

A\t R (M 2 " 3 , Hom R (Mi , Mult R (M™ 1 " 1 , N) ) ) . 



By proposition 



2.2.10 



Hpm^(M 1 ,Mult iJ (M 1 ni - 1 ,A^)) = Mult ^fMf 1 , N). 



Putting these together, we conclude that there is an injection 

6 : Alt R (M 2 n2 , N) Alt fi fM 2 " 3 , Mult fl (M 1 ni , AO). 

Following through the above isomorphisms and inclusions, one verifies that 
this injection is induced by the restriction morphism. Under the isomorph- 
ism 

Mult^M? 3 , Mult ^Mf 1 , AO) = Mult^M™ 3 x M?\N) 

the image of Alt i? (M 2 n2 , N) by 6 lies inside the 



2.2.8 



given by Proposition 

submodule Alt i? (M™ 3 'xMf x , N) of Mult^M™ 3 x M™ 1 , N) and we can easily 
see that the injection 

k\t R {M%\N) ^ Alt fi (M 2 " 3 x M™ 1 , N) 

thus obtained is given by the restriction morphism. 
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(b) Choose an alternating multilinear morphism <p> : M^ 2 — > N and write ipo for 
the restriction V^Im^xM^ 3 - For any < j < n 3 — 1 the restriction of <p to 



the submodule scheme Mf 1 x Mj x Mi x M 



belongs to the -R-module 



A\t R (M^ x M{ x Mi x M, 



,N) 



which injects into 



A\t R (M? 1+ \ Mu\t R (M^-\ N)). 



The latter i?-module is isomorphic to 

ni+l 



Hom R (/\ Mt , Mult f M" 3 , A") ) , 



which is zero by assumption. So, the restriction <p \ 
zero. 



M^xMjJxMixM"™ 3 j 



-l IS 



Now we show by induction on < i < n 3 , that there exists a multilinear 
morphism <pi : M\ x M^ 3 ~* x M™ 1 — >■ A" such that the composition 

M l 2 x M™ 3 "* x Mf 1 M3 x M^~ { x M™ 1 iV 

is ipo, where W = n l x Id M n 3 -; x Id M «i. If i — then we have nothing to 
show, so let i < n 3 and assume that we have constructed yjj with the de- 
sired property and we construct </?i+i- Consider the following commutative 
diagram: 



M l 2 x Mi x M™ 3 "^ 1 x M? 1( - 



M l 2 x M™ 3 " 1 x M[ 



ni 



M| x Mi x M^ -3 " x M{ 



rni c: 



Mj x M™ 3 " 1 x Mj 11 




As we have said above, the restriction of (po, <Po°P, is zero. By the induction 
hypothesis, we have ip = (pi o w and therefore, = (p op = {p i oTop = 
(pi o p' o tv. The morphism n being an epimorphism, we conclude that the 
restriction of tpi, i.e., tpi o p' is zero. This allows us to use Lemma 4.3.7 in 
order to find a multilinear morphism 



<Pi+i 



M 



t+i 



x M 2 n3 - i_1 



x M™ 1 -> JV 



such that 



iPi = <fi i+1 O (Id M i X7T x Id 



At, 



-1 X Id Mi m 

,no-i-2 X Id 



It follows at once that <^ = y?i+i o (7r* +1 x Id M n 2 -;-2 x ium 1; 

Put z = ri3, then the statement says that there is a multilinear morphism 
ip n3 : M^ -3 x M" 1 -> i7 such that ip = <p nz o (7r™ 3 x Id M «i). Since ip is 
alternating, by Remark 4.3.6, ip> n3 is also alternating. 
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(c) If both conditions hold, then by (a), p is injective and therefore the homo- 
morphism Alt^M™ 2 , H) ->■ Alt(M 1 ni x MJ 3 , H) defined in (b) is injective 
as well. So we obtain 

Hom fi (/\ M 2 , N) ^ Alt(M™ 2 , iV) ^ Alt iJ (M™ 1 x M 3 ™ 3 , AT) ^ 

R 

Hom K (/\ Afi®/\ M 3 , AT) 
which is natural, in other words we have a natural injection of functors 

r> A n 2 r> A "1 A n 3 

r : Hom fl (/\ M 2 , -) Hom fl (/\ Mi <g> /\ M 3 , -). 

R R 

It is a known fact that any natural transformation between such functors 
is induced by a unique morphism 

Ani A 113 a n 2 

M 3 >/\ M 2 , 

R R R 

in fact, this morphism is the image of the identity morphism of /\™ 2 M 2 

R 

under this transformation. This means that for any i?-module scheme N, 

r» A n 2 r» A n l A n 3 

t n : Hom R (/\ M 2 , N) -»■ Hom fl (/\ M 1 ^ f\ M 3 , JV) 

R R 

sends a morphism / : /\ n2 M 2 AT to the morphism / o £. The injectivity 
of t implies that ( is an epimorphism. 

(d) Let s : M 3 — >■ M 2 be a section of 7r, i.e., tt o s = ld.M 3 and r : M 2 — > Mi the 
corresponding retraction of l, that is, r o 1 = Id and that the short sequence 

-> M 3 -2-). M 2 Mi ->• 

is exact. Then we show that the morphism 

/i : Alt fi (M 2 " 2 , AO -> Alt^Mf x M 3 3 , A 7 ") 

whose composition with tt* is p (given by (b)) is induced by the inclusion 

j := L ni x s ns : At? 1 x M™ 3 -)> M™ 2 . 

Indeed, given a morphism / G Alt' R (M^ 2 , A/"), we have p(f) = 7r* (//(/)), or 
in other words, //(/) o (Id^ X7r" 3 ) = / o (i ni x Id^fJ. Hence the following 
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diagram is commutative 




M™ 1 x M 3 n3 



where 7, tt and i are respectively the morphisms Id^J xs ns ,Id^ X7r na and 
the inclusion t ni x Id^f 2 . Consequently, //(/) = / o j. This shows that ji is 
induced by j as we claimed. 

Now define a morphism u : MJ 2 — >■ M™ 1 x M% 3 as follows: for any A;-algebra 
A uo sends an element (g 1: ■ • ■ , g m ) e M 2 (A) n2 to 

^sgn(<T,r)(r(^ ( i)),-- - , r(^ (ni) ), 7r(^ r(1) ), • • • ,vr(^ T( „ 3) )) 

where the sum runs over all length ni subsequences a = (cr(l), • • • , cr(ni)) 
of (1,2,- •• ,712) with complementary subsequences r = (r(l),--- , r(ri3)) 
and sgn(a", r) is the signature of (cr, r) as a permutation of 112 elements. 
This morphism induces a homomorphism 

u* : Mt R (Ml 11 x M 3 ns , A) ->■ Mult^M™ 2 , A) 

and it is straightforward to see that in fact the image lies inside the sub- 
module Alt^M^ 2 , A). We also denote by 00* the homomorphism 

Alt ii (M 1 ni x M™\H) ->■ Alt R (M 2 n2 , A) 

obtained by restricting the codomain of w*. Since the composites r o s and 
7r o t are trivial and rot and n o s are the identity morphisms, we see that 
the composition u o j is the identity morphism of M" 1 x M% 3 . Therefore 
the composite /i o oj* is the identity homomorphism. Consequently, the 
homomorphism n : A\t R (M%\ A) ->■ Alt^M™ 1 x M 3 ™ 3 , A) is an epimorph- 
ism. We know from (c) that it is a monomorphism, and hence it is an 
isomorphism. We obtain thus 

Kom R (/\^ M 2 ,N) = Alt^M™ 2 , A) 

R 

Alt^M™ 1 x M 3 3 , A) ^ Hom R (/\ ni M! <g> /\^ 3 M 3 , A). 
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As we know, this homomorphism is induced by the morphism 



Mt®/\ M 3 ->/\ M 2 . 



R R Ft 

Since it is an isomorphism, the morphism ( must be an isomorphism as 
well. 

□ 

Lemma 4.3.11. Let M be an R-module scheme over S and r G R. Then for 
every positive natural number n we have a commutative diagram 

M ® fi A" _1 M (r ' )0flId » M ® R j\ n ~ x M 

R R 



IdAA Id 



Id A/\ n_ Id 



/\ n M 

R 



A n M. 

R 



Proof. Remark 4.1.6 3) gives us the following commutative diagram: 



Mx ■■■ xM— — ^Mx ■■■ xM. 



l\ n M 

R 



f\ n M 

R 



(3.12) 



Using Remark 4.3.3 1), we can split this diagram into two squares: 



M x • • • x M 

Al,2 



(r.)xld"- 1 



M X • • • X M 

Al .2 



R R 



IdAA Id 



IdAA n_1 Id 



l\ n M 

R 



/\ n M 

R 



with the top square commutative. 

The commutativity of the bottom square follows from the commutativity of the 



top diagram, diagram 3.12 and the universal property of the morphism 



An— 1 
M 



R 
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given in Remark 4.3.3 1); more precisely, we have: 



An— 1 a n>—x , 

Id) o ((r.) ® R Id) o A lj2 = (Id A/\ Id) o A li2 o (r.) x Id™" 1 



n— 1 



An— 1 
Id) O Al, 2 

and the universal property of Ai t 2 implies that 



An— 1 a ft>—L 

Id) = (IdA/\ Id) o ((r.) <g> fl Id). 

The fact that the vertical arrows in the diagram of the lemma are epimorphisms 



ra-l 



has been proved in Lemma 4.3.4 



□ 



Proposition 4.3.13. Let M be an R-module scheme over S, and Q the cokernel 
of multiplication by an element r e R, i.e., we have an exact sequence 
M r ' > M — Q — > 0. Then, for any positive natural number n the following 
sequence is exact: 

An „ 
v 



A"- ~, A ft A fi ,», A 



R 



R 



(Id A/\ n 1 Id) o ((r.) Id) as in previous lemma is equal to (r.) A /\" 1 Id. So 
the diagram of the previous lemma can be rewritten as: 



Proof. It follows from Remarks 4.1.6 and 4.3.3 that the composition 



M ® R f\ n ~ l M ^ A A"- lld /\ n M 

R R 



(3.14) 



Id AA™ 1 IcT 




f\ n M. 

R 



Now, apply Lemma 4.3.9 to the exact sequence M — M Q — > in order 



to obtain the following exact sequence: 

An— 1 
M — — — - 



Ft Ft Ft 



Using diagram 3.14 , we can factorize the first morphism of the sequence, so that 
the following diagram is commutative with exact row 



M ® R l^- x M ^) A A"' lld ? /\ n M A> ? /\ n Q 




R 








f\ n M. 

R 
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Since the morphism Id A/\ n Id : M ®_r A™ M — > f\ n M is an epimorphism, we 

R R 

conclude that the sequence 

A> 



A ll « A ft A A 



is exact as well, and the proof is achieved. 



□ 



4.4 Dieudonne modules 

We are going to study the covariant Dieudonne modules of tensor products and 
exterior powers of i?-module schemes over perfect fields of characteristic p > 2 
and let k denote such a field for the rest of this section. 

Definition 4.4.1. Let R be a ring and P an i?-module endowed with four set- 
theoretic maps F,V : P — >■ P and (f, -u : f\ J P — >■ A^-P- Denote by A the alternat- 

ing morphism A : P x • • • x P — > /\ 3 P which sends (x±, • • • , Xj) to X\ A • • • A Xj. 

R 

(i) The following diagram is called the F-diagram associated to ip 



P X P X ••• X P 

A 

IdxVx-xV 

P X P X ■■■ X P 
Fxldx-xld 

V 

P X P X ■■■ X P 



R 



A j p. 

R 



(ii) The following diagram is called the V -diagram associated to v 

P X P X ••• x P — 



R 



Vx---xV 



P X P X ■■■ X P 



N 3 P- 

R 



Definition 4.4.2. Let n be a positive natural number. 

(i) Let Mi,-- - , M n be left E fc Cg) z i?-modules. Consider the tensor product 

E fc ® w Mi ® W cg> z /j • • • ®w®zR M n 
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which uses the action W on E fc by right multiplication. This is a left 
Efc ®z -R-module with respect to left multiplication of on the first factor 
and the action of R on the other factors. Define T(Mi x • • • x M n ) to be 
its quotient by the E fc -submodule generated by the elements 

V <g m 1 <g • • • <g m n — 1 <g Vm 1 (g • • • <g Vm n , 

F <g mi <S> Vm 2 <g ■ • • <S> Vm n — 1 <g Fm\ (g m 2 (g • • • Cg m n , 



F (g Vrrii (g Vm 2 <E> • • • <S> Vm n _i (g m n — 1 (g m x (g m 2 ® • • • <8> m n -i <8> -Fm^ 
for all rrii G Mj 

(ii) Let Mi, ■ ■ ■ , M n be profinite topological left E& <g>z .R-modules. Then each 
Mi is the inverse limit of all its finite quotients M" by open E fc ®% R- 
submodules. Define T{M\ x • • • x M n ) to be the inverse limit of all finite 
E fc ®tl -R-module quotients of T(M" x • • • x M") for all M", which is again 
profinite topological left K k ®i .R-module. 

(iii) Let M be a left E fc <g>z -R- module. Define T sym (M™) to be the quotient of 
T(M n ) by the E fc (g> z i?-submodule generated by the elements: 

[1 <g mi <g • • • <g m n ] - [1 (g) TO e (i) <g • • • <g 

for all rrii E M and all permutations £ G S^. 

Similarly, define T antisym (M n ) to be the quotient of T(M n ) by the E fc cg> z R- 
submodule generated by the elements: 

[1 <g mi <g • • • <g m n ] - sgn(£>) • [1 <g m e (i) <g • • • <g m e ( n )\. 

Finally, define T wcakalt (M n ) to be the quotient of T antisym (M n ) by the E k ® z 
i?-submodule generated by the elements [1 (g mi (g • • • <g m n ] for all m; G M 
of which at least two coincide and lie in the the submodule VM. 

(iv) Let M be a profinite topological left (g^ i?-module. For any * G {sym, 
antisym, weakalt}, define T»(M") to be the inverse limit of finite E& <S>z R- 
module quotients of T*(M" n ) for all finite quotients M" of M. 

Remark 4.4.3. Let R be a ring and Mi, . . . , Mj, M be E& <S>z -R-modules which 
are of finite length as a W <S>z -R-module. 
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1) There is a canonical morphism 

r : Mi x • • -xMj ->■ T(Mi x • • ■xM j ), (mi, . . .,m 3 -) h-> [1(8) mi (8)- ■■®m j \. 

This morphism belongs to the i?-module L R (M l x • • • x Mj, T(M 1 x • • • x Mj)) 

and has the following universal property: 

for every E& (8z -R-module iV, the homomorphism 

r* : Hom(T(Mi x • • • x Mj), N) — >■ L R (M\ x ■ ■ ■ x Mj, N) 

induced by r is an isomorphism. 

2) Similarly, there is a canonical morphism 

A : M J ''^ T wcakalt (AP), (mi, . . . , rrij) ^ [1 (8 mi <8 • • • <g> m 3 -]. 

This morphism belongs to the -R-module L R lt {M 3 , T W eakait(-M J )) and has the 

following universal property: 

for every E^ <S>z -R-module N, the homomorphism 

A* : Hom(T weakalt (M^),7V) -> L R t {M\N) 

induced by A is an isomorphism. 

3) Finally, there exists a universal morphism <r : M J — > T sym (M J ) inside the 
/^-module L R m (M\T sym (Mi)). 

Lemma 4.4.4. Let R be a ring and P an E& <S>z R-module which is of finite 
length as a W R-module. Assume further that we have two commuting maps 

3 3 3 3 _ l 

tp : /\ P — > /\ P and respectively v : /\ P — > /\ P which are ° ® Id- 

W® Z R W® Z R W®iR W®iR 

linear and respectively c <S> Id-linear and make the F -diagram associated to tp and 
respectively the V -diagram associated to v commute. Then there is a natural 

3 

structure of K k -module on /\ P, where F and V act through tp and v and we 

W® Z R 

have a canonical E fc <g) z R-linear isomorphism 

3 

f weakalt (P j ) = /\ P. 

W®zR 

Proof. We first show that p o v = p. Indeed, we have for all d 1: ■ ■ ■ , dj e P 

•p o v(di A • • • A dj) = p(Vd 1 A ■ • ■ A Vdj) = FVdi Ad 2 A---Adj=pdiAd 2 A---Adj 

where the first equality follows from the K-diagram and the second equality from 
the F-diagram. As v o tp = tp o v, we have vop = pov = p. Now, since p is 
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different from 2, the antisymmetry condition in the construction of T ant i Sym (P J ) 
(cf. Definition 4.4.2 (iii) ) means that T weaka i t (P- 7 ) = PantisymCP 3 ) an d that this 

3 

module is the quotient of E fc ®w A P the submodule generated by the 

W® Z R 

relations: 

(pi) V ® mi A • • • A rrij - 1 ® Vm 1 A • • • A Vrrij, 
(p 2 ) F Cg> mi A ym 2 A ■ ■ ■ A Vrrij — 1 <g) Pmi A m 2 A • • ■ A rrij 
(note that the other relations follow from these two). Now, define a morphism 

3 3 

6:E k ® w f\ P^ /\ P 

by 

F l <g) x i-)- (p l (x) and V 1 ® x v l (x) . 

Since voip = (pov=p, this morphism is a well defined E^-linear morphism. We 
claim that this morphism factors through the quotient T antisym (P- : '). i.e., it is zero 
on the relations pi and p 2 . 

• (pi): We have 9(V (g> m x A • • • A rrij — 1 ® Fmi A • • ■ A Vm^) = 

u(mi A • ■ • A m 3 ) — Vrrii A • • • A Vmj = 
by the V^-diagram. 

• (pi): We have 9{F ®mi A Vm 2 A • • • A Vm^ — 1 <g> Fm\ A m 2 A • • • A m^) = 

ip(mi A Vm 2 A • • • A Wij) — Frrii A m 2 A • • • A m j = 
by the P-diagram. 

3 

It is straightforward to see that the morphism *& : /\ P — > T an tisym(P' : ') sending 

an element x to [1 <g) x] is an inverse of 6* : T a ntisym(P j ') — > A ^ induced by 
Therefore, 

Pantisym (P"' ) = P- 

The latter being a finite length module over £g>z P, we deduce that 

3 

I weakalt ( P^ ) — woakalt ( P^ ) — Pantisym (P"') — f\ P 

and the proof is achieved. □ 
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Lemma 4.4.5. Let R be a ring and P,Q two E& ®% R-modules which are of 
finite length as W ®i R-modules. Assume further that the multiplication by V 
on P is an isomorphism. Then there exists a natural structure ofK^-module on 
P 

®w® z A Q; where F acts as V 1 <S> F and V acts as V <8> V . Furthermore, we 
have a canonical E^ ®% R-linear isomorphism 

f(P xQ)^P ® W(SzR Q. 

PROOF. The compositions (V^ 1 ® F) o (V <S> V) and (V <S> V) o {V~ l <S> F) are 
equal to multiplication by p and so there is a natural structure of E^-module on 
the tensor product P ® W ^ R Q. It remains to show the stated isomorphism. 

Since the modules P and Q are of finite length over W ®i R, we have 

T(PxQ)^T(PxQ). 

We define morphisms 

6:T(PxQ)^P ® W ^ R Q 

and 

V ■ P ®w^n Q^T(Px Q) 

as follows: 0([1 ® x ® y\) = x ® y, OQF* ® x ® y\) = V~*(x) g> F\y) and 0([V < ® 
x ® y]) = V*(a;) ® V l (y). And for 77, we set r](x ® y) = [1 <8> x <8> y], where by 
elements in brackets, we mean their class in the quotient T(P x Q). It is now 
straightforward to check that 9 is well-defined, and these morphism are inverse 
to each other. □ 

The following proposition is a direct generalization of the theorem 5.6.2 in |Pink] 
and its proof is the same as the proof of theorem 5.6.2 in |Pink] with the slight 
and easy modifications due to i?-linearity and i?-multilinearity, and therefore we 
omit the proof of the proposition. Note however that we should assume p 7^ 2 in 
the proposition, which is not the case in theorem 5.6.2 in |Pink] . 

Proposition 4.4.6. Let G\,G 2 and G be pro-p R-module schemes over k, then 
the tensor product G\ ®r G2, the symmetric power S 3 G and the exterior power 

R 

f\ J G exist and are again pro-p R-module schemes over k, and there are natural 

R 

isomorphisms 

• ® R G 2 ) f{D*{G x ) x D*(G 2 )) } 

• D*(S j G) = f sym (D*(G) j ), 

• D*(NG)^f weakalt (D*(Gy). 

R 
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□ 

Remark 4.4.7. Let M be a finite p-torsion i?-module scheme over k. According 
to Remark 3.0.22 we have an isomorphism 

L* t (D*(My , D*(/\ j M)) 2* Alt R (M\/\ j M). (4.8) 

R R 



We also explained in Remark 4.4.7 that the universal morphism A : D*(M) 3 — > 
^weakait(-D*(^) : ') induces an isomorphism 



Rom R (T wea]salt (D*(My),D*(/\ 3 M)) -> L R lt (D*(M) j , D^(j\^ M)). (4.9) 



3 

R R 

It follows that the isomorphism T wea kait(-D*(M")"') = D*(/\ J M) given in the pre- 

R 

vious proposition is mapped to the universal alternating morphism M J — > /\ J M, 

R 

under the composition of the two isomorphism ( |4.8 ) and (4.9). In other words, 
using the isomorphism T^ eakab \ t (D*(My) = D*(/\ J M) we obtain an isomorphism 

R 



L R t (D*(My,T weak! , h (D*(My)) = A\t R (M\/\ 3 M) 



3 
R 

and under this isomorphism, the universal elements correspond to each other. 

Lemma 4.4.10. Let R be a ring and G a finite R-module scheme over k of order 

j 

a power of p. Assume that there are commuting morphisms if : /\ D*(G) — > 

W® Z R 

3 3 3 _ 1 

/\ D*(G) respectively v : /\ D*(G) — > /\ D*(G) which are a ®Id respec- 

W® Z R W®%R W®zR 

tively a <g> Id-linear and make the F -diagram associated to ip and the V -diagram 

3 

associated to v commute. Then f\ D*{G) is the covariant Dieudonne module 

W® Z R 

of /\ 3 G with F and V acting respectively through (p and v respectively. 

R 



4.4.6 



So, assume 



Proof. The existence of /\ 3 G is guaranteed by Proposition 

R 

the existence of <p and v. We know that the Dieudonne module of G, D*(G), is a 

3 

finite length VT-module, and therefore f\ D*{G) is a finite length module over 

W®z R 

W ®i R. Now, according to Lemma 4.4.4[ We have 

3 

/\ D*(G)^f weakalt (D*(Gy) 
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which is isomorphic to D*(/\ 3 G) by Proposition 

R 



4.4.6 



and therefore, we have 



W®zR R 



and the proof is achieved. □ 

Remark 4.4.11. It follows from this lemma that the universal morphism 

j 

R R 



(cf. Remarks 4.4.3 and 4.4.7) is the "natural" one, i.e., the one sending (x\, . . . , Xj) 
to X\ A • • - A Xj. 

Lemma 4.4.12. Let R be a ring and G±,G 2 finite R-module schemes over k, of 
order a power of p with G\ Stale. Then the tensor product G\ ® G 2 exist and its 
Dieudonne module, D*(G\ ® G 2 ), is canonically isomorphic to the tensor product 
®wi8 Z fl D*(G 2 ), of Dieudonne modules of G% and G 2 - 

Proof. The existence of the tensor product follows at once from the first part 



of Proposition 4.4.6 (about the existence of tensor product). 



In order to show the isomorphism, notice that the Dieudonne modules of G\ 
and (?2 are of finite length over the ring W ®i R and since G\ is etale, its 



Verschiebung morphism is an isomorphism. We can now apply Lemma 4.4.5 to 
obtain a canonical isomorphism 

f (A.(Gi) x D*(G 2 )) S D^Gt) ® w&zR D*(G 2 ) 



which together with the first isomorphism of Proposition 4.4.6 gives the desired 



result. □ 

Remark 4.4.13. If the ring R in the previous two lemmas is an S"-algebra, where 
S is a subring of the ring of Witt vectors W, and if the actions of R on Gi, G 2 and 
G are ^-linear, then the statements of these lemmas remain true, if we replace Z 
by S. This is so for example if the ring R is our discrete valuation ring O and S 
is the ring of p-adic integers Z p . We will mainly use this version of these lemmas 
in the sequel. 
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Chapter 5 

Multilinear Theory of 7r-Divisible 
Modules 

In this chapter, O denotes a complete discrete valuation ring with a fixed uni- 
formizing parameter n and finite residue field ¥ q (q = p*). We denote by K the 
fraction field of O. If O has mixed characteristic, then it is a finite extension of 
Z p of degree ef where e is the ramification index of the extension K/Q p and / is 
its residue degree and in this case, we have p = u • 7i e , with u a unit of O. In the 
equal characteristic case, O is isomorphic to F 9 [7r], the formal power series in tt. 



5.1 First definitions 

In this section, we would like to generalize the notion of a p-divisible group. Let 
us fix some notations. 

Definition 5.1.1. Let S be a scheme and M an fppf sheaf of O- modules over 
S. We call M. a n-Barsotti-Tate group or it -divisible O -module scheme over S if 
the following conditions are satisfied: 

(i) Ai is 7r-divisible, i.e., the homomorphism n : M. — > M. is an epimorphism. 

(ii) M. is 7r-torsion, i.e., the canonical homomorphism limA^[7r™] — > M. is an 

n 

isomorphism. 

(iii) M [tt] is representable by a finite locally free C-module scheme over S. 

The rank of M.[n] is of the form q h , where h : S — > Q>o is a locally constant 
function, called the height of M.. If the ring O is clear from the context, we may 
call M. simply a 7r-divisible module. We denote by Mi the kernel of multiplication 

by vr\ 
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Remark 5.1.2. 

1) Using the first property and induction on j, we can show that for every 
j 6 N we have an exact sequence: 

_> Mi inclusion > M j+ i -> 0. 

2) It follows from this exact sequence that A^j is finite locally free (flat) O- 
module scheme over S and has rank (order) equal to q* h . 



3) Now, it can be shown easily that for every i,j e N, we have an exact 
sequence 

Mi inclusion > M j+i M j- 0. 



The following remark gives another definition of 7r-divisible modules: 
Remark 5.1.3. Assume that we have a diagram 

Mi M 2 -M 3 -> ■ ■ • 

where the Mi are finite locally free O- module schemes over S with the following 
properties: 

• the order of Mj is equal to q^ h , with h a fixed locally constant map S — > 

Q>o, 

• the sequences — >■ Mj — A^j+i > -Mj+i are exact. 

Then, the limit lim(A^ n , t n ) is a 7r-divisible (9-module scheme over 5, of height 
h and Ker(7r J '-) = Aij for every j > 0. 

Remark 5.1.4. Let A be a Henselian local ring and M a 7r-divisible formal 



0-module over A. The same arguments as in Remark 2.1.3 7) show that the 



connected-etale sequence of M, as a formal group scheme over A, 

->■ 7W° -»■ M M 6t -»■ 

is in fact a sequence of formal O-module schemes over A. Using the functoriality 
of this sequence, the multiplicativity of the order of finite flat group schemes 
with respect to exact sequences and what we know about the orders of M n (with 



notations as in Definition 5.1.1 ), one can show that connected and etale factors of 
M are 7r-divisible (9-module schemes over A as well and that the connected-etale 
sequence of M is the direct limit (over n > 0) of the connected-etale sequence of 
M n and in particular we have 

• (M°) n = {M n f and 



S3 



. (m 6 % = (M n y\ 

Proposition 5.1.5. Let M. be an Stale n-divisible O-module scheme over a base 
scheme S . Then there exists a finite Stale cover T — >■ S such that A4 T is the 
constant n-divisible module with M. n ^ — (yO/n n ) h , where h is the height of M.. 
If S is connected, we can take a connected finite Stale cover T . 

Proof. We can assume that the base scheme is connected, since otherwise, M is 
a disjoint union of 7r-divisible CP-module schemes over each connected component 
of S and having the result for each of them, provides a finite etale cover of S 
satisfying the required property. By "etale dictionary", the category of finite 
CP-module schemes is equivalent to the category of finite CP-modules with a con- 
tinuous action of the etale fundamental group, irf{S,s), at a (fixed) geometric 
point, s, of S. It means that for any given finite CP- module scheme M, there 
exists a connected finite etale cover S' of S such that the action of the etale 
fundamental group at a geometric point of S' (mapping to s) on M$> is trivial. 
In other words, M s > is a constant O-module scheme. 

Let T — > S be a finite connected etale cover such that Mi 7 t is a constant CP- 
module scheme. Fix geometric points s of S and t of T, with t mapping to s. 
We want to show, by induction on n > 1, that M. n ^T is the constant CP- module 
scheme (0/n n ) h . If n — 1, the we know that M.\ is a constant CP-module scheme 
corresponding to a CP-module M with q h elements and annihilated by n. By 
the structure theorem of finitely generated modules over principal ideal domains, 
there is only one possibility for such an CP-module, namely, (0/ir) h . Consider the 
short exact sequence 

->■ M hT ->■ M n+1 , T M n , T ->■ 0. 

This gives rise to a short exact sequence 

->■ Mi(t) ->■ M n+ i{t) M n (t) ->■ 

of CP-modules with continuous nf 1 (T, t)- action. Since the action of nf(T, t) on 
two terms (the left and the right terms) of this sequence is trivial, it acts trivially 
on the third (one can use the long exact sequence of group cohomology to deduce 
this fact), and therefore, A^ n +i,T is also a constant CP- module scheme. We know 
that Mi(t) = (CP/vrf and M n {f) = (0/n n ) h , and that M n+1 {t) is a finite CP- 
module annihilated by 7r n+1 and of order q( n + 1 ) h . The only CP-module that fits to 
the above exact sequence and has these properties is (0/it n+1 ) h . This achieves 
the proof. □ 

Remark 5.1.6. In the mixed characteristic case, any 7r-divisible module of height 
h is canonically a p-divisible group of height efh. Indeed, let M. be a 7r-divisible 
module. As p = u ■ ir e , with u a unit in CP, the morphism p n . : M. — > M. 
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U TV 

(multiplication by p n ) is equal to the composition M > M > M and so 



with the notation of Definition 5.1.1 M ne = Ker(p-) =: M' n for all n > 1. Now: 



7r : M — > M is an epimorphism if and only if p = u ■ ir e : M — > M is an 
epimorphism (multiplication by u is an isomorphism). 

the subset {ne \ n > 0} of N is cofinal, so we have 

M = \jM n = [jM ne = [jM' n 



• according to Remark 5.1.2 2), Ai[ = Ker(p-) = Ai e is finite and the order 
of M' x is q eh = p efh . 

Hence, Ai is a p-divisible group of height efh. 

If the base scheme is the spectrum of a field, then the converse is also true, in other 
words, every p-divisible group with an O-action is canonically a 7r-divisible O- 
module scheme. By what we have said above, the first two conditions of Definition 



5.1.1 are satisfied. Since the kernel of multiplication by tt is a subgroup of the 
kernel of multiplication by p, and we are over a field, the third condition is also 
satisfied. 

Definition 5.1.7. Let Ai be a 7r divisible (9-module scheme over S and denote by 
Ai* n the Cartier dual of Ai n , i-e., we have Ai* n = Hom 5 (A / i n , G m ). The inductive 
system 

Ml -> Ai* 2 ->■ M* z ->-... 



induced by the homomorphisms Mi+\ — > Mi (cf. Remark 5.1.2), is called the 
dual 7r-divisible (9-module scheme of M. 

Remark 5.1.8. By functoriality of Cartier duality, the action of O on M n in- 
duces an action on M* n . The exacts sequences 

->• M n ->• Mn+m -> Mm -> 

are then transformed to the exact sequences 

o -> , -> M; +m -> -> o. 

Since the order of AI* over S is equal to the order ofAl n , which is equal to p nh , 
it follows from Remark 15.1.31 that the dual of a 7r-divisible (9-module scheme is 
again a 7r-divisible (9-module scheme of the same height. 
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5.2 Some properties 



Lemma 5.2.1. Let R be an integral domain over a field k which is infinite di- 
mensional as k-vector space and let M be a finite free R-module. Assume that 
we have a ring automorphism a : R —> R which restricts to a ring automorph- 
ism of k, i.e., o~(k) = k and we have a a -linear morphism tp : M — > M, i.e., 
tp{rm) = a(r)ip(m) for all r G R and m G M. If the dimension (as k-vector 
space) of the cokernel of tp is finite, then tp is injective. 

Proof. Take an i?-basis of M, say mi, ■ • ■ , m n . For every i — 1, • • • , n write 
(p(m,i) = Y^=i r ji m j w ith Tji G R. Take an element m G M and write it as 
Yli=i x i m i- We have 

n n 
(p(m) = (pQ^XiTTli) = ^(piXiTUi) = 
i=l i=l 

n n n n n 

i=l i=l j=l j=l i=l 

It follows that ip is the following composition of morphisms: 

M 4 R n ^ R n 4 R n 4 M 

where the first and last morphisms are the i?-linear isomorphisms given by the 
choice of the basis {mi, ■ ■ ■ ,m n } and p is the i?-linear morphism given by the 
matrix (r^). The morphism a n : R n — > R n is a u-linear isomorphism. It follows 
from these observations that ip is injective if and only if p is injective and that 
the cokernel of p is isomorphic (as i?-module) to the cokernel of p. So, we have 
reduced the problem to the case, where tp is an i?-linear morphism and not only 
a-linear. So, we assume that tp : M — > M is an i?-linear morphism. 

We claim that cokernel of tp is a torsion i?-module. Indeed, take a non-zero el- 
ement m G Coker(y) and an infinite set of /c-linearly independent elements of 
R, say {ri,r 2 , • • • }. Since dinifc(Coker(<^)) < oo we have that Yli=i x i( r i m ) — 
for some n G N and a subset {xi,x 2 , ■ ■ ■ ,x n } ^ {0} of k. Since r\ are linearly 
independent, the sum r := Y^i=i x i r i ls no ^ zero hut rm = 0, which shows that 
m is a torsion element. This proves the claim. 

Let us denote the fraction field of R by Q. Cokernel of tp being a torsion R- 
module implies that the tensor product Coker((p) <S>r Q is zero. It follows that 
tp <g) Id : M <S>r Q M Cg>^ Q is surjective. The Q-vector space M ® R Q has 
finite dimension, which implies that the morphism tp <g> Id is injective too. By 
flatness of Q over R, we have Ker(</?) ®r Q = Ker(<p ® Id) = 0. Since M is 
a torsion-free -R-module, its submodule Ker(<^) is also torsion-free and therefore 
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embeds in Ker(ip) ®_r Q which is a trivial module. Hence Ker(y?) = and tp is 
injective. □ 



Lemma 5.2.2. Let O = F g [7r] and Ai be a it-divisible O-module scheme over a 
perfect field k containing ¥ q . Then the contravariant Dieudonne module of Ai, 
D(Ai), is a finite free module over O ®f 9 k = fcjvr]. 

Proof. Let us write Ai = {JAi n where Ai n are kernels of u n and write D 
(respectively D n ) for D(Ai) (respectively D(Ai n )). Then D = limL> n . The 
Dieudonne module D n is finite over W(k), the ring of Witt vectors on k, but 
p ■ Ai = 0, which implies that p ■ D = and thus D n is finite over W(k)/p = k. 
Let di, - ■ ■ , d r be elements in D whose images in D\ is a basis over k and define 
a morphism A;[7rJ r — > D by sending basis elements to di. This morphism induces 
morphisms (&[7r]/(7r n )) r — y D/n n D = D n which are surjective (since modulo 
7r they are surjective) an so, being an inverse limit of surjective morphisms, 
^W r — > -D is surjective. This implies that D is a finite module over k\n\. The 
action of tt on Ai is surjective and therefore its action on D is injective. It 
follows that D is a torsion-free fc[7r] -module and hence is free over it, since fc[7r] 
is a principal ideal domain. □ 

Theorem 5.2.3. Finite dimensional n-divisible O-module schemes are formally 
smooth. 

Proof. Note that we may assume that the base scheme is an algebraically closed 
field k. 



Let Ai be a 7r-divisible (9-module scheme over k. If k is has characteristic dif- 
ferent from p, then Ai is etale and so it is smooth. So, we can assume that the 
characteristic of k is p. Since k is perfect, Ai splits into the etale and connected 
factors and so, Ai is smooth if and only if both the etale and connected parts are 
smooth. The etale factor is smooth and so we may assume that Ai is connected. 
As for connected formal schemes, being smooth is equivalent to the Frobenius 
morphism being an epimorphism, we will show that the Frobenius morphism is 
an epimorphism. 



In the mixed characteristic case, by Remark 5.1.6 every 7r-divisible module 
is p-divisible. Since the multiplication by p factors through Frobenius, i.e., 
p = F M o Vm, and multiplication by p is an epimorphism, we see that F M is 
an epimorphism too. 



Now, assume that O has characteristic p and so O = F g [7rJ. By Lemma 5.2.2 



the contravariant Dieudonne module of Ai, D := D(Ai) is a finite free /c[7rj- 
module. Denote by a : k — > k the Frobenius morphism of k, i.e., c(x) = x p for all 
x G k. It has a natural extension to fc[7r] by sending tt to itself, and also denote 
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this extension by a. Since the action of ir on Ai is a morphism of formal group 
schemes, it commutes with the Frobenius of Ai and thus the Frobenius morphism 
of D is o"-linear morphism. The dimension of the tangent space of Ai is equal 
to the dimension of Ai and the tangent space of Ai is isomorphic to the dual of 
the cokernel of the Frobenius of D. This shows that the cokernel of D has finite 
dimension over k. It follows from Lemma |5.2.1 that Frobenius of D is injective 



and therefore the Frobenius of Ai is an epimorphism. Hence the smoothness of 
Ai. ' ' □ 

Remark 5.2.4. What we have shown in the last Theorem is that the Frobe- 
nius morphism of the contravariant Dieudonne module of a 7r-divisible (9-module 
scheme is injective. We will see in the next lemma that similarly, the Verschiebung 
of the covariant Dieudonne module of a 7r-divisible (9-module scheme is injective 
as well. 

Lemma 5.2.5. Let Ai be a finite dimensional it -divisible O-module scheme over 
a perfect field of characteristic p, then the Verschiebung morphism of the covariant 
Dieudonne module of Ai is injective. 

Proof. Let D and respectively Di (for any natural number i) denote the covari- 
ant Dieudonne module of Ai and respectively of Aii, the kernel of 7r* : Ai — > Ai. 
Let us also denote by Ki the kernel of the Verschiebung of Di. We know that 
Ki = Cie(Aii), and so dim^ Ki < dim^ Cie(Ai) < oo. Since the inclusion 
7] : Di <^-> D{ + j (j a natural number) is compatible with the Verschiebungen, it in- 
duces a morphism between kernels of V, which we denote also by rj : Ki ■=->■ K i+ j. 
Similarly, the epimorphism ( : D i+ j -» Di induces the morphism ( : K i+ j — > K iy 

and as we have seen before, the composition Ki + j — >■ Ki >■ Ki + j is the multi- 
plication by 7T 7 (we have seen it for the composition of the morphisms between 
Dieudonne modules, but as Ki is a sub module of Di, this is also true for the 
morphisms between these kernels). 

Now, since the dimension of Ki is bounded above, and we have inclusions Ki •— > 
Ki + \, there exists a natural number no, such that for all % > no, we have 
dinifc Ki = dimfe K no and so rj : Ki <^-> Ki + j is an isomorphism for any natu- 
ral number j and any % > Uq. We claim that the morphisms ( : K i+no — > Ki 
are zero for all i > 1. Indeed, the composition K i+no — )■ Ki K i+m is the 
multiplication by 7r n °, and so, composed with the inclusion K no ^ Ki +no is zero 
(note that K no C D no and D no is killed by vr n °), which implies that the compo- 
sition K no > -ft'j+no — > Ki is zero (fQ K i+no is injective). But, the morphism 
K m <—} K i+no is actually an isomorphism by the choice of n , and therefore the 
morphism K i+no — > i^j is zero and the claim is proved. 

For every natural number i, we have an exact sequence — > K^ — > Di .D,;. 
Taking the inverse limit over % with the transition morphisms (, and recalling that 
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D is the inverse limit of Di, we obtain the exact sequence — > limfTj —tD-^-D 
(note that the inverse limit is a left exact functor). But, since for every i > 1, the 
transition morphism K i+no — > Ki is zero, it follows that the inverse limit \im Ki 
is trivial, and hence V : D — > D is injective. □ 

Theorem 5.2.6. Let S be a scheme and Ai a it-divisible O-module scheme over 
S. Then the height h(Ai) : S — > Q>o takes integer values. 

Proof. Since the height is invariant under base change, we may assume that S is 
the spectrum of an algebraically closed field k. The order of finite group schemes 



is multiplicative with respect to exact sequences and it follows from Remark |5.1.4 
that the height of Ai is the sum of the heights of its connected and etale parts. 
So, we prove the statement for etale and connected 7r-divisible C-modules. 



Assume that Ai is etale. Then by Remark 5.1.4, Ai\ is also etale, and since k 
is separably closed, Ai\ is a constant group scheme, and so, the order of Ai\ 
is equal to the order of the group Aii(k), which is a module over O/tc = ¥ q . 
The height of Ai is by definition equal to log g \Ai\\ = log q \A4i(k)\. But being a 
vector space over the field F 9 , the order of Aiiik) is a power of q and therefore 
the height of Ai is a natural number. 

Now, assume that Ai is connected and so k has characteristic p. By Theorem 



5.2.3[ Ai is smooth and therefore it is a commutative formal Lie group. Again, 
we consider the problem in mixed and equal characteristic cases separately. If O 
has characteristic zero, then by Remark |5.1.6 Ai is a p-divisible group of height 



efh(Ai). Note that for p-divisible groups, the height is always a natural number, 
which follows from its definition (the residue degree is 1), i.e., efh(Ai) G N. From 
Theorem 1 of |Wat74j . we know that the height of Ai, regarded as a p-divisible 
group, is divisible by the degree of the extension K/Q p , which is ef. Therefore, 
h(Ai) is a natural number. 

Now, assume that O has characteristic p and therefore is isomorphic to F 9 [7rJ. 
The Dieudonne module of Ai, D := D(Ai), is a finitely generated module over 



the ring k ®f p O (see Lemma 15.2.2). This ring is isomorphic to the product 



n k ®f, o = ii k ® F? o, 

Gal(F 9 /F p ) jmod/ 

where we identify the Galois group Gal(Fq/F p ) with the group Z//Z by sending 
the Frobenius to 1 and the isomorphism is given explicitly by 

e-.k® ¥p w q m^ n*® F « F 9M= n k M 

j mod / j mod / 
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=0 i=0 



This decomposition of /c®f p gives a decomposition of D, so D = |~J Cj where 

3 mod / 

each Cj is a module over fc[7r]. We know from Lemma 5.2.2 that D is a finite free 
module over fc[7r], it follows that Cj are also finite free modules over fe[7r]. Let us 
denote by hj the rank of Cj over k\it\. Then the rank of D is Xljmod/ fyr Using 
the isomorphism 9 one can show that the Frobenius morphism of D restricted 
to Cj maps to Cy_i (note that the addition j — 1 is modulo /), i.e., we have 
F : Cj — > Cj-\. As we have seen in the proof of Theorem 5.2.3[ Lemma 5.2.1 



implies that the Frobenius of D is injective, therefore, we have hj < hj-\. This 
being true for every j mod /, we conclude that hj = hj' for all j and j' in Z//Z. 
Call this common number h. As we said above, we have then that the rank of 
D as a module over fc[7r] is equal to fh. But we know from Dieudonne theory 
that the rank of D (which is equal to the length of D(M\) over k), is equal to 
log„ \Mi\ = fh(M). Hence, h(M) = h and it is a natural number. □ 



5.3 Exterior powers 

In this section, we define the notion of exterior powers of 7r-divisible (9-module 
schemes. These are the objects that we will be interested in and their existence 
and construction are the main challenge of this work. 

Definition 5.3.1. Let Mo, • • • , M r , M and M be 7r-divisible (9-module schemes 
over a scheme S. 

(i) A O -multilinear morphism ip : Mi x •■■ x M r — > Mq is a system of 
0-multilinear morphisms {(p n : Mi in X • • • x M r , n — > Mo tn } n over S, com- 
patible with the projections ir. : Mi lV ,+i -» M^ n and tc. : Mo,n+i ~* Mo >n - 
In other words, it is an element of the inverse limit 

hmMult S (Ali )n X • • • X M r ,n,M ,n), 
n 

with transition homomorphisms induced by the projections n. : Aii >n +i -» 
M% %n . Denote the group of O-multilinear morphisms from Mi x ■ ■ ■ x M r 
to M by Malts (Mi x • • ■ x M r , M ). 

(ii) A symmetric (9-multilinear morphism (p : M r — > J\f is a system of sym- 
metric O-multilinear morphisms {<p n : M r n —> Af n } n over S, compatible 
with the projections it. : M n +i -» A4 n and ir. : Af n +i -» Mn- In other 
words, it is an element of the inverse limit lirnSyrng (M r w M n ), with tran- 

n 

sition homomorphisms induced by the projections it. : M n+ i -» M n and 
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7i. : Af n +i -» Af n . Denote the group of symmetric (9-multilinear morphisms 
from Ad r to Af by Symf (Ad r ,Af). 

(iii) An alternating (9-multilinear morphism ip : Ad r — > Af is a system of al- 
ternating C-multilinear morphisms {<p n : Ad r n — y Af n } n over S, compatible 
with the projections n. : Ai n +i -» A4 n and 7r. : A/" n +i -» Af n . In other 
words, it is an element of the inverse limit limAltf {M r n ,Af n ), with tran- 

n 

sition homomorphisms induced by the projections ix. : Ad n+ i -» M-n and 
TV. : M n +i -» N n . Denote the group of alternating (^-multilinear morphisms 
from M r to Af by Altg (M r , Af). 



Remark 5.3.2. The same arguments as in the proof of Proposition |1 .0.14] show 
that under this functor, the group of multilinear, respectively symmetric and re- 
spectively alternating morphisms of p-divisible groups (respectively of truncated 
Barsotti-Tate groups of level i) over X is isomorphic to the group of multilin- 
ear, respectively symmetric and respectively alternating morphisms of p-divisible 
groups (respectively of truncated Barsotti-Tate groups of level i) over X. 

Definition 5.3.3. Let Ad, Ad' be 7r-divisible (9-module schemes over S. An 
alternating O- multilinear morphism A : Ad r — > Ad', or by abuse of terminology, 
the 7r-divisible (9-module scheme Ad', is called an r th exterior power of Ad over 
O, if for all 7r-divisible (9-module scheme Af over 5*, the induced morphism 

A* : Hom 5 (Af,A0 Altf(AT,A0, ^^oA, 

is an isomorphism. If such Ad' and A exist, we write /\ r Ad for Ad' and call A the 

o 

universal alternating morphism defining /\ r Ad. 

o 



5.4 The main theorem: the etale case 

The category of finite etale group schemes is equivalent to the category of finite 
Abelian groups with a continuous action of the etale fundamental group of the 
base. Also, under this equivalence, finite etale O-module schemes correspond to 
finite (9-modules with a continuous. This "dictionary" allows us to construct 
the tensor objects and in particular the exterior powers of finite etale (9-module 
schemes and 7r-divisible (9-module schemes. This is what we do in this section. 

Proposition 5.4.1. Let S be a base scheme. 

• Let H be a finite etale O -module scheme over S. Then there exists a 

finite etale O -module scheme A/ H over S and an alternating morphism 

o 
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A : H r f\ r H such that for all O-module schemes X over S the induced 
o 

homomorphism 

A* : Homf (/\ r H,X) ->■ Altf (H r ,X) 
o 

is an isomorphism. Furthermore, if T is an S -scheme, then the canonical 

homomorphism f\ r (Hx) — > (/\ r iJ)r, induced by the universal property of 
o o 

/^(Ht) and X^, is an isomorphism. In other words, the exterior powers 
o 

of H exist, are again etale and their construction commutes with arbitrary 
base change. 

• Let G be an etale n-divisible O-module over S of height h. Then there exists 

a tx -divisible group /\ r G over S, of height and an alternating morphism 
o 

A : G r — > /V G such that for all tx -divisible O-module Y over S the induced 
o 

homomorphism 

A* : Homf (/\ r G,Y) -> Altf (G" - , Y) 
o 

is an isomorphism. Furthermore, if T is an S -scheme, then the canonical 

homomorphism /\ t (Gt) —> (/\ t G)t, induced by the universal property of 
o o 

/\ t (Gt) and At, is an isomorphism. In other words, the exterior powers 
o 

of G exist, are again etale and their construction commutes with arbitrary 
base change. 

Proof. 

• Assume at first that S is connected and choose a geometric point s of S. 
Then the functor 

J ^ J(s) = Mor 5 (s, J) 

from the category of finite etale O-module schemes over S to the cate- 
gory of finite (9-modules with a continuous action of the etale fundamental 
group at s, i.e., ^(S, s), is an equivalence of categories. Moreover, this 
functor preserves multilinear and alternating morphisms. The category of 
O- modules with a continuous nf^S, s)-action is a tensor category and has in 
particular all exterior powers. It follows that the category of finite etale O- 
module schemes over S possesses all exterior powers over S. The universal 

alternating morphism H(s) r — > f\ r (H(s)) induces the universal alternating 

o 

morphism A : H r — > f\ r H with the universal property stated in the propo- 

o 

sition. 
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If S is not connected, the finite etale group scheme H decomposes into 
disjoint union of finite etale 0-module schemes over connected components 
of S. The above construction yields exterior powers of each of them over 
a connected base and these exterior powers glue together to produce ex- 
terior powers of the whole O-module scheme H. One has to verify that 
these exterior powers satisfy the universal property of exterior powers, but 
this is true since homomorphisms and multilinear morphisms of O-module 
schemes over S decompose into homomorphisms and multilinear morph- 
isms of (9-module schemes over each connected component. This proves 
the existence of the exterior powers. 

Now assume that T is an ^-scheme. For the statement on the base change, 
we can assume that S and T are both connected. Fix a geometric point t 
of T lying over the fixed geometric point s of S. The structural morphism 
/ : T — > S induces a (9-module homomorphism /„ : irf^(T,t) — > ^(S, s). 
For every finite etale scheme J over S, the map of sets J(s) — > Jrit) is a 
bijection and the action of nf (T, t) on Jt(J) is the restriction, under the 
homomorphism /*, of the action of ^(S, s) on J(s), after identifying the 
two sets J(s) and Jxit)- In other words, the base extension from S to T 
of etale group schemes over S corresponds to the restriction of the action 
of the etale fundamental group of S at s to that of T at t. It follows at 

once that the C-module scheme homomorphism f\ r (H T ) — > (f\ r H) T is an 

o o 

isomorphism. 

• Similarly, assuming S is connected and fixing a geometric point s of S, 
the functor that assigns to an etale 7r-divisible (9-module its Tate module 
(at s) defines an equivalence of categories between the category of etale n- 
divisible C-module over S and the category of finite free C-modules with a 
continuous action of the etale fundamental group of S at s. Also, Multilin- 
ear (respectively alternating) morphisms are preserved under this functor. 
The category of finite free O-modules with a continuous ^(S, s)-action is a 
tensor category and therefore possesses all exterior powers. It implies that 
the category of etale 7r-divisible C-modules over S has all exterior pow- 
ers in the sense stated in the proposition, with the universal alternating 
morphism A : G r — > /\ r G obtained from the universal alternating morph- 

ism T p (G) r -> KT P {G) ^ T p (f\ r G). 

o o 

The height of an etale 7r-divisible group is equal to the rank over O of 

its Tate module. Thus, the height of f\ r G is equal to the rank over O of 

o 

T P (A r G) 2* A r (T p (G)), which is equal to (J). 

o o 
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The same arguments as in the last case (of finite etale (9-module schemes) 
show that this construction commutes with arbitrary base change. 



□ 



Remark 5.4.2. 

1) Note that if At is an etale 7r-divisible (9-module scheme over a scheme S, 
then for every positive natural number n, we have f\ r (Ai n ) = (/\ r Ai) n . 

2) For details on the etale fundamental group of a scheme and the equivalence 
of categories mentioned in the above proof, we refer to |SGAlj and [Mil80j . 

5.5 The main theorem: over fields of character- 
istic p 

In this section, we want to construct the exterior powers of 7r-divisible modules 
over fields of characteristic p. In this section, unless otherwise specified, k is field 
of characteristic p. 

Let At be a 7r-divisible 0-module scheme over k and let us denote as usual Aii 
for the kernel of it 1 : At — > At. For every % > 0, we have a natural monomorphism 

i : Aii M.i + i and a natural epimorphism 77 : Aii + \ -» Aii (multiplication 

i n 

by 7i") such that the both compositions Aii -Mj+i -» Aii and respectively 
n t 

A^j+i -» Aii <-» Aii+x, are just the multiplication by ir on Aii and respectively 
on Aii + i and give rise to the following exact sequences: 



Therefore, if k is a perfect field, whether we use the covariant or contravariant 
Dieudonne theory (and if we denote by D the Dieudonne functor), we have an 
injection rj : D(Aii) e — >■ D(Ai i+ i) and a surjection ( : D(At i+ i) -» D(Ati) such 
that the compositions 



->■ A^,; A A^i+i A A^j+i and 



(5.1) 



-Mi+i ^ Mi+i 4 M -> 0. 



(5.2) 



£>(A4i) A £>(M+i) -4 D(M) 



and 



L>(M+i) -» D(Mi) A D(M^-i) 
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are multiplication by it and we have the following exact sequences: 



D(M i+1 ) 4 D{M i+l ) 4 D{Mi) -> and 
-> D(.M») A L>(M+i) 4 



(in the covariant case, we use the sequence (5.2) in order to obtain the first 
sequence and we use (5.1 ) to obtain the second one, and in the contravariant case 
we use the sequence (5.1) for the first sequence and (5.2) for the second one). 

Definition 5.5.3. Assume that k is perfect and let M. be a 7r-divisible (9-module 
scheme over k. 

(i) We define the Dieudonne module of a 7r-divisible (9-module scheme M. to 
be the inverse limit lim(D(Aii), (). It is called the covariant Dieudonne 

i 

module^ if it is the inverse limit of covariant Dieudonne modules and is 
called the contravariant Dieudonne module in the other case. 

(ii) The morphism induced on the Dieudonne module of M. by the Frobenius 
morphisms (respectively Verschiebungen) of D(M.j) is called the Frobenius 
(respectively Verschiebung) and is denoted by F (respectively V). 

Construction 5.5.4. Let Aio, Aii, . . . , M. T be 7r-divisible (9-module schemes 
over a perfect field k of characteristic p and for every % = 0, . . . , r, denote by Di 
the Dieudonne module of M.i. Let / : Di x • • • X D r — > D Q be an (9-multilinear 
morphism (of W{k) ®i p C-modules) satisfying the ^/-condition, i.e., 

Vf(xt, ...,x r ) = f{Vx x , . . . , Vx r ) 

for every X{ G D^. For every n > 1, this morphisms induces a morphism D\ x • • • x 
D r — > Dq/^Dq, and using the multilinearity of /, we obtain an (9-multilinear 
morphism 

D 1 /n n D 1 x • • • x D r /n n D r -> D /n n D 

that we denote by f n . It follows from its construction, that f n satisfies the V- 
condition. We claim that it satisfies also the F-conditions, i.e., that for every 
i — 1, . . . , r, and every (x\, . . . , x r ) G D\ x ■ ■ • x D r . we have 

F fn (VX\ , . . . , VXi—i , Xj, Vx^i , . . . , V^Xj.) (xx , . . . , , Fxi, , . . . , x r ) . 

In fact, we claim that / itself satisfies the F-condition, and therefore, /„ inherits 
this property. Let (x\, . . . , x r ) be an arbitrary element of the product D% x • • • x 
D r . We have 

VF/(Vari, . . . , Vxi-x, x h Vx i+1 , . . . , Var P ) = 

pf(Vxi, VXi-i, Xi, VXi+i, Vx r ) = 
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f{Vxi, VXi-^pXi, VXi+i, Vx r ) = 
f{Vxx, VXi-i, VFXi, VXi+i, Vx r ) = 
V } • • • i FXi) . . . , X r ) 

and since by Lemma |5.2.5| V is injective, we cancel V from both side of the 
equality and conclude that 

Ff(Vx h VXi-x, X i7 Vx i+1 , Vx r ) = f(xx, Xi-i, Fx i7 x i+ i, ...,x r ) 

as claimed. Let us denote by Mult c '(Di x ••• x D r ,D ) the (9-module of all 
O-multilinear morphisms from D\ x • • • x D r to Dq that satisfy the V-condition. 
Thus, the construction of f n from / defines an 0-linear morphism 

a n : Mult°pi x • • • x D r , D ) ->■ L°(D hn x ■ ■ ■ x D r>n , D 0jn ), 

where we denote by D iiU the Dieudonne module of M. i n = Ker(7r n : M.i —> Mi), 
which is canonically isomorphic to Di/n n Di. These morphisms are compatible 
with the canonical morphisms 

L°(D hn+1 x ■ • • x D r>n+1 ) L°{Di >n x ■ • • x D nn , D Q>n ) 

given by the projections -Dj n+1 — > D i n and therefore define an CMinear morphism 

a : Mult°(Di x • • • x D r ,D ) ->■ limL°(D lin x • • • x D r>n ). 

n 

Similarly, we define the (9-modules Sym°(.D[, Do) and Alt c (D\, Dq) and the O- 
linear morphisms 

S Y m°(D[,D ) -> lunLf ym (D[ )n ,D 0in ) 

n 

and 

Alt o (^,D )^lnnLStPi >n ,^) 

n 

which are the restrictions of a. 

Lemma 5.5.5. Let Mo, M\, . . . , M r be Tt-divisible O-module schemes over a 
perfect field k of characteristic p. The O-linear morphisms 

a : Mult°(D 1 x • • • x D r , D ) ->• limL°{D 1)n x • • • x D r>n , D 0iTl ), 

n 

Sym°(£>J, £>„) -> hm Lf ym (D[ n , D 0)n ) 

n 

and 

Mt°(D[,D ) ljmL° t (Dl n ,D 0in ) 

n 

constructed above are isomorphisms. 
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Proof. Let us at first show that a is an isomorphism. Define a map 

to : hm. L°(D 1>n x ••• x D r , n , D , n ) ->• Mult°(£>i x ••• x D r ,D ) 

n 

as follows. Take an element g = (g„)„ in the inverse limit. By assumption, the 
following diagram commutes: 

-Dl,n+1 X • • • X D r n+ i A),n+1 , 

I I 

-Dl,n x • • • x A- „ ^ D n 

where the vertical morphisms are the canonical projections. Let 

00(g) : D 1 x • • • x D r ->■ £> 

be the following morphism 

(«2j)j, • • • , (Wrj)j) ^ fe( U lj> • • • > U r,j)) j, 

where (wij)j is an element of Di = limDij. The commutativity of the above dia- 

3 

gram implies that {gj(uij, . . . , u r ^jj) is an element of the inverse limit limD j = 

j 

D , and by construction, oo(g) satisfies the V-condition. It is now straightforward 
to check that the compositions a o ui and oo o a are identities, showing that a is 
an isomorphism. 

If Aii = Aii = ■ ■ ■ = Ai r and for all n > 1, g n is symmetric (respectively 
alternating), then 00(g) is symmetric (respectively alternating), which implies 
that the restriction of a to Sym (D\, D ) (respectively A\t°(D[, D )) induces an 
isomorphism 

Sym°(D[,D ) \im L% m (D[ :Tl , D , n ) 

n 

(respectively 

A\t°(D[,D )^\imL° t (Dl n ,D , n )). 

n 

□ 

Corollary 5.5.6. Let Aio, Aii, . . . , Ai r be n-divisible O-module schemes over 
a perfect field k of characteristic p. For every i = 0, . . . ,r, denote by Di the 
(covariant) Dieudonne module of Aii- There exist natural isomorphisms 

Mult°(£>i x • • • x D r , D ) = Mult£(.Mi x • • • x M r , M ), 
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Sym°(D r 1 ,D ) = Sym°(M r 1 ,Mt 

and 

A\t o (D r 1 ,D )=Alt°(M[,M ) 
functorial in all arguments. 



Proof. We prove only the first isomorphism; the proofs of the other two are 
similar. Let us use the notations of the Construction 15.5.41 It follows from 



Corollary |3.0.21| that for every n > 1, there exists a natural isomorphism 
L°(D 1>n x ■ ■ ■ x D r>n ,D , n ) = Mult?(Ali, n x ■ ■ ■ x M r ,n,M , n ). 
As these isomorphisms are functorial in all arguments, we obtain an isomorphism 



\imL°(D hn x ■■■ x Dr^D^n) = lim Mu\t°(Mi, n x ■•• x M r , n , M , n ). 



Now, applying the previous Lemma and using Definition |5.3.1[ we obtain the 
required isomorphism 

Mult°(Di x • • • x D r , D ) = Mult%(Mi x • • • x M r , M ), 
functorial in all arguments. □ 
Let us fix some notations for the rest of this section. 

Notations: 

• We fix a natural number j. 

• Unless otherwise specified, k is a perfect field of characteristic p > 2. 

• Ai is a 7r-divisible (9-module scheme of dimension 1 and height h over k, 
and for every natural number i, M. { is the kernel of 7r\ : M. — > Ai. 

• W is the ring of Witt vectors over k and L is the fraction field of W . 

• D := D(M) is the covariant Dieudonne module of M. and /\ J D := /\ J D. 

w® Zp o 

• For every natural number i, Di := D*(Aii) is the covariant Dieudonne 
module of Mi and f\ j D { := f\ j Di. 

• Denote by ( the surjection £ : D -» Di and by the surjection f\ 3 D -» 
fy 'Di. Note that ( doesn't have any index (to avoid complexity) and we 
use the same letter for different indices. 
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• Denote by T (respectively v) the morphism /\ ] V : /\ 3 D — > /\ 3 D (re- 
spectively /\ 3 V : /\ ] Di — > /\ 3 Di) sending an element d\ A • • • A dj with 
di, • ■ ■ , dj G D (respectively in D { ) to Vdi A • • ■ A Vdj. 

Remark 5.5.7. Note that we have A/C o T = v o f\ J (. 

Lemma 5.5.8. Let k be algebraically closed. 

a) There exist a ring A, a ring homomorphism 7* p — > A and a decomposition 

W® Zp O=Y[W(g) A 0, 

Z//Z 

where W <8> a O is a discrete valuation ring with residue field k and maximal 
ideal generated by 1 <g) 7r. 

b ) The decomposition in a) gives the following decomposition of the completed 
tensor product W®i p O as a product of complete discrete valuation rings 
with maximal ideal generated by 1®ti and residue field equal to k: 

W® Zp O = Y[ W® a O. 

Z//Z 



c) Let N be a W ® Zp O -module endowed with a ° ' -linear morphism ip : N N , 
i.e., for every x G W®z p O and n <E N, we have <p(x-n) = ( CT ® Id)(x) -(p(n). 
Then there is a decomposition of N as a product Iliez//z into W® AO- 
modules, according to the decomposition ofW® Zp O given above, such that 
the morphism if restricts to morphisms tp : Ni — > A^_i for all i G Z//Z. 

Proof. 

a) We prove this lemma in equal and mixed characteristic cases separately. 

— Equal characteristic: Set A := ¥ q and let Z p — > ¥ q be the canonical 
ring homomorphism. In this case, O is isomorphic to F 9 [7r] and there- 
fore, the tensor product W <g>% O is isomorphic to k ® Fp F g [7r] which 
decomposes as 

n*®F,Fj7r]= n *m 



as we have seen in the proof of Theorem |5.2.6| It is then clear that the 
ring fc[7r] is a discrete valuation ring with residue field k and maximal 
ideal generated by tt. 
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— Mixed characteristic: Let E be the maximal unramified subextension 
of K (recall that K is the fraction field of O) and denote by A its ring 
of integers. We then have a canonical ring extension Z p A. Since 
k is algebraically closed, there is a copy of A inside W. As E is the 
maximal unramified subextension of K, the degree of the extension 
E/Qp is equal to / and therefore we have an A-algebra isomorphism 



W ®i v A = Y[W® A A= Yl I t 



given on elements by w <g> a >->■ (a • w crl )i, where CT : A — > A is the 
Frobenius of A, induced by the Frobenius of W. It follows that 

W ® Zp O = W A ® A O = Y[W® a O 



and the Frobenius, i.e., the morphism a ® Id interchanges the factors. 
This shows the first statement. Now, as K is totally ramified over E, O 
is generated over A by an Eisenstein element and since L is unramified 
over E, the same element is again Eisenstein over W. Hence, L ®e K 
is a field and W ®a O is the valuation ring in it. Again, since E/Q p is 
the maximal unramified extension inside K, the residue degree of the 
extension K/E is one and therefore O and A have the same residue 
fields F q . Therefore, we have 

(i 9 ff Xo =y9i0/ ' ayft|l ' = t 

where the first equality follows from flatness of W over Z p . This proves 
the other statement. 

6) Since for every s > 0, p s O C 7r s '(9 for some s' (in the equal characteristic 
case, s' — 1 and in the mixed characteristic s' = s), the sub module p s <g> 
C + H/ ® ir r O of ® Zp C is equal to W <g> vr r C for some r', and therefore 
the completed tensor product W®i p O is equal to 

hm — — — = hm W ®z — 

where the last equality follows from flatness of W over Z p . Now using part 
a), we have 

O O O 

lim(Vy ® Zp — ) = lim TT W ® A — = IT lim ( W ®A — ). 

As we have seen in a), W ®aO is a discrete valuation ring with uniformizer 
1 <g> 7r, and this implies that lim W ®a |f is the 1 ® 7r-adic completion of 
it, which is a complete discrete valuation ring with uniformizer l(g)7r and 
residue field equal to k. 
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c) Let Ci be the primitive idempotent for the i th factor of the decomposition of 
W®i p O. This decomposition gives a decomposition of N, say N = FJ N iy 
where N = ejiV. Now, for any n E N, we have y(ejn) = Id)(ej)<^(n) C 
^i-iN = Ni-t. Hence, (p(NA C JV^. 

□ 

Remark 5.5.9. 

1) The proof of part a) of the lemma in the mixed characteristic case is inspired 
by the proof of the lemma in |Wat74j . 

2) Part b) of the lemma implies that 



M — = W WZ. 



(i®ir i )w®z p o - LJ - (i®7r i )w® A o ■ LJ - vr 

Lemma 5.5.10. Assume that k is algebraically closed. The Dieudonne module 
of AA, is a free W®%JD -module of rank h. If A4 is connected, then there exists 
an element e E D such that the set {e, V^e, • • • , V^ -1 ^} is a basis of D over 

w®%o. 



Proof. From Lemma 5.5.8 c), we know that there is a decomposition of the 
Dieudonne module D = Yliez/fz ^i, where each Mi is a module over W®aO 
and that the Verschiebung permutes them cyclically (since it is a -linear). We 
want to show that each Mi is a free W® AO-module of rank h. The Dieudonne 
module D\ is a PF-module of finite length, which implies that it is a finite length 
module over W £8u O, where A is the ring defined in Lemma [5.5.8 but ttD\ = 



and therefore D\ is a module of finite length over W ®a O/tt = k and we know 
that its length is log p \ \ = fh. Take fh elements in D such that their images in 
Di generate Di over k, then by Nakayama lemma, they generate D over W®aO. 
Note that the action of n on D is free, this follows from the fact that the kernel 
of 7r on each Di is the same module Di, and the transition morphisms from -Dj+i 
to Di is multiplication by tt, and therefore the kernel of 7r on D is the inverse 
limit of Di with trivial transition morphisms, and hence it is trivial. Therefore D 



is a finitely generated torsion-free W® AO-module and since by Lemma 5.5.8 b) 
W®aO is a discrete valuation ring (and in particular a principal ideal domain), 
D is free over W®aO. The rank of D over W®aO is equal to the length of D\ 
over W ®a O/n = k, which is fh. It follows that Mi are free FycguC-modules of 



finite rank. As V : D — > D is injective by Lemma [5.2. 5[ and its restriction to 
is a morphism Mj — > M i+ i (for all i E Z//Z), the Mj will all have the same rank 
h over W®aO. This shows that D is free of rank h. 

Now, assume that M. is connected. If we find elements Si E Mi (i E Z//Z) 
such that the set V^, • • • ,V < ^ h ~ 1 ^ Ei} is a basis of Mj over W®aO (note 
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that V^(Mi) C Mi for every j > 0) , then the element e := E\ + e 2 • • • + £/ 
will be the desired element and we are done. Since VF^aC is a local ring 
with maximal ideal generated by l®vr and since Mj is a free module of rank 
/i over it, in order to find £j, it suffices (by Nakayama lemma) to find an element 
el G Coker(7r : Af« -»■ Mj) := Mj such that the set {£" V^, • • • , V^ 1)f e~i} is a 
basis of Mj over W®aO/it = k (Mi being free of rank h over W§>aO, we have 
that Mj has dimension h over k) and then define e, to be a lift of £j in Mj. 

From the definition of Mj we have that Di = F| i Mj and that Verschiebung is a 
morphism V : Mj — > Mj + i. Since the dimension of Ai is 1, the Hopf algebra of 

Mi is isomorphic to (cf. IWat79l p. 112, §14.4, Theorem), and so F r M =0 if 

(x q ) 

and only if r > fh. It follows that V r : D\ — > D\ is the zero morphism if and only 
if r > fh. Set ip := As stated above, we have (p(M{) C Mj, and so we have 
a 17 / -linear morphism cp : Mj — > Mj. We claim that tp h ~ x : Mj — > Mi is not the 
zero morphism. Indeed, if we have V^^^ljj. = <p h ~ 1 \jj i = for some i, then for 
every j and every element x G Mj, we have V"~ ] (x) G Mj, where z — j > is the 
class of % - j modulo / and so V {h -^ f+ ^(x) = 0. But (h - l)f + (i-j) < hf. 
This implies that V h ^~ x is the zero morphism on D\, which is in contradiction 
with what we said above. Now, let e~l G Mj be an element with </? (fj) ^ 0. 
Then the set {e~i, <p(et)i 4 ' ' ,V 9 ' l ~ 1 (^i)} is linearly independent over k, for if we 
have a non-trivial relation ^2jZj a j^^~i) — with aj G k and aj ^ 0, then 

3=30 3=30 

because (p r = for r > h. But y^ -1 ^) is not zero, and so a JO = 0, which is 
in contradiction with the choice of jo- As the dimension of Mj over k is h and 
the set {fj, </?(fj), • • • ,v5 fc_1 (£i)} is linearly independent and has ft, elements, we 
deduce that this set is in fact a basis of Mj over k and the proof is achieved. □ 

Remark 5.5.11. 

1) Note that the first part of the Lemma, i.e., that the Dieudonne module is 
free of rank h, is true without assuming that M. has dimension 1. 

2) Since Di is the cokernel of tt 1 on D an d the pr ojection from D to -Dj com- 
mutes with V, it follows from Lemma 
module of rank h and that the set {e, 



5.5. 10| that Di is a free W ®z p 
V T £, ■ ■ ■ , V^ 1 " £~}, where £ is the 



image of e in Dj, is a basis of Dj over W 



P IT* 



3) In the above proof, let i be such that restriction of V h ^~ x to Mj is not zero 
and choose £j G Mj with V h ^~ l (ei) ^ 0. Then for every < j < f — 1, 
we have V^ h ~ l ^(V 3 ei) ^ 0. Since for these j, we have V 3 Si G Mj +J -, we see 
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that we could take Si + j to be V 3 Ei. This shows that we have a sequence of 
CT -linear isomorphisms 

Mi M i+1 M i+2 . . . M t _ x . 

Now, by Nakayama lemma, and the fact that V is injective on D, we con- 
clude that V induces a -linear isomorphisms 

V : Mj -> M j+1 

for every j ^ i - 1. It follows that 

VL> = VMf-x x VM x \/Mi x • • • x VM f - 2 = 

M x Mi x • • • x Mi_i x VMi_ x x M i+1 x • • • x Af)_i. 
Thus, the Lie algebra of .M is isomorphic to 

D/VD = Mi/yMj_i = Mi/V f Mi. 

Lemma 5.5.12. Assume that M. is connected. Then the morphism T : /\ J D — > 
/\ J D is injective. 

Proof. Since the extension k <^-> k is faithfully flat, we may assume that is 
algebraically closed. We know that a semi-linear endomorphism of a free module 
of finite rank over a (commutative) ring (with 1) is injective if and only if its 
determinant is a non-zero divisor. As D is a free W^^pC^-module Q f rank h, /\ 3 D 

is a free W®i p O- module of rank Q). Now, the determinant of T = /\ 3 V is equal 
to det(V)(j'- 1 ) and from what we said at the beginning of the proof, it follows 



that V is injective if and only if T is injective, and since by Lemma 5.2.5 V is 



injective, T is injective too. □ 

Remark 5.5.13. Assume that Ai is connected. Then, by previous lemma, there 
exists at most one a <g> Id-linear morphism $ : f\ 3 D — > /\ J D such that To$ = p. 

Definition 5.5.14. Assume that Ai is connected and k is algebraically closed. 

(i) Denote by $ the morphism /\ 3 D — > /\ J D which is defined on the basis 

{V fai e A ■ ■ ■ A V fa >e | < at < a 2 < ■ ■ ■ < aj < h - 1} 

by 

V fai e A • ■ ■ A V fa JE i — ^ FV fai e A V fa2 ~ l e A ■ ■ ■ A V fa ^ l e 
and is defined on the whole space, /\ 3 D, by CT 1 <8> Id-linearity. 
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(ii) Denote by if the morphism /\ 3 D{ — > /\ 3 Di which is defined on the basis 
{V fai e A ••• AV fa ^e\0 < a x < a 2 < ■ ■ ■ < (Xj < h - 1} 

by 

V fai e A • • • A V fa >e h-> FV fai e A V^^e A • • • A V fa ^ l e 
and is defined on the whole space, l\ 3 D^, by ° 1 £g> Id-linearity. 

Remark 5.5.15. Note that we have o $ = cp o A/^. 

Lemma 5.5.16. Assume that Ai is connected and k is algebraically closed. 

a) We have $oT = p = To$ and the F -diagram associated to $ and the 
V -diagram associated to T are commutative. 

b) We have ipov = p = voip and the F- diagram associated to ip and the 
V -diagram associated to v are commutative. 

Proof. Although the statements a) and b) are very similar, the proofs are differ- 
ent and in fact b) follows from a) and a) can be regarded as an auxiliary statement 
for the proof of b) . 

a) First of all we check the equality T o $ = p. It is sufficient to calculate 
T o $ on the basis elements V^ ai e A • • • A V^ aj £: 

T o <S>(V fai e A • • • A V fa *e) = T(FV fai e A K /aa_1 e A • • • A V fa ^ l e) = 

VFV fQl e A • • • A V fa i£ = pV fai e A • • • A V fa *e 

where the first and second equality follow respectively from the definition 
of $ (cf. Definition 5.5.14 (i) ) and T (cf. Notations), and the last equality 
follows from the equality VF = p. Hence the equality T o $ = p. 

Now, we calculate T o $ o (Id AV A • • • A V): 

T o $ o (Id AV A • • • A V) = p o (Id AV A ■ ■ ■ AV) — p AV A ■ ■ ■ AV — 

VF A V A ■ ■ ■ A V = T o (F A Id A • • • A Id) 

where the first equality follows from the equality To$ = p and the other 
equalities follow from the definition of T and the equality VF = p. But we 
know from Lemma 5.5.12 that T is injective and therefore, we have 

$ o (Id AV A ■ ■ ■ A V) = F A Id A ■ ■ • A Id . 
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Denoting by A the universal alternating morphism D x • • • x D — > /\ J D 



sending an element (x\, ■ ■ 
to the following diagram: 



Xj) to Xi A • • • A Xj, the last equality gives rise 




with the right triangle commutative. It follows that the whole diagram is 
commutative and thus the F-diagram associated to $ is commutative. The 
commutativity of the ^/-diagram associated to T follows from its definition 
(in fact it is equivalent to the definition of T!). It remains to show that 
$ o T = p. We have: 

$oT(xi A- • -AXj) = ®(Vxx A- • -AVxj) = FVx 1 Ax 2 A- • -Axj = px\A- ■ -Axj 

where the second equality follows from the V^-diagram associated to T, the 
third one from the F-diagram associated to <3> and the last once, again, 
from the equality FV = p. This completes the proof of a). 

b) The compatibility of T and v, and of $ and if with respect to the epi- 
morphism ( : D -» Di (cf. Remarks 5.5.7 and 5.5.15) and statement a) of 
the lemma imply the following properties: 

1. vocpo /\ j c = vo /yc o$ = A J (oTo$ = A'c-/' /'-AV 

2. ifovo /y c = v ° l\ j C ° v = A j C o $ o t = A j C op = P o a j C- 

3. <f o X o (Id xV x • • • x V) o C j = if o X o £»' o (Id xV x • • • x V) = 
if o A J C ° A o (Id x V x • • • x V) = j\ j C o $ o A o (Id xV x • • • x V) = 
A j C ° A o (F x Id x • • • x Id) = A o C j o (F x Id x • • • x Id) = 

A o (F x Id x • • • x ld)o(i. 

Since the morphism ( : D — > Di is surjective, the morphisms A^C : A^ — ^ 
f\ 3 Di and : D^ — > D\ are surjective as well and thus we can cancel them 
from the right and conclude from properties 1 and 2 that v o if = p = 
if o v and from 3 that the F-diagram associated to if is commutative. The 
commutativity of the ^/-diagram associated to v follows once more from 
the definition of v. The part b) is now proved. 



□ 
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Proposition 5.5.17. Assume that k is algebraically closed. Then the Dieudonne 

module of f\ 3 Aii is isomorphic to f\ J ' Di and in particular the order of /\ 3 Aii is 
o o 

equal to q l d\ More precisely we have: 

a) if Ai is Stale, then the module scheme /\ 3 Aii is isomorphic to the constant 

o 

module scheme /\ J (^j) h , which has order q 1 ^^ and 



b) if M. is connected, then the covariant Dieudonne module of f\ 3 'Aii is iso- 

o 

morphic to /\ J Di with the actions of F respectively V defined by ip respec- 
tively v. 

PROOF. Before proving a) and b), let us explain how these two parts will im- 
ply the first two statements of the proposition: For the first part (about the 
Dieudonne module of the exterior power), note that if Ai is etale, each Aii is 
etale and, since k is algebraically closed, Aii are constant (9-module schemes. 
In a) we show that in fact Aii is isomorphic to the constant (9-module scheme 
{^) h and /V 'Aii is isomorphic to the constant C-module scheme f\ , (^i) h - The 

Dieudonne module of Aii is therefore isomorphic to 

W ®-l v &} h = (W - (W ^-) h 

and the Dieudonne module of f\ J M.i is isomorphic to 



If M. is connected, b) is exactly what we need to show. Now, in the general case, 
write Aii as the direct sum, A^f © A^°, of its etale and connected parts (which is 
possible, since k is algebraically closed). Using the universal properties of exterior 
power, tensor product and direct sum, we obtain a canonical isomorphism: 



A J M = 0(A r -^f®A^ r - M °)- 

r=0 



Applying the covariant Dieudonne functor on the both sides of this isomorphism, 
and using the fact that the Dieudonne functor preserves direct sums, we get 
the following isomorphism (in the following isomorphisms, we omit the subscript 
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W ®i O from the exterior powers and tensor product in order to avoid heavy 
notations): 

A=(A J M) = (& D *(/\ r M? ® /\ j ~ r M°). 

r=0 

Now, applying Lemma |4.4.12| to and the etale (9-module scheme A4f", we 
can interchange the Dieudonne functor with the tensor product and we obtain: 

D*(/\ 3 M t ) = 0(^(/\ r Mf ) ® D^(f\ j r Mi)). 

r=0 

Finally, using parts a) and b) of the proposition, we get the following isomorphism 



r=0 



where Z??* and denote respectively the Dieudonne module of M.f and M.®. 
But the right hand side of the isomorphism is isomorphic to /\ 3 {Df © Df) which 
is itself isomorphic to /\ J Di, again since the Dieudonne functor commutes with 
direct sums. Hence, the canonical isomorphism 

D*(/\ J M t ) = /\ J D t . 
For the statement about the order, using the fact that the D ieudonn e module of 



/V-Mi is isomorphic to /\ D{ and recalling from Remark 



5.5.11 



that Di is a 



o i o 

free W ®z„ —module of rank h, we deduce that /\ Di is a free W ®z„ — 
module of rank and that the order of /\ 3 A4i is equal to 



p iw(A J D z ) = p { h -)-Zw{W® %p %) _ 



Using Lemma 5.5.8 a), we have that 



7T 8 7T l 



Now recall from the proof of Lemma [5.5.8| that in the equal characteristic case the 
ring A is ¥ q and in the mixed characteristic case it is the ring of integers of the 
maximal unramified subextension of K/Q p . Therefore, in the equal characteristic 
case we have 

W ® A - = k® ¥q = JUL 
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and in the mixed characteristic case we have 

o w o w 

W ®A— = —®A — = — 

since 4 — It follows that in either case we have £w(W <S>a Q) = i. Hence the 
order of f\? M.i is equal to = Now we prove parts a) and 6). 



a) Since k is algebraically closed, the finite group schemes M.i are constant 
and by abuse of notation, we will denote by M.i the abstract group of k- 
rational points of M.^ Again, since k is algebraically closed, we have exact 
sequences 

(*) ->• Mn -> -M n+m ^> -M m -> 

for all natural numbers m and n (here we mean the exact sequence of O- 
modules and not O- module schemes). For i — 1, we have that A4i is an 
Fg-vector space of dimension h and so it is isomorphic to (F g ) h = (—) h . For 
i = 2, we know that A^2 is an ^-module of order equal to the order of 
(^) h and that it is an extension of ( — ) h by (— ) h , more precisely, we know 
that we have the following exact sequence: 

-»■ (— ) h -^M 2 4 ( — ) h 

7T 7T 

It is now an straightforward calculation to see that the only possibility 
for such an extension is the following one (we use the structure of finitely 
generated modules over principal ideal domains): 

_> & h -+ {-) h -+ 

TV TV 2 TV 

where 7 : (— ) h (-^) /l is the canonical injection (i.e., given by the injec- 
tion — c — y ^2 5 *^ ' — ^ tt^) and (f^) /l -» (^) ft i n the canonical projection (i.e., 
given by the projection % -» — , which is not the multiplication by ir any 
more!). Proceeding in the same fashion and using the exact sequences (*), 
we conclude that for every i > 1, we have M.i = (^?) /l which is also an iso- 
morphism of O- module schemes and thus f\ J 'JAi = f\ 3 {^i) h (the underline 

o o — — 

here is to e mphasi ze that we are dealing with a constant group scheme). By 

we know that f\ : \^) h = /\ 3 {^) h - Now the universal 

O — Q_ — 



Proposition 



4.1.8 



property of exterior powers (and some straightforward calculations) imply 
that /\ j (§) h = f\ j (§) h which is isomorphic to (fr)®. This finishes the 



proof of a). 
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b) We know from Lemma 5.5.16 b) that ip and v are commuting morphisms 



making the F-diagram associated to <p and the V-diagram associated to v 



commute. We can therefore apply Lemma 4.4.10 and conclude that the co- 



variant Dieudonne module of /\ 3 Mi is isomorphic to f\ 3 Di with the actions 
of F and respectively V through the actions of (p and respectively v. 

□ 

Remark 5.5.18. 

1) In the proof of a) we have shown that if Ai is etale, then = {^) h 
and the injections i : Aii Aii+i correspond to the canonical injections 
(^i) h ^ (^r) h given by multiplication by n. It follows that as a constant 
formal O-module scheme, Ai is isomorphic to (K/0) h . 

2) Note that in the proof of the proposition, we didn't made any assumption 
on j (i.e., we didn't assume j < h). If j > h, then in the etale case, 

fx* Mi = A J (t") = anc ^ i n the connected case, My = and so in any 
o o 



(h \ 



case, /\ 3 Aii = and therefore it has order 1 = q\ 
o 

Corollary 5.5.19. Let k be a perfect field of characteristic p > 2. Then the 

Dieudonne module of /\ 3 Aii is canonically isomorphic to /\ J ' Di and the order of 

o 

f\ 3 Aii is equal to q 1 ^) . 
o 

Proof. Fix an algebraic closure k of k. In order to simplify the notations, fix an 



i and set M := Aii. By Proposition 4.2.3 we know that the canonical homo 



morphism f\ 3 (M k ) — > (/\ 3 M) k is an isomorphism. We then obtain the following 

o o 
series of isomorphisms: 

D*(/\ J M) ® w{k) W{k) - D*({f\M) k ) - D*(/\\M- k )) - /\ 3 D*{M- k ) 
o o o 

/\\d*(M) ® w{k) W(k)) = /\ J D*(M) ® w{k) W(k) 

where the first and fourth isomorphisms are the base change property of the 
Dieudonne functor and the third property is given by the previous proposition, 
and finally, the last isomorphism is the base change property of the exterior 
powers in the category of modules. It follows from the construction of these 
isomorphisms that the resulting isomorphism 

f\D*(M) ® w{k) W(k) = D*(/\ 3 M) ® W {k) W(k) 

o 
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is the extension of scalars of the canonical homomorphism 

: /^D^M) -> D*(/\ T M) = T wM (M j 



(cf. the proof of Lemma 4.4.4 for the definition of this homomorphism). As 
the ring homomorphism W(k) — > W(k) is faithfully flat, and $ ®w(k) Id is an 
isomorphism, it follows that d is an isomorphism as well. The free W(k)®zO 
module f\ 3 D*(M) has rank (.) and therefore, the order of /\ 3 M is equal to 



o 



Q 



□ 



Proposition 5.5.20. Let k be a field of characteristic p > 2 and let £/k be a 

field extension. Then the base change homomorphism 



f : f\{M n/ ) [f\M 



n £ 



is an isomorphism. 



Proof. First assume that i is an algebraically closed field and consider the homo- 
morphism 

A* : Hon k (/\ r (>l„ / ),G m ) M^{M\ 



obtained by universal property of /\^{M. n e ) and sheafification. This homomorph- 



o 



ism induces an isomorphism on the ^-valued points (this is the universal property 

of /\ r \M. n ,t))- F° r every finite group scheme I over £, we have a commutative 
o 

diagram 



Horn, (/, Hom,( K(M n/ ), G m )) Hom ^ %° {J< 



»)) 



Hom,(A r (A^ n ,,), Hom £ (J, G m )) 



Alt, (A< £ ,Hom,(/,G m )). 



Since J is a finite group scheme over £, Hom g (I, G m ) is a (finite) group scheme 
over I and so, by the universal property of f\ r (A4 n ^), the bottom morphism 



a 



of the diagram is an isomorphism, which implies that the top morphism is an 
isomorphism too. We can know apply Lemma 
isomorphism. In particular, since by Corollary 



o 



1.0.71 and conclude that A* is an 
f\ r {M n ,e) is finite over £, 



5.5.19 



o 



it follows that Alt^ (M 



nil ^"m, 



O 



is finite over I as well. From the isomorphism 



o 



Altfc^GJ^Alt, (MUG 
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over k. Now, let i be any extension of k. By Theorem 



4.1.4 



and the finiteness of Alt g \M r n ^ G m ) over £ we deduce that Alt fc (.M^, G m ) is finite 

/\ r M n is isomorphic 

o 

o ' ~ O 

to Alt fc (.M!^, G m )* which is equal to the Cartier dual of Alt fc {M r w G m ) (since it is 

finite). So, we have shown that for every field k, we have a canonical isomorphism 

o 



f\ M n = Ah k (M r n ,G m ). 



o 



As the Cartier duality and the construction Alt commute with base change, we 
conclude that the base change homomorphism 



/ : f\{M n/ ) {f\M 



O O 

is an isomorphism as desired. □ 
Remark 5.5.21. 

1) If the ground field k, of characteristic p, is not perfect, we still ha ve that the 

and 



5.5.20 



order of /\ 3 Aii is equal to q^h This follows from Proposition 

o 

the fact that the order of a group scheme is invariant under field extensions 



So, we may assume that k is algebraically closed and apply Corollary 5.5.19 



2) It follows from Corollary 5.5.19 that the universal alternating morphism 
Ail — > /y \Mi and the universal alternating morphism 



o 



D*(Mi) j -+ /\ J D*(Mi) = D*(/\ J M { 



o 



correspond to each other under the isomorphism 

LgiD^MiY^D^Mi)) = Alt° (Mi /\ j Mi) 



explained in Remark 3.0.22 



Notations. From now on, unless otherwise specified, k is a field of characteristic 
p > 2 (not necessarily perfect) and M is a one dimensional 7r-divisible 0-module 
over k. 



We know by Proposition 4.3.13 that we have the following exact sequence: 



/\ J M n+m ^ /\^M n+m /\ J M rn 
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and since the composition 7r n o 7r m is zero on /\ 3 M n +m) the morphism 



o 



f\ 3 M. n +m -> -M-n+m, factors through the epimorphism /\ 3 \M n+m -» /\ J M. m : 



o 



l\ j M 



n+m 



/\ 3 M n+m 
o 



(5.22) 



NM m . 

o 



Lemma 5.5.23. The morphism rj : /\ J Ai m — > /\ 3 M n + m is a monomorphism. 

o o 



PROOF. We know from Remark 



5.5.21 



1), that /\ J Ai n + m is a finite group scheme, 



and therefore the morphism f\ J M. n+m —> /\ J -M. n+m factors through its image, i.e., 

o o 
we have a commutative diagram: 



o 



O 



(5.24) 



Im(7T n ) 



and by Proposition |4.3.13[ we have an exact sequence: 

/\ J M n+m ^ f\M n+m -> /\ 3 M n -> 0. 

o o o 

It follows from diagram (5.24) and exact sequence ( |5.25 ) that the sequence 



(5.25) 



Im(7r m ) /\ J M n+m -> /\ 3 A-t„ 

o o 

is exact and thus we have the following relation on orders of these group schemes: 



lm(rc n )\-\/\ 3 M n \ = \/\'M, 



But we know from Remark 



q 



(n+m) ( 



5.5.21 



o o 

1), that |A J -^n| = q n ® and |A 3 A< n+m | 
O O 



which imply that | Im(7r n )| = g m ' 



The commutativity of diagrams (5.22) and (5.24) and the fact that 7r n o7r m is zero 

on /Y ' M. n+m imply that the epimorphism /\ 3 M. n+m -» Im(7r n ) factors through 
o o 
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the epimorphism /\ J A4 n+m 

o 

diagram: 



-» f\* M.m, an d therefore we have a commutative 
o 



/\ 3 M n +n 
O 



Im(7r r 



f\ J M m 

o 

and so f\ J Ai m — >■ Iu^Tr 71 ) is an epimorphism. But the two group schemes /\ ] M. m 
o o 

and Im(7r n ) have the same order q m d\ and therefore the morphism f\ 3 M. m — > 

o 

Im(7T n ) is an isomorphism. Now, rj being the composition of the isomorphism 

/\ ] M. m — > Im(7r n ) and the monomorphism Im(7r n ) ■=-)■ /\ J A4 n+m (use diagrams 
o e> 



(5.22) and (5.24), and the fact that f\ J Ai n+m ~^ l\ ] -M-m is an epimorphism), we 
J ] J{ o o 

conclude that it is a monomorphism as well and the proof is achieved. □ 

Remark 5.5.26. The arguments in the proof of the lemma show that for every 
two natural numbers m, n, the following sequence is exact: 

f\ 3 M m 4 f\ J M n+m f\ J M n 0. 



Moreover, observing diagram (5.22) with m and n switched, we obtain the fol- 
lowing commutative diagram: 



o > N 3 M m A J M n+m 

o o 



f\ J Mn+ m 

o 



o 








from which we obtain the following exact sequence: 

-> /\'M m f\ 3 M n+m ^ /\ J M n+m . (5.27) 

If we regard /\ J .M n clS cl submodule scheme of /\ J ' M. n+mi using the mono- 
o o 
morphism r\ : /\ J Ai n > /\ J Ai n+m , we may as well denote the epimorphism 

o e> 

f\ J Ai n by 7r m , i.e., multiplication by 7r m and rewrite the first exact 



sequence of the remark as: 



(5.28) 
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Proposition 5.5.29. Let k be a field of characteristic p and let M. be a one 

dimensional re-divisible O-module scheme over k, of height h. Denote by A J the 
following inductive system 



/\>1 ^ t\M 2 ^ f^M: 



o 



o 



viewed as an ind-object in the category of finite group schemes over k. Then A 3 is 
a tx -divisible O-module scheme over k, of height Qj, and together with the system 

of universal alternating morphisms X n : Ai J n — > /\ j ' Ai n , it is the j th - exterior power 



of M, i.e., we have A j = f\ j M. 

o 

Proof. Fix a natural number m. By Lemma 



4.4.10 



we know that f\ J ' M. m exists as 
o 



an O-module scheme, and its order is equal to q m \j> by Remark 



5.5.21 



n = 1 in the exact sequence ( 5.27[ ), we obtain the following exact sequence 
-> /\ 3 M m /\ J M m+ x ^ /\ J M rn+1 . 



1). Setting 



o 



We have seen in Remark 



5.1.3 



M m +i — > /\ 
o o 

that these two properties (the equality | /\ J A4 7 

o 



q\i> and the exact sequence) imply that the direct limit A- 7 = \im.([\ 3 Ai ni rj) is 

> o 

a 7r-divisible O-module scheme and we have 



Ker(7r m : A j A j ) = /\ J ' M r 



o 

The height of A 3 is equal to log | f\ 3 M.\ \ = ( ■), as claimed. 

o 3 

The projections /\ J M. n+ i -» f\ r M. n are induced by the universal alternating 

o o 

morphisms 

An+i : M j n+1 ->• /\ ] M n+1 
o 

and the alternating morphisms 



(w.y 



Mi 



f\M n . 



Thus, the system of alternating morphisms A := (A n ) n >i is an element of the 
O-module Alt^M, AP) with the following universal property: 
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for every 7r-divisible (9-module scheme M over k the (9-linear homomorphism 



A* : Hom fc (A J ,A0 — > Alt* (A*, .AO 

induced by A is an isomorphism. This proves the last part of the proposition. □ 

Proposition 5.5.30. Let M. be a one dimensional it -divisible O-module scheme 

over a perfect field k of characteristic p > 2. Then the covariant Dieudonne 

module of /\ 3 M. is isomorphic to /\ 3 D. 
o 

Proof. By definition, the covariant Dieudonne module of /\ 3 M. is the inverse 

o 



limit of the system D*(/\ j M i+ i) -4 D*{f\ j Mi). By Corollary 

o o 

that -D*(/y Mi) = /\ J Di. So, we have only to show that 



5.5.19 



we know 



/\ J limA = hm /\ J A- 

Writing D for the inverse limit lim A as before, we have natural and compatible 

morphisms /\ 3 D — > /VA (for all % > 1) that we denoted by /\ 3 ( and were 
induced by the natural morphisms £ : D — > A- So, by the universal property 
of the inverse limit, we obtain a morphism ip : /\ 3 D — > lim /\ 3 Di. Explicitly, ip 

sends an element di A • • • A dj E /\ 3 D to the element A • • • A Q(dj)) G 

lim f\ 3 Di (here we write down the index i for the morphism ( to emphasize 
that the element d(di) A ••• A d(dj) is the i th component). Now, the result 
is a formal consequence of the fact that D is a finite free W®z p O- module (cf. 
Lemma 5.5.10) and, A — D/it l D is a free W ®i (9/7r l -module. Indeed, if we 
choose a basis {ei,--- , e^} of D over W®i v O, then the images e r e A> r = 
1, . . . , h form a basis of Di over ®z O /tt % . The morphism r/> sends an element 
J2 a Vl ,- ,u 3 e Vl A • ■ • A e Vj to (J2 a Vu ..., Vj e Vl A • ■ • A e Uj ) where a Vl ,..., V:j is the image of 
a Ulr . }Uj in ®z p O/n 1 . As W®% v O is complete, this implies that ^ is bijective 
and hence an isomorphism. □ 

Lemma 5.5.31. Let B be a discrete valuation ring with valuation v : B — » 
Z U {oo} and endowed with an automorphism u : B — )■ i3. Lei x« : Mj — >■ Aj 
(ij = 1, . . . ,n) be co-linear morphisms between finite free B-modules of the same 
rank. Then, we have 

4(Coker(x)) = v(det(xi) • det{x 2 ) • • • detfcn)) 
where x ■ M x © M 2 © • • • © M n -» ATi © N 2 ® • • • © N n is the direct sum of Xi- 
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Proof. Since Mi are free i3-modules, the automorphism oj induces an u 1 -linear 
automorphism, cjj, of Mi, more precisely, if we choose a basis {m a \ a G A} of Mi, 
then Ui(J2aeA b °< m <x) = S ae A w _1 (6 Q )m Q . Now, the composite Xi ° ^ : Mj ->■ N { 
is w-linear and we have Coker(x) = Coker(@(xj o^)) and det(xi) = det(xi °Wj) 
for all 1 < i < n. Replacing x% by Xi ° ^i, we may assume that \% are ^-linear. 

We first prove the lemma when n — 1. By the elementary divisor theorem we 
know that there is a basis of Mi and a basis of Ni such that the matrix of Xi i n 
this basis is diagonal (Smith normal form), say 

(ai ... 0\ 
a 2 ... 

y o o a r y 

with a/ G £> for all 1 < / < r. It follows that the determinant of Xi is equal to 
a>i • a,2 ■ ■ ■ a r and that the cokernel of xi is isomorphic to 

B B B 



Oi) (a 2 ) (a r ) 

which implies that the length of Coker^x) is equal to the sum of the lengths of 

B B 

7 — r (1 < I < t). But we have that £g(- — -) = viaA, and therefore 
[ai) [ai) 

£ B (Coker(xi)) = v(a 1 ) + v(a 2 ) H + v(a r ) = v(a 1 ■ ■ ■ a n ) = i>(det(%i)) 

(note that if r is less than the rank of Mi over B, the both side of the equality 
are equal to infinity). 

In the general case, we have that 

Coker(x) = Coker(xi) © Coker(x 2 ) © • • • © Coker(x„). 

Now, from the result in the case n = 1, we know that for every i, ^g(Coker(xj)) = 
v (det(xi)), and so 

n n 

4(Coker( X )) = ^^(Coker(x«)) = J>(det( Xi )) = v(det( X i) ■ ■ -det( Xn )). 

i=l i=l 

□ 

Lemma 5.5.32. Let M be a finite dimensional it -divisible O-module scheme over 
a perfect field k. Then we have 

dimAf = £ w (Coker(V Dt{Af ))) = ^w® A o( CokeT ( V D4M))) 
where A is the ring defined in Lemma \5. 5. 8\ 
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Proof. As M is finite dimensional, there is a natural number no, such that the 
dimension of M is equal to the dimension of Mi for all % > n , where as usual Mi 
denotes the kernel of 7r\ Now, we have an isomorphism KerfV^^)) — Cie{Mj), 
which implies that 

dim Mi = dim k Ker(V D , (A ^ ) ) = £ H /(Ker(V D ,( A ^ ) )). (5.33) 



Since V : D*(Mi) —> D*(Mi) is a morphism between finite length VT-modules, 
its kernel and cokernel have the same length over W, and the inverse limit (over 
i) of the cokernel of Vbjma is isomorphic to the cokernel of the inverse limit 
of Vd,(a/;), which is the Verschiebung of the covariant Dieudonne module of M. 
The projections D*{Mi+i) -» D*(Mi) induce surjections between the cokernels 
°f ^D*(A/i+i) an d Vd»(NA, anc ^ smce f° r large enough i, cokernels of Vd»(M+i) anc ^ 
Vd # (^) have the same length over W (here we use the fact that Mi+i and Mi have 



the same dimension and so by (5.33), the kernels of Vd„m +1 ) and Vd^ma have 
the same length over W and finally by what we said above, the cokernels have 
the same length), the induced surjections are isomorphisms for large i. It follows 
that the cokernel of Vd„(M) is isomorphic to the cokernel of Vd»(a/",) for large i, 
and in particular, we have 

4y(Coker(Vb.(Ao) = ^w(Vb.(M)) = ^w( Ker (Vb.(M))) 
for large z. Putting this together with ( |5.33[ ) and dimA/" = dimAi, we deduce: 

dim A" = e w (Cokex(V DtW )). 

This is the first equality of the lemma. We should now show that 

(Coker(Vb. ( ^))). 

As we discussed above, we have Coker(V Diit (jv)) — Coker(V D>t ( A /' i )) for large enough 
i and so, it is sufficient to show the equality 

£w{Coker (VD t (Ni))) = ^w§> A o (Coker(VK(M)))- 

O 

As DJMi) is killed by ir\ and (l¥<gu£>)/7r l = W ® A — , we have 



Now, as we have seen before (in the proof of Proposition 5.5.17), we have 
O W 

W ®a — — — , and therefore we obtain 

V® A ^( Coker (Vb,(M))) = ^( Coker (Vb.(M))) = ^(Coker(V D4M) )). 

These equalities together with the last one imply the desired equality and finish 
the proof of the lemma. □ 
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Theorem 5.5.34. Let Ai be a it- divisible O-module scheme of height h and 
dimension 1 over a field k of characteristic p > 2. Fix a natural number j . Then 
the j th - exterior power of Ai in the category of it -divisible O-module schemes over 
k exists, and has height ( ) and dimension ( Ci) ■ Moreover, for every positive 

natural number n, we have (/\ J M) n — A J (-^«)- 



o 



5.5.29 



Proof. We already know by Proposition 

module scheme over k, of height ( h ). So, we shou 
of f\ J A4. Since the dimension is invariant under the base change, by Proposition 



that /\ r Ai is a 7r-divisible O- 

o 

d only calculate the dimension 



o 



5.5.20| we may assume that k is algebraically closed. Using Lemma 5.5.32 



we 

know that the dimension of /\ J Ai is equal to the length of the cokernel of the Ver- 

o 

schiebung of the covariant Dieudonne module of f\ 3 A4, which is by Proposition 

o 

isom orphic to /\ J D, and thus, we have to calculate tw% A o 

(Coker(A^)). 

M x Mi x • • • x M/_i, where M x are W® a O- 
modules and the Verschiebung induces u ® Id-linear morphism s V : M j — > Mj + i 
for all i G 



5.5.30 



By Lemma 



5.5.30 



the Ver- 



orward to check 



which we denote by V{. Again, by Proposition 

schiebung of /\ J D is the morphism T = f\ 3 V . It is now straight 
that 

f^D = /\ j M x f^M, x ■ ■ ■ x f^Mf., 
and that the morphism {/\ 3 V)i : f\ 3 Mj — >■ A J M,;_i_i induced by f\ J V is equal to 



l^{Vi). Now, recalling from Lemma 5.5.8 that W®aO is a discrete valuation 



ring, and denoting its valuation by v, we have by Lemma 5.5.31 ( here we are 
using the fact that D and /\ J D are free W^tiuC^-modules; cf. Lemma 5.5.10): 



-w® A o 



(Coker(/\V)) = «(det(/\Vi) • • • det(/\V / )) 



v(det(V r i 



det(Vf 



h-l 



u(det(Vi) •••det(y / )) 



h-l 
3-1 



-w® A o 



(Coker(V r )) 



• dim M. 



h-l 
3-1 



where the second equality is true because Vi are semi-linear morphisms between 
finite free modules and we have the relation between the determinant of Vi and 
that of /\ J Vi which we mentioned in the proof of Lemma 



5.5.12 



and the one 



before the last equality follows from Lemma 5.5.32 



The last statement follows from the way we constructed /\ 3 A4 (cf. Proposition 

o 

□ 



5.5.29). The proof is now achieved. 
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5.6 The main theorem: over arbitrary fields 



In this section, we combine the results of the last two sections to prove that the 
exterior powers of 7r-divisible (9-module schemes over any base field exist. 

Theorem 5.6.1. Let M. be a it -divisible O-module scheme of height h over a base 
field k. Assume that the dimension of M. is at most 1. Fix a positive natural 
number j . Then the j th -exterior power of M. in the category of it -divisible O- 
module schemes over k exists, and has height ( .) . If the dimension of Ai is 1, 

then f\ J M has dimension ( , otherwise, it has dimension zero. Moreover, for 
o 3 

every positive natural number n, we have (/\ J M.) n — Ni-Mn). 

o o 

Proof. If the characteristic of k is different from p or the dimension of M. is zero, 



then Ai is etale and the statements of the theorem follow from Proposition 5.4.1 



and Remark 5.4.2 So, we can assume that the characteristic of k is p and the 
dimension of M. is 1. The statements of the theorem now follow from Theorem 
15.5.341 □ 
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Chapter 6 

Multilinear Theory of Displays 



In this chapter, after recalling basic definitions, constructions and results of the 
theory of display developed by Zink, we develop a multilinear theory of displays, 
which, in the next chapter, will be related to the multilinear theory of group 
schemes developed by Pink. For more details on displays, we refer to [Zin02j. 
Unless otherwise specified, R is a ring and F R : W{R) -»■ W{R) is the Frobenius 
morphism of the ring of Witt vectors with coefficient in R, and V R : W(R) — > 
W(R) its Verschiebung. We denote by Ir the image of the Verschiebung. We 
sometimes denote the Frobenius and Verschiebung without the superscript R, 
when it is clear what is meant. 

6.1 Recollections 

Definition 6.1.1. A 3n-display over R is a quadruple V = (P, Q, F, V^ 1 ), where 
P is a finitely generated W (R) -module, Q C P is a submodule and F, V~ l are 
F R -linear morphisms F : P — > P and V -1 : Q — >• P, subject to the following 
axioms: 

(i) IrP C Q C P and there is a decomposition of P into the direct sum 
of W / (i?)-modules P = L © T, called a normal decomposition, such that 
Q = L © I R T. 

(ii) V^ 1 : Q — > P is an F H -linear epimorphism (i.e., the ^(^-linearization 
(V-y : W(R) ®f r ,w(r) Q ^ P is, surjective). 

(iii) For any x G P and w G W(R) we have 

V^V^Hx) = wF(x). 

Remark 6.1.2. Note that from the last axiom, it follows that F is uniquely 
determined by V -1 . Indeed, we have for every x G P: 

F(x) = V-\V R {l)x). 
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It follows also from this relation and P R -linearity of V 1 , that for every y £ Q, 
we have 

F(y) = V-\V R (l)y) = F R V R (l)V-\y) = pV^y). 

Construction 6.1.3. According to lemma 10, p. 14 of [Zin02j, there exists a 
unique H / (i?)-linear map : P — > W(R) (£>f,w{r) P, satisfying the following 
equations: 

V i (wF(x)) =pw®x, weW(R),xeP 

and 

V\wV-\y)) =w®y, w eW(R),y eQ. 

If we denote by P fl : W(R) ® F ,w(R) P ^ P the ^(^-linearization of F : P P, 
we have the properties: 

F«oV«=p.Idp and V*oFl=p.Id wimFtWW p. (1.4) 

Denote by V n ^ the composition 

p w(p) © F p Id0Fl/ " > w(p) © F2 p — Id0 ^' > iy (P) ® F n p. 

Construction 6.1.5. Let V = (P, Q, P, V~ x ) be a 3n-display over a ring P and 
let if : P — ?• S be a ring homomorphism. We are going to construct a 3n-display, 
which will be the 3n-display obtained from V by base change with respect to 
if. R^S. Set V s := (Ps, Qs, F s , Vg 1 ), where: 

• P s is W(S) ® W(R) P, 

• Qs is the kernel of the morphism W(S) <S>w(R) P ^ S ®r P/Q, 

• Fs : Ps Ps is the morphism P 5 © P and 

• Vs 1 -Qs-> Ps is the unique W (S')-linear homomorphism, which satisfies 
the following properties: 

V s \w ®y)= F s {w) ® V-\y), w e W(S), yeQ 

and 

Vs _1 (y s H ® x) = x ® P(x), w e WCS), x G P. 

If P = L © T is a normal decomposition of P, then one can show that Ps = 
Ls © Ps is a normal decomposition of Ps, where Ls '■— W(S) <S>w(R) L and 
T s = W(S) ®w(R) T and that we have Q s = L s ® Is ®w(R) T (note that I S T S = 
Is ®w(R) T). For the details of this construction, in particular to see why this 
construction produces a 3n-display, refer to Definition 20 and the discussions 
following it, p.20 of |Zin02j . 
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Definition 6.1.6. Let V = (P,Q, F,V -1 ) be a 3n-display over R. Assume that 
p is nilpotent in R. Then V is called display if it satisfies the nilpotence or 
V-nilpotence condition, i.e., if there exists a natural number N such that the 
morphism 

V m : P P 
is zero modulo Jr + pW(R). 

Remark 6.1.7. 

1) If p is not nilpotent in R, but is topologically nilpotent, one defines a display 
as follows, however, in the sequel, we will only work with displays over rings 
where p is nilpotent. Let R be a linearly topologized ring, with topology 
given by a filtration by ideals: 

R = do 2 CXi 2 • • • 0. On ^ • • • , 

such that ajOj C 0i+ 3 -. By assumption, p is nilpotent in R/ai, and hence 
in every ring R/ai. We also assume that R is complete and separated with 
respect to this filtration. In particular it follows that R is a p-adic ring. 
We call a 3n-display V a display, if the 3n-display obtained from P by base 
change over R/ai is a display. 

2) Displays are sometimes called nilpotent displays, whereas 3n-displays are 
"not necessarily nilpotent". In order to emphasize that displays satisfy 
V^-nilpotence condition, we will also sometimes stress the adjective "nilpo- 
tent". 

For more details on the following construction, refer to Example 14, p. 16 of 
[Zin02] . 

Construction 6.1.8. Let k be a perfect field of characteristic p > 0. A Dieudonne 
module over k is an E^-module M, which is finitely generated and free as W(k)- 
module. It is therefore equipped with two operators F : M — > M and V : M — > 
M, which are respectively F : W(k) — > W(k) and F^ 1 : W(k) — > W(k) linear, 
such that FV = VF = p. We obtain from M a 3n-display V = {P,Q,F,V~ l ), by 
setting P := M,Q := VM and F being F : M -> M and finally V~ l : VM ->■ M 
being the inverse of V : M — > VM (note that since FV = p and M is a free 
W(k)-modu\e, V is injective). Moreover, V is a display, if and only if the morph- 
ism V : M/pM — > M/pM is nilpotent. Thus, if G is a p-divisible group over 
k, the Dieudonne module, D*(G), of G gives rise to a 3n-display. Since we are 
working with the covariant Dieudonne theory, we observe that G is connected, if 
and only if the corresponding 3n-display is a (nilpotent) display. 

Definition 6.1.9. Let R be a ring and V = (P, Q, F, V~ l ) a 3n-display over R. 
The tangent module of V , denoted by T(V), is the i?-module P/Q. 
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Definition 6.1.10. Let R be a ring and V = (P, Q, F, V~ l ) a 3n-display over R. 
The rank of V, is the rank of its tangent module over R and the height of V, is 
the rank of P over W(R). 



Remark 6.1.11. 



1) Using the normal decomposition P = L © T and Q = L © IrT, we observe 
that the tangent module of V is isomorphic to T '/ IrT, which is a projective 
.R-module and therefore the rank of the tangent module over R is equal to 
the rank of T over W(R). It follows that the height of V is equal to the 
sum of ranks of L and T over W(R). 

2) If R is a perfect field of characteristic p > and V is the display associated 
to a connected p-divisible group G, then the tangent module of V, which 
is an i?-vector space, is canonically isomorphic to the tangent space of the 
p-divisible group G. The rank and height of V are respectively equal to the 
dimension of G and its height. 

The following construction is extracted without proofs from example 23, p. 22 of 
|Zin02] . 

Construction 6.1.12. Let V = (P, Q,F, V' 1 ) be a 3n-display over a ring R 
with p.R = 0. Denote by Frob: R — > R the absolute Frobenius morphism of R, 
i.e., Frob(r) = r p for any r e R. Denote by = (P^ p \ Q^ p \ F, V~ l ) the base 
change of V with respect to Frob. More precisely, we have 

P (P) = W(R) &>F,W(R) P 

and 

q(p) = i R ® FtW(R) P + lm(W(R) ® F>W(R) Q W(R) ® F , W{R) P). 
The operators F, V~ x are uniquely determined by the relations: 



F{w®x) = F(w) ®F(x), weW(R),xeP, 
V^iVw^x) = w®F(x), weW(R),xeP 



and 



V~\w ® y) = F{w) © V-\y) 
The map in Construction 



6.1.3 



weW(R),yeQ. 

satisfies V\P) C and usine the fact that 
P is generated as a W / (-R)-module by elements V~ l {y) with y <E Q, one shows 
that V" commutes with F and V -1 and therefore induces a homomorphism of 
3n-displays 

Fr v : V ^V {p) . 
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Similarly, F^ satisfies F$(Q^) C I R P and commutes with F and V 1 and thus 
induces a homomorphism of 3n-displays 

Ver v : P (p) P. 

From the equations (1.4), we obtain the equations 

Fr-p o Ver-p = p. Idpco and Ve?> o Fr-p = p. Id-p . 

For the next construction, we fix a 3n-display P = (P, Q, F, V^ 1 ) over a ring F, 
where p is topologically nilpotent, with a fixed normal decomposition P = L ©T, 
and a nilpotent F- algebra A/". Set S := R® Af. This has a natural structure of 
an F-algebra. This construction is a recapitulation of some of the constructions 
and results in section 3 of |Zin02] . 

Construction 6.1.13. Set P(M) := W(M) ® W(R) P and Q(N) := P\r n Qs, 
where Qs is the base change of Q (as in 3n-display), i.e., 

Qs = Kev(W(S) ® W(R) P ^ S ® R P/Q). 

Then, one sees that 

Q(M) = W(N) ® W (R) L@T M ® W{R) T. 

We extend the maps F : P ->■ P and V' 1 : Q ->■ P to maps F : P(W) -> P(W) 
and V- 1 : Q(M) -> P(A/") as follows. We set F := F-^F, where F^ : W(A0 -> 
is the Frobenius morphism. We let V -1 act on W(jV) <8>w(-R) £ a s F^V" 1 
and on Jv (8vF(fl) T as V -1 <8> F (since the action of V on the Witt vectors is 
injective, the map V^ 1 : Ja/ — > W^(AT) is well-defined). If we want to look at Fa/ 
and Qj\f as functors on Nil#, we denote Pv by G^(J\f) and Q^ by G^ 1 (A/'). 

Denote by BT V (M) the cokernel of the map y^ 1 - Id : G V 1 (U) -»■ G^(A^). By 
theorem 81, p. 77 of |Zin02] . the following sequence is exact: 

— ► G^(A0 V ' 1 ~ M > G P (Af) — >• BT V (M) — >• 

and the functor PFp : Nil# — > 2tb is a finite dimensional formal group. Moreover, 
if P is a display (nilpotent), then PTp is a p-divisible group (corollary 89, p. 83 
of |Zin02j ). By corollary 86, p. 81 of |Zin02j . the construction of BT-p commutes 
with base change of 3n-displays. Now, assume that pR = 0. By functoriality, 
the Frobenius map Fr v : P — > V^> gives rise to a map BTp(Fr-p) : BT-p — > 
BT vip) = BT$\ where by BT^ we mean the base change of the formal group 
BTp with respect to the extension Frob: R — > R. Proposition 87, p. 81 of |Zin02j 
states that this homomorphism is the Frobenius morphism of the formal group 
BTp. Similarly, the induced morphism BTp (Ver-p) : BT^jf 1 = BT V ( P ) — > BTp is 
the Verschiebung of BTp. 
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For future reference, we summarize these results in the following proposition. 



Proposition 6.1.14. Let V be a 3n-display over a ring R, then: 

• BTp is a finite dimensional formal group and the construction V BTp 
commutes with base change, i.e., if R — >■ S is a ring homomorphism, then 
there exists an canonical isomorphism (BT-p)s — BTp s . 

• If p is nilpotent in R and V is nilpotent, then BT-p is an infinitesimal p- 
divisible group. 

• If pR = 0, and V is nilpotent, then the Frobenius and respectively Ver- 
schiebung morphisms of the p-divisible group BT-p are BTp(Frp) and re- 
spectively BTp{V erp) . 

Notations 6.1.15. For a nilpotent .R-algebra A/", we denote by [b] the class of 
an element b G Gj,(J\f) modulo (V~ l - Id^Gp 1 ^). If [b] is annihilated by p n , 
we write [b] n to emphasize the fact that this element belongs to the kernel of 
p n . In this case, p n b belongs to the subgroup (V^ 1 — ld)G v 1 (J\f) of G v (J\f), and 
therefore, since V^ 1 — Id : G^i^M) —> G v (Af) is injective, there exists a unique 
element n g v {b) e G?\N) with (V^ 1 - ld){ n g P (b)) = p n b. 

Remark 6.1.16. It follows from the construction of BTp that for any nilpotent 
R- algebra Af, any w G W(J\P) and any x G P, we have [Fw g) x] — [w <8> Vx] 



and [Vw <8> x] = [w <8> Fx]. Indeed, by Construction 6.1.13, we know that (V 



Id) (w ® Vx) = Fw®x — w®Vx and that (V^ 1 — ld)(Vw®x) = w®Fx — Vw®x. 
We will need theorem 103, p. 94 of [Zin02j, which states: 

Theorem 6.1.17. Let R be an excellent local ring or a ring such that R/pR 
is of finite type over a field k. The functor V h-> BTp gives an equivalence of 
categories between the category of (nilpotent) displays over R and infinitesimal 
p-divisible groups over R. 

6.2 Multilinear morphisms and the map /3 

Definition 6.2.1. Let Vo, V\, . . . , V r and V be 3n-displays over a ring R. 

(i) A multilinear morphism ip : V\ X • • • x V r — > Vo is a W(R)-\me&r morphism 
(f : Pi x • • • x P r — > P satisfying the following conditions: 

— ip restricts to a ^(/^-multilinear morphism ip : Q\ x • • • x Q r — > Qq. 

- For any & G Qf 

V^ipiqi, ...,q r ) = v?(^ _1 gi, ■ • • , V^qr). 
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— For any 1 < i < r, x.- t G P, and qj G Qj (j ^ i): 

F<p(Qi, ■ ■ ■ > Qi+i, ■ ■ ■ , Qr) = 

The group of multilinear morphisms V\ x • • • x V r — > Vq is denoted by 
Mult (T^i x ••■ x V r ,V ). 

(ii) A symmetric multilinear morphism tp : V r — > Vq, is a multilinear morph- 
ism such that the underlying W / (i?)-multilinear morphism (p : P r — > P is 
symmetric. The group of symmetric morphisms V — >■ Po is denoted by 
S.vi„(TVP„). 

(iii) An antisymmetric multilinear morphism (p : V r — > Vo, is a multilinear 
morphism such that the underlying W / (i?)-multilinear morphism if : P r — > 
Pq is antisymmetric. The group of antisymmetric morphisms V r — > Vq is 
denoted by Antisym(P r , Vo). 

(iv) An alternating multilinear morphism (p : V 1 — > Vo, is a multilinear morph- 
ism such that the underlying H / (i?)-multilinear morphism ip : P r — > Pq is 
alternating. The group of alternating morphisms V r — > Vq is denoted by 
A\t(V r ,V ). 

Remark 6.2.2. 

1) We call the second and respectively the third property of a multilinear 
morphism the V -condition and respectively the F-condition. 

2) Note that the F-condition of a multilinear morphism follows from W(R)- 
multilinearity and the the first property and the V^-condition. Indeed, by 
Remark 6.1.2 we have 

Fip(q 1 ,...,q i „ 1 ,x i ,q i+1 ,...,q r ) = 

V' 1 (V(l)ip(qi, x h q i+1 , q r )) = 
• • • , ft-i, V(l)o;i, . . . , g r ) = 

^(y-V, . . . , v -1 5i_i, y-^yci)^), v^-^i+i, . . . , V) ™ 

^(V -1 ^, . . . , Fx^ V^i+i, . . . , y _1 g r ). 

Construction 6.2.3. Let Vi, . . . ,V r ,Vo be 3n-displays over a ring R and : 
V\ x ■ • • x V r — )■ Vq a multilinear morphism of 3n-displays. 
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• Let R — > S be a ring homomorphism. We extend <p to a multilinear morph- 
ism ip s : V Xt s X • • • X P rj 5 — )■ T^s as follows. For all Wi G W(S) and all 
Xj G p (i = 1, . . . , r), we set 

<Ps{ w i ® • • • , w r ® x r ) := w x . . . w r <g) </?(xi, . . . , x r ) 

and extend VT(S')-multilinearly to the whole product Vi t s X • • • x P r> s. 

• Given a nilpotent P-algebra M we extend (p to a W / (A/")-multilinear morph- 
ism : Pi x • • • x P r — > P as follows. For all u { G W(N) and all Xi G p 
with i — 1, . . . , r, we set: 

^(cji <8> Xi, . . . , Co> r <g> x r ) := u)\ . . . ui r ® f(xi, . . . , x r ). 

Now, we extend (p multilinearly to the whole product Pi x • • • x P r . 

Lemma 6.2.4. The multilinear morphisms (p$ and (p constructed above satisfy 
the V-F conditions. 

Proof. The proof of the lemma for the two multilinear morphisms are similar 
and thus, we only prove the lemma for the multilinear morphism (p. Let V = 
(P, Q, F, V^ 1 ) be a 3n-display over R. Take eleme nts w G W(Af) and x G P. By 
construction of F and V on P^ (cf. Construction 6.1.13), we have 

F(w ® x) = F(w) <8> F(x) = F{w) ® ■ x) = 

<g> V{1) ■ x) = V~\V(l)w <g> x). 



Thus, by the same arguments as in Remark |6.2.2| , it is enough to show that (p 
satisfies the ^-condition. So, for each i G [l,r] take an element q\ in Qijj. As 
we already know that (p is multilinear (by its construction), we can assume that 
either fa G W(Af) <g) Li or fa G Jjv" <E> Tj, where for each z, we have fixed a normal 
decomposition p = Li © 7$, and that each of is a pure tensor (i.e., of the form 
x <S) y). Since the construction of (p is symmetric with respect to i and for the 
sake of simplicity, we can assume that qj = Wj <S> qj G W(Af) <S> Lj for 1 < j < s 
and qj = V(wj) ®tj for s + 1 < j < r for some < s < r. We divide the problem 
into two cases: when s < r and when s = r. In the first case, we have: 

(p{q x , ...,q r ) = (p{wi ®q x ...,w s ®q s , V(w s+1 ) <g> t s+1 , . . . , V(w r ) <g) t r ) = 
w 1 ... w s V(w s+ i) . . . V(w r ) ® (p(qt, ...,q s , t s+1 , . . . , t r ) = 
V{F(w x . . . w s V(w s+1 ) . . . V(w r -i)) ■ w r ) <g> ip(qi, . . . , q s , t a+ i, ...,t r ). 

The element V^F^uii . . . w s V(w s +i) . . . V(w r -i)) ■ w r ) being in the ideal ijv, it 
follows that (p(qi, . . . , q r ) G Qoj^. In the second case, we have: 

(p{q\, . . . , q r ) = <p(wi ® qi . . . , w r ® q r ) = w x . . . w r ® <p(qi, ...,q r ). 



As by assumption <p(qi, . . . ,q r ) G Qo, we conclude again that <p(qi, . . . ,q r ) G Qo,jv 
(note that Qo,at contains elements coming from W(J\f) <g> Qo). □ 
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Construction 6.2.5. Given displays Vi, . . . ,V r ,Vo over a ring i?, with a V-F 
multilinear morphism 

if : Vt x • • • x V r -> P , 
we construct for any natural numbers n, a map 

A^n : BT Vi n X • • • X BT Vr)n — > BT-p 0>n , 

where BT-p. n is the kernel of multiplication by p n on the p-divisible group BT-p.. 
Take a nilpotent i?-algebra TV" and elements [xj] n G BTp i)n (J\T) and set 

f 

/^(fcik, • • • , [av]n) : = (-l) r_1 [^(^ _1 ^i> • • • > ^"^i-i, Xi, g i+1 , ...,g r )], 

i=i 



where for all 1 < j < r, we have abbreviated n g-p.(xj) (from Notations 6.1.15) to 
Qj. We show in the next lemma that this is a well-defined multilinear morphism. 

Remark 6.2.6. Note that if r — 1, then : BT-p 1 ^ n — > BT-p 0)n is the restriction 
of the homomorphism BT V : BT-p 1 — > BT-p (using the functoriality of BT) to 
BT Vun . 

Proposition 6.2.7. The maps (3 Vtn : BT-p i n x ■ • ■ x BT-p r>n — > BTp Qn satisfy the 
following properties: 

(i) Pip,n are well- defined multilinear morphisms. 

(H) P<p,n are compatible with respect to projections p. : BTp un+ i -» BT-p un . 

(Hi) If the 3n-displays V\ ... ,V T are equal, then if ip is symmetric, antisymmet- 
ric or alternating, then j3 Vin has the same property. 

(iv) The construction of f3 V)n commutes with base change, i.e., if R —> S is a 
ring homomorphism, then (P^^s and (3tp s ,n are equal as multilinear morph- 
isms BT-p^ n x • • • x BT-p r n — > BT-p n , using the identification BT-p t = 
(BT Pi ) s . ' 

Proof. We fix a nilpotent i?-algebra M. 

(i) For each 1 < i < r, take elements [xj\ n G BTp un (M). If we show that 
the element 0ip tn ([xi\ n , . . . , [x r ] n ) does not depend on the representatives 
of the class [xi] and that the map (3^^ is multilinear, then it follows that 
@ip,n([xi)n, ■ ■ ■ , [x r ]n) lies in the kernel of multiplication by p n (note that 
p n [a;i] = 0). By multilinearity of <p, in order to show the independence of 
(3<p,n([xi]n, ■ ■ ■ , [x r ]n) from the choices of the elements x iy it is sufficient to 
show that if one Xj is in the subgroup (V^ 1 — Id)^^ 1 of G v ., then the 
element (3 v , n ({xi\ n , . . . , [x r } n ) is in the subgroup (V^ 1 — Id)^^ 1 of G Vq . So, 
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assume that Xj = (V 1 — ld)(zj) for some Zj E G v ^ and for every i, set 
gi := n g Vj (xi). We then have 



[xA. We then have 

r — 1 TJW„ \ „"^T^ — 1 TJW~ \ /T/— 1 



(y- 1 - id)( % ) = P n x 3 = P n (y-' - \d){ Zj ) = (v- L - id)( P n Zj ) 

and since V' 1 — Id is injective, it implies that gj = p n Zj. Set also: 
• A := (-l) r_1 ECi • • • , V - Vi-i, a;*, ffi+i, • • • , &■), 



5 

C 



-l) r ^(V ^i,...,^ 1 g j _ u x j ,g j+1 ,...,g r ) and 



We then have /S^nd^i]™, • • • , [av]n) — [A + B + C]. If we develop each of the 
terms separately, by replacing Xj and respectively gj with (V^ 1 — ld)(zj) 
and p n Zj, we obtain: 

t 

where the vertical arrow below p n Zj is to emphasize that only the term 
at the j th place does not follow the pattern of the sequence gi+i, . . . ,g r . 
We will use this convention for the other sums too, in order to avoid 
heavy notations. By multilinearity, we can pass the coefficient p n of 
Zj to Xi and get 

i-i 

(_iy-i ^ (p{V~ l gx, V~ 1 g i - 1 ,p n x i , g i+1 , . . . , Zj, . . . , g r ). 

»=i t 

Now, p n xi is equal to (V^ 1 — Id) (^) and therefore A becomes: 

i-i 

(_l)-i y?(V- V, • • • , V^gi-x, (V- 1 - ld) 9i , g i+1 , . . . , z v . . . , g r ) 

i=i t 

i-i 

= (- 1 ) r_1 W~ X 9u • • • > v ~ 1 9i-i, 9i+i, ■■■,Zj,...,g r )- 

i=i t 

i-i 

( — l) r_1 fiiV^gi, V^Qi-u 9i,9i+i, ...,Zj,...,g r ). 

i=i t 

All but one term in the two sums cancel out (which becomes clear 
with an index shift in the first sum) and hence, we obtain 

A = (-l) r - 1 £(^" 1 5i, . . . , y _1 ^-i, Zj,g j+1 , . . .,g r )- 

(-l) r-1 £(ffi» • • • , 9j-i, zj,g j+1 , ...,g r ). (2.8) 
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b = (-lr-^y-Vi, • • • , r 1 ^, (v- 1 - ic%,s i+1 , . . . ,g r ) = 

{-l) r - 1 (p{y- 1 g ll . . . , V^gj-i, V~ l Zj, g j+l , ...,g r )- 

(-ly-^iV-'gu . . . , V- Vi, ^, • • • , 0r). (2-9) 

Finally, performing the same calculations and using the similar argu- 
ments as for A, we obtain 

C = (-lf- 1 (p(V- 1 g 1 , . . . , V~ x gj-x, V' 1 ^, V~ l g j+l , . . . , V- l g r )- 
(-l) r -V(^~V, • • • > ^~ Vi> ft+i, ...,g r ). (2.10) 



Now, adding up A, B and C and use equations (2.8), (2.9) and (2.10), we 
observe that four terms of the six terms cancel out and we obtain 

/WfriU • • • , [av]n) = [4 + B + C] = 
[(-iy-^(v- l gi , . . . , V^gj-i, V-h,, V- l g 3+ll V- X g r )- 

(-l) r ~V(#l> • • • > fl'i-l) Zj, fl'j+l, • • • , 9r)\ = 
[(V~ x - Id) ((-l) r ~V(#i, • • • , 9j+l, • • • , &•))]• 

Since the vector (#i, ... , q ? -~i, Zj ,g^+i, . . . ,g r ) belongs to Qij^ x • • • x Q r ,M 



and therefore by Lemma 6.2.4, (p{g\, . . . , gj-i,Zj, gj+i, ■ ■ ■ , gv)) belongs to 
Qo,at — ^po' we concm de that (3tp t n([xi\ n , . . . , [x r ] n ) is the zero element of 
the quotient BT-p . This proves the independence from the choices of rep- 
resentatives. 



It remains to prove the multilinearity. Since the map V^ 1 — Id is a homo- 
morphism and is injective, and (p is multilinear, a straightforward calcula- 
tion shows that (3^^ n is multilinear too. This proves part (i). 

(ii) Take elements [xj] n +i e BTp un (J\f). If we set g^ := „ +1 ^(x i+ i), we have 

p n ( P n x i )=p n+1 x r = (V- 1 -Id)g i 

and therefore n gv l i.x i ) = 9%- Thus, we have P^ n {[pxi] n , • • • , [px r ]n) = 

r 

1=1 

r 

P(-!) r_1 X] • • • ' ^ _1 ^i-l> ^t, £i+l> • • • , 9r)] = 

i=l 

Pf3<p,n+l{[ x l\n+li ■ ■ ■ > Wn+l) 

where we have used the multilinearity of (p for the second equality. This 
proves part (ii). 
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(iii) Denote by V the equal 3n-displays Vi, . . . , V r . Let a G S n be a permutation 
of n elements and define a new map ip : V r — > Vq by setting 



where e G {1,-1} is a fixed sign. Since ip is a multilinear morphism of 
3n-displays, it follows from the definition that the new map ip is also a 
multilinear morphism of 3n-displays (i.e., multilinear satisfying the V-F 
conditions). We claim that for any natural number n, any 1 < i < r, any 
[xi] G BT-p >n {H) and any permutation a G S n we have 

fy,n([xi\, • • • , [Xr]) = S ■ Sgn((T)^ n ([x CT( i)], . . . , K (r) ]). 

If we have this result, it follows at once that if ip is symmetric (respec- 
tively antisymmetric), then f3 v ^ n is symmetric (respectively antisymmetric). 
We prove the claim and then show the statement about the alternating 
morphism. In order to prove the claim, it suffices to assume that a is a 
transposition of the form (t, t + 1) with t G [1, r — 1] (because they generate 
the group S n ). Again, we set g t := n g-p(xi). We then have 



V>(«i, -..,a r ) := e ■ sga(a)ip(a a ^), . . . , a^ r) ), 



r 



Pf,n([xi],...,[x r \) = (-l) r 1 ^2$(V 1 g 1 ,...,V 1 g i _ 1 ,x i ,g i+1 ,...,g r )] 



i=i 



t-i 



(-l) r ^(V 1 g 1 ,...,V 1 gt-i,x u gt+i,...,g r )+ 
(-l) r ~ 1 ?(V'" 1 ^i, . . . , V -1 ^, x t+1 ,g t+2 , # r )+ 



r 



i=t+2 




i=l 



• • • , gt-i, gt+i, gt, gt+2, gt+3, ■ ■ ■ ,g r )+ 

£(V -1 0i> • • • > V _1 0t-i» 0t+i, x t ,g t+2 , gt+3, • • • , fiv) + 

• • • , V" _1 ^ t _i, X t+ i, V _1 # t , t+2 , ^ +3 , . . . , # r ) + 



r 



i=t+2 
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Now, we calculate 

-£/WM> • • • » fct-i], fct+i], M, • • • , [av])- 

This is equal to 

-£(-l) r 1 f V, • • • , V 1 g i -i, x u g i+1 , . . . 

^ i=i 

• • • , 9t-l, 9t+l, 9t, 9t+2, gt+3, ■ ■ ■ ,9r )+ 

• • • , V^ 1 ^!, Xi+i, g t , g t+2 , g t+ 3, ...,g r ) 
fiiv^gi, ■ ^ _1 ^t-i, v^gt+i, x t , g t +2, gt+3, ■ g r )+ 

r 

PiV-'gi, • • • , V"Vi, V~ Vi, V" 1 ^ V" V2, V^V+s, . . . 
...,\/~ 1 5f i _i,a; i ,5( i+1 ,...,5( r )] n ^. 

Thus, the difference 

^,n([a?i], • • • , M - esgn(<r)^ v , )n ([x <r (i)], . . . , K (r) ]) 

is equal to the following (by using the multilinearity of (p and the formulae 
{y- 1 - Id)& = p n x t and (V -1 - Id)# t+ i = p n x t+1 ) 

£(-l) r_1 [^(V" V, . . . , ^ _1 c/ t _i, V^g t+l - g t+1 , x t , g t+2 , gt+3, •••,&•)- 

£(V -1 0i, . . . , ^ _1 c/ t _i, x t+1 , - 0t, 0t+2, gt+s, 9r)] n = 

ei-iy^ 1 [^(y _1 c/i, . . . , ^ _1 5 t _i,p n a; t+ i, x t , g t+2 , g t+3 , • ••,&■)- 

fiiV^gi, V~ 1 g t - 1 ,x t +i,p n x t , g t +2, gt+3, g r )] n = 
^(- 1 ) r_1 [p n $(V~ l gi, V~ x gt~\,x t +\, x t , gt+2, gt+3, •••,&■)- 
p n ip(V' 1 g 1 , V~ x g t -x, x t +i, x t , gt+2, gt+3, g r )] n = 0- 

Now, assume that (p is alternating. It is therefore also antisymmetric. We 
have to show that if two components of the vector [x] := ([xi], . . . , [x r ]) G 
BT-p tTl (Af) r are equal, then Ptp, n {[x\) = 0. Since by the first part, we know 
that is antisymmetric, without loss of generality, we can assume that 

— * 

the first two components of [x] are equal. Note also that ip being alternating, 
the extended multilinear morphism <p is alternating as well. We have 

PtpAfelh fcl], N, • • • , [X r ]) = (-I) 7 '" 1 [£(&1, 91, 93, 9*, ■ ■ ■ , 9r) + 
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<p{V l gi,xi,g 3 ,gi, . ■ -,g r )+ 

r 

W _1 0i> V~ x g x , V~ x g 3 , V~ l gi, V~ l gi- h x u g i+ i,g r )] n , 

i=3 

where as before ^ = n g-p(xi). The last sum is zero, because tp is alternating 
and if we use the fact that (p is antisymmetric, the sum of the first two 
terms will be equal to 

(-l) r - 1 [{p{V~ l g x , x u g 3 , #4, • • • , g r ) - <p(gi, xi, g 3 , g A , . . . , g r )] n = 
(-l) r_1 [(piV^gx - g u xi, g 3 , g^ . . . , g r )] n = 
(-ly- 1 [p(p n x 1} x u g 3 , . . . , g r )] n 

= (-l) r_1 [p n <p(xi, xi, g 3 , 04, ■ • • , gr)] n , 
which is zero, since <p is alternating. 

(iv) This follows from the fact that for every nilpotent S'-algebra M, the two 

groups G° V {M) = W{M) ®w{R) P and Gp s (M) = W(M) ®w(S) Ps are 
canonically isomorphism and this isomorphism induces an isomorphism be- 
tween the subgroups G^(M) and G^, s (Ai), and the canonical isomorphism 
(BTp)s = BT Vs . 

□ 

As a direct consequence of this Proposition, we obtain the following Corollary. 
Corollary 6.2.11. The construction of (5 yields homomorphisms 

(3 : Mult(Pi x ■ ■ ■ x V r ,V ) ^ Mult(BT Vl x ■■■ x BT Vo , BT Vo ), 
Sym(P[,P ) Sym(BT^BT Vo ) 

and 

AltiVlVo) ^ Alt(BT^,BT Po ). 
Question 6.2.12. Are the morphisms (3 in the Corollary 6. 2. 1 1\ isomorphisms ? 



6.3 Exterior powers 

Construction 6.3.1. Let V = (P,Q,F,V~ 1 ) be a 3n-display with tangent 
module of rank one. We want to define a new 3n-display denoted by /\ r V = 
(A r P, A r Q, A r F, A r V~ 1 ). Fix a normal decomposition 

P = L © T and Q = L © I R T. 

Although we use a normal decomposition for the construction, we will show in 
the next lemma, that this construction is in fact independent from the choice of 
a normal decomposition. 
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• Define A r P to be the exterior power of P, /\ r P, over the ring W(R). 

• Define A r Q to be the image of the homomorphism /\ r Q - - > /\ T P, where 
l : Q P is the inclusion. 

• Since by assumption, T is projective of rank one, we have 

A r P = /\ T L © /\ r ^L ® T 

and 

A r Q /\ r L © /\ r_1 L © JrT. 
Define A r F : A r P -> A r P to be A^V" 1 A ^- 

• Define A^" 1 : A r Q -> A r P to be /^V' 1 : KQ -> A rp restricted to A r Q 
(note that A r Q is a direct summand of f\ r Q = ©[ =0 (A r_J -^ ® N^rD )• 

Lemma 6.3.2. TTte construction of /\ r T = (A r P,A r Q,A r F,A r V~ 1 ) does not 
depend on the choice of a normal decomposition of P and defines a 3n-display 
structure. The height and rank of /\ r V are respectively and ( ft Zi) ? where h is 
the height of V . If V is a display, then f\ r V is a display as well. Furthermore, 
this construction commutes with the base change. 

Proof. Assume that we have shown that the morphism A r V~ l is independent 
from the choice of a normal decomposition and that this construction defines a 
3n-display structure. Then, as we know that for any 3n-display, the morphism F 



is uniquely determined by the morphism V~ x (cf. Remark 6.1.2), the morphism 
A r F will be independent from the choice of a normal decomposition as well. So, 
we prove at first the canonicity of A r V~ l and then show that with this construc- 
tion, we obtain a 3n-display. 

Set N := 0- =2 (A r ~^® KIrT)- Since f\ r Q = A r Q®N and since the morphism 
'■ KQ ~^ A' P ls independent from the choice of a normal decomposition, 
if we show that the restriction of this morphism to the submodule N is the zero 
morphism, then it follows that the canonical morphism l\ r V~ x factors through 
the quotient /\ r Q -» A r Q. Thus, the resulting morphism A r Q — > A r P, which is 
equal to A r V~ 1 , is independent from the choice of a normal decomposition. So, 
it is enough to show that for every % > 1, the morphism 

At , . r— i . i . r 

V-'./\ L®/\I R T^/\P 

is trivial. For any w G W(R) and x G P, we have V~ 1 {V{w).x) = wF(x). It 
implies that this morphism factors through the image of the morphism 

Ar—i k i . r—i k i . r 
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The module /\ l T being trivial for i > 1, we conclude that the morphism /\ r V 1 
restricted to f\ r i L © /\ 1 Ir is zero, as desired. 

As P is a projective W(R) -module, its exterior powers are projective too. We 
have A r P = /\ r L © K~ X L ® T and A r Q = f\ r L © A^ ® and since 
Ir{/\ t1 L © T) = f\ r l L © JrT, we conclude that the direct sum 

f\ r L © /\ r_1 L © T 

is a normal decomposition of A r P. We have to show that the morphism A r V~ 1 
is an F^-linear epimorphism. But we know that V' 1 : Q — > P is an F^-linear 
epimorphism and therefore A^ 1 : N Q ~ * K P ls an P R Tinear epimorphism as 
well. As this morphism factors through the quotient /\ r Q -» A r Q, the morphism 
A r V~ l is also an F^-linear epimorphism. 

Now, we show that the morphism A r F has the right properties, i.e., it is F R - 
linear and satisfies the relation wA r F(x) = A r V~ 1 (V(w).x) for every w G W(R) 
and every x G A r P. The fact that it is F^-linear follows from its construction 
and the fact that V^ 1 and F are F^-linear. Now take an element w G W(R) and 
qi A • • • A q r -i © t in the submodule f\ r l L © T, we have 

w.A r F(q 1 A ■ ■ ■ A g r _i © t) = wV~ x qi A ■ ■ ■ A V~V-i A F(t) = 

V~ X qi A ■ • ■ A ^ _ V-l A = V _1 gi A ■ • ■ A l/ _ V-l A V^iV^.x) = 

A r \/- 1 (\/(l).gi A • •• Ag r _i ©t). 

A similar calculation shows that for any w G W(R) and any x G f\ r L, we have 
w.A r F(a;) = A r V- l (V(l).x), and therefore A^ = (A r P, A r Q, A r F, A r ^ _1 ) is a 
3n-display. 

By definition, the height of f\ r V is the rank of the projective W(R)-module A r P, 
which is equal to with h the rank of P. The rank of f\ r V is equal to the 
rank of the projective W (R)-modnle f\ r ~ 1 L^)T, which is equal to ( h Zi), since L 



has rank h — 1 and T has rank one (cf. Remark 6.1.11 ) 



Since the construction of exterior powers of modules commutes with the base 
change, a straightforward calculation shows that, under the identification 

W{R) ® F>W{R) A r P = A r (W(R) ® Fmm P), 

the morphism 

(A r V) m : A r P W(R) ®f,w(R) Arp 



(cf. Construction 6.1.3) is equal to the morphism 

A r (V"«) : A r P A r (W(R) ® FmR) P). 
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Again, since /\ r commutes with base change, A r (V N $) is the zero module I R + 
pW(R), if V m is the zero modulo I R +pW(R). This shows that f\ r V is a display, 
if V is a display. 

Finally, we have to show that if R — > S is a base extension, then there exists 
a canonical isomorphism f\ r (Vs) = (/\ r P)s- This is a straightforward calcu- 
lation. We explain why the pairs ((A r P) s ,(A r Q) s ) and (A r (P s ) , A r (Q s )) are 
canonically isomorphic, and leave the verification of the equality of the pairs 
((A r F) 5 , (A r y _1 ) s ) and (A r (F 5 ), A r (V s *)) to the reader. By definition, we have 

(A r P) s = W(S) ® W{R) f\ T p = f\(W(S) ® W{R) P) = A r (P s ) 
and using a normal decomposition, we have 

(A r Q) s = (W(S) w{R) /\ L) © (I s ® W(R) /\ ~ L ®W(R) T) = 

f\(W(S) ® W{R) L) © (I s ® w(s) W(S) ® W (R) f\~ Y L ®w(r) T) = 
f\L s © (W(S) ® W {R) f\ l L) ® W[S ) (Is ®w(R) T) = 
f\L s @(f\~ L s ) ®w{s) ls(W(S) ®w{R) T) = 

/\ r L s © (f\ r ^L s I S T S ) = A r (Q s ). 

The above isomorphisms are induced by the canonical isomorphism (f\ r P) s = 
f\ r (Ps), i.e., this isomorphism restricts to an isomorphism (A r Q) s = A r (Q s ). 
Thus, the latter isomorphism does not depend on the choice of a normal decom- 
position either. □ 

Proposition 6.3.3. Let V be a 3n-display of rank one over a ring R. The map 

A : P r ->■ /\ P, (x 1: . . . , x r ) Xi A • • • A x r 

defines an alternating morphism of 3n-displays A : V r — > f\ r V with the following 
universal property: 

For every 3n-display V over R, the homomorphism 

Rom(f\V,V') -)• A\t(V r ,V) 
induced by A is an isomorphism. 
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Proof. It follows from the construction of f\ r V = (A r P, A r Q, A r P, A'V -1 ) that 
A is an alternating morphism of 3n-displays. We therefore only need to show 
the universal property. Let V = (P', Q', F, V~ l ) be a 3n-display over R and let 
if : V r — > V be an alternating morphism of 3n-displays. We ought to show that 
there exists a unique morphism of 3n-displays from /\ r V to V, whose composition 
with A is if. The morphism if : P r — > P' is an alternating morphism of R- 
modules and the restriction of ip to Q r is an alternating morphism if : Q r — > 
Q'. By the universal property of A r P = /\ r P, there exists a unique P-modules 
homomorphism (p : /\ r P — > P' such that if o A = if and we claim that this 
morphism defines a morphism of 3n-displays from /\ r V to V'. Consider the 
following diagram: 




P'. 



From what we said above and the definition, this diagram commutes. We want to 
show that the image of A r Q under <f> lies inside Q'. Since by construction, A r Q is 
the image of the morphism /\ r Q — > /\ r P, and since the morphism A : Q r — > /\ r Q 
is surjective, it is enough to show that the image of the composition 

Q r f\Q A" p p/ 

lies inside Q'. This follows from the commutativity of the above diagram. Now, 
we have to show that foA r V^ 1 = V^of. Take an element q := q\Aq 2 A- ■ -Aq r G 
/\ r Q. We have 

f o [\V-\q) = f(V-\ qi ) A • • • A V-\q r )) = f(V-\ qi ), . . . , V~\q r )) 

= V"V(9i, . . . , q r ) = V' 1 o <p( q ), 

where the third equality follows from the fact that if satisfies the ^-condition. 
This implies that for every q e A r Q, we have (p o A r V~ 1 (q) = V~ l o (p(q) and the 
claim is proved. By construction of (p, we have (p o A = if. It remains to show 
the uniqueness of (p. Since the morphism A : P r — > /\ r P is a surjective map (as 
sets), any morphism <fi:f\ r V^-V with ifi o A = if is equal to (p as a morphism 
from /\ r P to P' and therefore is equal to (p as a morphism of 3n-displays. The 
proof is now achieved. □ 
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Chapter 7 
Comparisons 



The aim of this chapter is to compare the Cartier module, the Dieudonne module 
and the display of a connected p-divisible group over a perfect field of character- 
istic p. In fact, we would like to show that these three linear algebraic gadgets are 
isomorphic, a result which floats around and is known to the experts, but lacks 
a written proof (at least not accessible to the author). According to |Bre79] . 
the isomorphism between the Cartier module and the Dieudonne module of a 
connected p-divisible group over a perfect field of characteristic p is due to W. 
Messing. We would also like to emphasize that we need explicit isomorphisms 
and therefore the knowledge of the existence of such isomorphisms is not suffi- 
cient for the purpose we have in mind. 

In this chapter G denotes a p-divisible group over a perfect field k, of characteristic 
p > 0. 

Definition 7.0.1. The Cartier module of a formal group G, denoted by M(G), 
is by definition the E^-module Hom(W,G), with the action of Frobenius and 
Verschiebung through their action on W. 

7.1 Cartier vs. Dieudonne 

Construction 7.1.1. Assume that G is local- local. We want to construct a 
homomorphism rj : D*(G) — > M(G). Fix natural numbers M and m with Fq = 
and Vq = 0. It follows that every v G D*(G n ) = Hom(W, G n ) factors through the 
projection W -» W m ^M and we also denote the induced morphism, W m ,M — > Gn, 
by v. Now, if we take an element u G D*(G) and denote by [u] n the class of 
u modulo p n D*{G) in D*(G n ), for m, M 3> 0, we can view [u] n as a morphism 
W m} M — > G n or as a morphism W — > G n . 
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pn pM — n 

The sequence W m ,M > W m: M > W m>n is exact and the composition 



+ G r . 



pri \/" n 

W my M > W my M > W m ,M ~ 

is zero (since G n is annihilated by p n , and V n o F n = p n ). Therefore, the com- 

pM — n 

posite [u] n o V n : W mt M — > G n factors through W mt M > W m: M, inducing a 

morphism 

r)(u) n : W m . n ->■ G n ^ G. 

These morphisms are compatible with respect to inclusions W m>n W m i >n t in- 
duced by r (which is not a group homomorphism) and the natural inclusion 
W m r ;n ^ W m ' >n >, i.e., we send an element (x , . . . , x n _i) G W m . n to the element 
0,0,..., 0) e W m > in >. As W = \Jm>n> T ( W m',n>), the morphisms 
r)(u) n induce a unique morphism r)(u) : W — > G, extending all r)(u) n . Hence a 
map 

r\ : D*(G) — >■ M(G). 

The following commutative diagram illustrates the constructed maps r)(u) n and 



m,M 



V' 



m,M 



c 



r)(u) 

G. 



;i-2) 



We will now generalize the above construction to define a homomorphism r\ : 
D*(G) — >■ M(G) when G is a connected p-divisible group (that can contain a 
multiplicative part). 

Construction 7.1.3. Let G be a connected p-divisible group over a perfect 
field of characteristic p. By definition, the covariant Dieudonne module of G is 
the inverse limit lim £>*(£?„) = lim D*(G* n ) where D*(G n ) is the contravariant 

n n 

Dieudonne module of the Cartier dual of G n and the transition homomorphisms 
are induced by the inclusions G* n ^ G* n+l . Since G* n is unipotent, we have 
D*(G* n ) = Hom(G*, CW U ), where CW U is the group functor of unipotent Witt 
covectors. The group scheme G* n being annihilated by p n , every homomorphism 
G* n ->■ CW U factors through CW u [p n }. As G* n is the image of the multiplication 
by p of G* +1 , the transition homomorphism 

Hom(G; +1 , W>" +1 ]) Hom(G;,CW>"]) 



is given by the following commutative diagram: 



G 



n+l 



n+11 



G* 



■ GW™[p n ]. 
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Applying the Frobenius morphism to the power n to such a homomorphism, we 
obtain a homomorphism G* n — > CW u [V n ], i.e., we have a homomorphism 

Rom(G* n ,CW u ) Fno{ - } ) Rom{G* n ,CW u [V n }). 

The group scheme CW u [V n ] is canonically isomorphic to the group of finite 
Witt vectors of length n, i.e., W n . We have thus for every n a homomorph- 
ism D*{G* n ) — > Hom(G* , W n ). These homomorphisms are compatible with the 
projections G* n+1 — > G* n and W n+ \ — > W n and therefore induce a homomorphism 

\im D*(G* n ) lim Hom(G;, W n ) ^ Hom(limG;, lim W n ) Hom(limG;, W). 



Now, using the Artin-Hasse exponential in order to obtain a perfect pairing 
W x W — > G m , we can take the Cartier duals of homomorphisms limG* — > W, 

n 

and obtain an isomorphism Hom(limG* , W) = Hom(W, G) = M(G). Compos- 

n 

ing the homomorphisms and isomorphisms we constructed above, we obtain a 
homomorphism rj : D*(G) — > M(G). 

Remark 7.1.4. As we noticed before the above construction, the homomorph- 



isms rj : D*(G) — > M(G) defined in Construction 7.1.1 and Construction 7.1.3 
coincide, when G is local-local. The reason that we considered the special case 
of p-divisible groups of local-local type separately is that we will later need this 



explicit construction and in this form (cf. Theorem 8.1.14). 



Let if be a unipotent group scheme over a perfect field of positive characteristic 
and let v : H — > CW U be an element of the contravariant Dieudonne module 
of H . There exists a natural number n such that V n H = and therefore, v 
factors through the kernel of V n on CW U , which is canonically isomorphic to 
W n . We can thus consider v as a group scheme homomorphism v : H — > W n 
and composing this with the morphism r ra : W n ^ W, we obtain a morphism of 
schemes (not a homomorphism!) H — y W that we denote simply by r n v or rv. 

Lemma 7.1.5. Take an element u G D*(G), a nilpotent k-algebra M and an 
element w G W{M) annihilated by F n . Denote by [u] n the class of u modulo 
p n , seen as an element of D*(G n ) = D*(G* n ) = Hom(G* , CW U ), and by E the 
Artin-Hasse exponential. Then, under the identification G n = Hom(G*,G m ), the 
homomorphism 

E(w-T n [F n u} n U;l):G* n ^G m 
is equal to the element rj(u)(w) G G n (J\f). 

Proof. Since F n w = 0, the element rj(u)(w) lies inside the group G n (J\f) and 
E(w-T n [F n u} n (S); 1) is indeed a homomorphism from G* n to G m (note that [F n u] n : 



140 



G* n — > CW U factors through W n ). It follows from the construction of i] that for 
every g* G G* n (M) we have 

E(w ■ r n [F n uUg*); 1) = E(w ■ r n F n [u] n {g*)- 1) = g*(rj(u)(w)) 

and the first equality is true because [-F n w] n and F n [u] n , seen as homomorphisms 
G* n — > CW U are equal (note that the Frobenius of G* n corresponds to Verschiebung 
of G n and the Frobenius on the covariant Dieudonne module is induced by the 
Verschiebung). Under the identification G n = Hom (C* , G m ), we have 

g*(rj(u)(w)) = (rj(u)(w))(g*). 

These two equalities imply that E(w ■ T n [F n u] n (J); 1) = r](u)(w). □ 

Lemma 7.1.6. Let S be a k-scheme, x,af_ elements ofW(S) and y an element of 

W(S) such that x and x[_ have the same image in the group W m (S) and F m y = 
for some natural number m. Then we have 

E(x'y } l) = E(J.y } l). 

Proof. As x and x[_ have the same image in the group W m (S), there exists an 
element z G W(S) such that x — af_= V m z. We have thus 

E(x ■ y; 1) = E{£ ■ y + V m z ■ y; 1) = E{x_ • y; 1) • E(V m z • y; 1). 

We also have E(V m z-y; 1) = E(z-F m y; 1) which is equal to 1, because F m y = 0. 
Hence E(x-y;l) = E{rf_-y\l). ~ ~ □ 

Construction 7.1.7. 

• The projection G n+ \ -» G n induces a homomorphism 

f n : Hom(W/p" +1 , G n+1 ) ^ Hom(W/p n+1 , G n ) = Hom(W/p n , G n ) 

where the isomorphism is due to the fact that G n is annihilated by p n and 
every map W/p n+1 — > G n factors through the quotient W/p n+1 -» W/p n . 
Denote by lim Hom(W/p™, G n ) the corresponding inverse limit. 

% 

• The map p. : W/p n — > W/p n+1 induces a homomorphism 

g n : Hom(W/p" +1 ,G'„ +1 ) -)■ Hom(W/p n , G n+1 ) ^ Hom(W/p n , G n ), 

where the isomorphism is due to the fact that W/p n is annihilated by p n 
and G n is the kernel of multiplication by p n on G n+ i, and therefore any 
map W/p n — >■ G n+ i factors through the inclusion G n G n+ i. We denote 
by lim Hom(W/p n ,G n ) the corresponding inverse limit. 

9n 
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• Likewise, the map F : W/F n — > W/F™ +1 induces a homomorphism 

Hom(W/F n+1 ,G n +i) -)• Hom(W/F n , G n+1 ) = Hom(W/F n , G„) 

and we have an isomorphism because W/F n is annihilated by p n . The 
corresponding inverse limit will be denoted by lim Hom(W/F", G n ). 



Lemma 7.1.8. The two inverse limits constructed above, lim Hom(W/p", G n ) 
and lim Horn {W/p n , G n ), are equal, i.e., a sequence (j n ) belongs to the one if 
and only if it belongs to the other. 

Proof. We show that for every n, the transition homomorphisms /„ and g n 
are equal. Take an element a G Hom(W/p n , G n+ i). By construction, f n (a) : 
W/p™ — > G n is the unique homomorphism making the following diagram com- 
mutative 

W/p n+l Q r 



n+l 
p. 



W/p r - 



Ma) 



G n 



and g n (a) : W/p n — > G n is the unique homomorphism making the following 
diagram commutative 



G 



n+l- 

Putting these two diagrams together, we obtain the following diagram 




n+l, 



where the compositions of vertical arrows on left and respectively on right are 
multiplication by p on W/p™ +1 and respectively on G n+ \. Therefore, compos- 
ing f n (a) and g n (a) from right with the monomorphism G n G n+ \ and from 
left with the epimorphism W/p n+1 -» W/p n gives the same homomorphism pa 
Consequently, f n (a) = g n (a). □ 
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Remark 7.1.9. Since by the previous lemma the two inverse limits are equal, 
we will drop the subscripts /„ and g n from them and denote this inverse limit by 
lim Hom(W/p n , G n ). It follows that in order to show that a sequence of maps (a„) 

n 

belongs to this inverse limit, it is sufficient to show one of the two compatibilities 
(commutativity of either of the first two diagrams in the proof of the previous 
lemma) . 

Lemma 7.1.10. There is a canonical isomorphism 

lim Hom(W/p n ,G n ) ^ D*(G). 

n 

Proof. By definition, we have 

D*(G) = lim D*(G n ) = lim Hom(W, G n ) 

n n 

and as we have seen before, Hom(W, G n ) = Hom(W/p n , G n ) and thus D*{G) = 
lim Hom(W/p n , G n ). A short calculation shows that the transition homomorph- 



isms in this inverse limit is the one given in Construction |7.1.7 □ 



Lemma 7.1.11. Assume that G is unipotent (has local dual). Then for every 
n, there is a canonical isomorphism Hom(W[F n ],G n ) = Hom(W m , n , G n ) for a 
sufficiently large m. Consequently, there is a canonical isomorphism 

lim Hom(W/F n ,G n ) = M(G). 

n 

Proof. As G is unipotent, for every n there exists an integer m n such that 
V m "G n = and therefore any homomorphism jyf-F" - ] — > G n factors through the 
quotient W^[F n ] W mn ^ n . This proves the first part of the proposition. For the 
second part, we first show that there is a canonical isomorphism W/F n = W[F n }. 
For every m > n and every i, we have an exact sequence 

W i>m W i>m — )> Wi, n — )• 0. 

Now taking the inverse limit over all i and m > n we obtain the following exact 
sequence (note that the Mittag-Leffler condition is satisfied): 

rpn 

lim W itTn y lim W i<m — > lim W i>n — > 



which is isomorphic to the following exact sequence: 

W W — y W[F n ] — y 
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and this proves the claim. 



Now, we show that lim Hom( W[.F n ], G n ) = M(G), which will prove the proposi- 

n 

tion, using the above isomorphism and the fact that the above isomorphisms are 
compatible with the transition homomorphisms in the inverse systems {W[F n ]} n 
and {W/F n } n . We have from the first statement of the proposition that 

lim Rom(W[F n ],G n ) S lim Hom(lf m „, n , G n ). (1.12) 

n n 

We also have 

M(G) = Hom(|J W m , n , G) lim Hom(|J W m , n , G) = 

m,n n m 

lim Hom(|J^ m , n ,G n ) lim Rom(W„,G n ), (1.13) 

n m n 

where the second isomorphism follows from the fact that W m>n is annihilated by 
p n and therefore every homomorphism W m , n — > G factors through the inclusion 
G n e — >■ G and the last isomorphism follows from the fact that V mn G n = 0. It 



follows from (1.12) and (1.13) that lim Rom(W[F n },G n ) S M(G). □ 



Lemma 7.1.14. For all n, the following sequences are exact: 

Gn G if) Gn , G^ G n -J—* G^ n \ 
Consequently, we have the following exact sequences: 

D*(G)/p n D^G)/p n D*(G)/p n , 

D*(G)/p n L>*(G)/p n D*{G)/p n . 
Proof. We show the exactness of the sequence 

G n Gf ) ^ G n 

and the exactness of the other sequence is proved similarly. Since p n G n = 
and V n o F n = p n , the homomorphism F n : G„ — >■ Gn factors through the 
inclusion Kev(V n ) Gn P ^ Now, take a scheme X over /c and an element 
x G Ker(V n )(X). The homomorphism p n : Cm ~ > G n is an epimorphism, and 
so there exists an fppf cover Y — > X and an element y G G2 n {Y) such that 
pUy — where by |y we mean the restriction homomorphism G n (X) — > G n (Y). 
We have p n (V n y) = V n (p n y) = V n (x\Y) = V n (x)\y = 0, which implies that 
V n y G G n (Y). As x\y = p n y = F n (V n y), we deduce that the homomorphism 
F n : G n — > Ker(\^ n ) is an epimorphism, and therefore the sequence 

G n G<? n > G n 
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is exact. 



Now, applying the Dieudonne functor on this sequence, and identifying D*(G n ) 
with D*(G)/p n , we obtain the exact sequence 

□ 

Remark 7.1.15. Note that since W/F n is annihilated by F n , any homomorph- 
ism h : W/F n — > G n factors through the kernel of F n , i.e., through G n [F n }. But 
according to the previous lemma, G n [F n ] = V»GF\ and therefore we can view 
h as a homomorphism W/F n ->■ V n Gn"\ 

Lemma 7.1.16. Assume that G is local. Then for all n, there exists an n' > n, 
such that p n '- n (G n ,[V n '}) = 0. 

Proof. Since G is local, for every n there exists an n' > n such that F n 'G n = 0. 
Using the previous lemma, we have G n /[y"'] = F n 'G^, and so 

p n '- n {G n ,[V n '}) = p n '- n F n 'G^ n,) = F n 'p n '- n G { f nl) = F n 'G { f n,) = 0. 

□ 

Lemma 7.1.17. Assume that G is local. Then for every n, there exists an 
n' > n and a homomorphism r n / n : V n G n i — > G n making the following diagram 
commutative: 

T/t/ 

G n V n G n , 




Proof. Since the homomorphism V n ' : G n > — > V n G n i is an epimorphism, it is 
enough to show that there exists an integer n' > n such that the homomorphism 
p n ~ n : G n i G n vanishes on the kernel of V n , i.e., on G n /[V n ]. The existence 
of such an n' is guaranteed by previous lemma. □ 

Remark 7.1.18. 

1) As p n '~ n : G n > -» G n is an epimorphism, the map r n > jn : V n 'G n > — > G n is an 
epimorphism as well. 

2) Since the map V n ' : G n > — > V n ' G n > is an epimorphism, any two maps 
V n G n i — > G n , making the diagram in the previous lemma commutative, 
are equal. 
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Construction 7.1.19. For every n, the morphism V n : W/F n — > W/p n induces 
a homomorphism 



Since the diagram 



Hom(W/p n , G n ) - 
W/F r 

F 



(-)oV n 



> Hom(W/F n ,G n ). 



W/F 



ra+1 



W/p n 

V 

n+l 



is commutative for every n, we obtain a homomorphism 

Y : lim Hom(W/p n ,G n ) (>F " ) lim Hom(W/F n , G n ). 

n n 

Lemma 7.1.20. Assume that G is local and that we have a system of maps 
5 m : W/V m — >■ G m (for every m), such that for every pair of integers n > m > 0, 
the following diagram commutes : 



W/V 



n 



G r 



W/V 



Then for every m, the map 5 m is the zero map. 

Proof. The group scheme W/V n is annihilated by V n and therefore the homo- 
morphism 8 n factors through the inclusion G ra [V n ] <-» G n and we can rewrite the 
top square of the above diagram as follows: 

W/V n ^^G n [V n } 

Lfr, 



w/y m — 

This holds for every pair of natural numbers n > m. If we fix m and choose 
n^> m according to Lemma [7.1.16 such that p n ~' m G n [V n ] = 0, the composition 

W / V n G n [V n ] p "' m > G m 

will be zero and so the composition 

W/V n -» W/V m G m 

is zero as well. It implies that 5 m = 0, because W/V n -» W/V m is an epimorph- 
ism. □ 
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Construction 7.1.21. Assume that G is local and that we are given an element 
(ji) of the group lim Hom(W/F l , Gj). Fix a natural number n. Choose a natural 

i 

number n' and the map r n / >n : V n G n / —> G n satisfying the statement of the 



Lemma 7.1.17 Now, consider the following composition 



-> V n G r , 



W/p n -^W/F n ' 

where 7^, is the twist of j n / by the Frobenius to the power — n (note that 
the base field is perfect). Since the group scheme G n is annihilated by p n , this 
composition factors through the quotient W/p n -» W/p n and therefore we obtain 
a map 7^, n : W/p n — » G n which a priori depends on both n' and n. 

Lemma 7.1.22. Lei (7$) be an element of the group lim Hom(W/F l , Gj). Then 

i 

for every pair of natural numbers n > m, the following diagram commutes: 



W/p r ' 



■W/F n 



•W/F r 



V n G n t 



(p-») 



>~ m ) 



^ m G m c 



Ct m 



G 



Proof. By assumption, (7$) is an element of the group lim Hom(W/F l , Gj), and 

i 

thus in the diagram 



W/F n 

I 

W/F m 

— m 

Y 

W/F n 



>~ n ) 



rr(p _n ) 



,(p~" 1 ) 



G 



(p- m )C 



pin — m, 



v (p" m ) 



G 



the bottom square commutes. Since the homomorphism W/F n -» W/F m is an 
epimorphism and the outer diagram is commutative (due to the fact that ' 
is a group schemes homomorphism and so commutes with Frobenius), the top 
diagram commutes as well. Finally, the diagram 

W/p n »-W/F n 



W/p r ' 



•W/F r - 
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being commutative, it follows that the diagram in the statement if the lemma is 
commutative and this finishes the proof. □ 

Lemma 7.1.23. Assume that G is local. Then the map 7* , n : W/p n — > G n does 
not depend on the choice of n' . 

Proof. It is enough to show that the homomorphisms 7^, n and 7^/ +1 n are equal. 

The Frobenius homomorphism F : G n , +1 — > G n , +1 restricts to a homomorph- 
ism V n ' +1 G n ' + i V n ' G n > that we denote again by F (this is true because 
F o V n+l = pV n = V n o p and pG n i + i = G n >). We have then a commuta- 
tive diagram: 



G n '+i 
p 

j! 

G n ' ~ 



■ t rn'+l 



V" 



F 

y 

^V n 'G n , 



G n . 



It follows from Remark 7.1.18 that r n / +l n = r n > n oF. Now, consider the following 
diagram: 



W/p n ' +1 

v 

W/p n ' - 



W/p n 



•W/F n ' +1 
^W/F n ' - 



'n' + l 



V n ' +1 G n , +1 

F 



G r 



If we show that the outer diagram commutes, then by construction of T n , +1 n and 

the fact that r n > + i tn = r„/ )n o F, we will conclude that 7^ +1 n is equal to 7^, n . 
Since the bottom square commute, it is enough to show that the top square is 
commutative as well. But the commutativity of the top square is equivalent to 
the commutativity of the following diagram 



W/p 



W/p r ' 



,n'+l 



W/F 



-W/F r 



n'+l 



V n ' +1 G n , +1 t- 



^"n'+l 



v n G n y 



> ) 



W'+l ' 
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whose commutativity is given by Lemma 7.1.22 



□ 



Notations 7.1.24. With regard to the previous lemma, we will denote the map 

ll,n ■ W /P n G n by il 

Lemma 7.1.25. Assume thatG is local. Then the sequence of maps (7„) n belongs 
to the group lim Hom(W/p l , Gi). 

i 

Proof. Fix a natural number n and choose a large n' such that the maps r n / n+ i 
and r n ' jn are defined (cf. Lemma 7.1.17). Now consider the following diagram: 

G n > — 



yn 



> ) 



V n G n , 



■W/F n 



G n -\-l 
P 

G n " 



Tn+l 



-W/p n 

if 

W/p 



7n 



f 

■W/p r ' 



We need to show that the (bottom) square is commutative and we know that 
the upper left triangle and the top trapezoid are commutative (cf. construction 
of 7^ +1 ). By previous lemma, we also know that the outer diagram (i.e., after 
removing the homomorphism 7^ +1 from the diagram) is commutative, because 
P ° ?V,n+i ° V n : G n i — > G n is equal to p n ~ n and therefore by uniqueness of 
fn',n (cf. Remark 7.1.18), we have r n i jTl = p o r n / >n+ i. The commutativity of the 
bottom square follows at once, since the homomorphism W/p n -» W/p n+1 is an 
epimorphism. □ 

Proposition 7.1.26. Assume that G is local. Then the homomorphism 
\J : lim Hom(W/j9 n , G n ) ->• lim Hom(W/F n ,G n ) 



is an isomorphism. 

Proof. We show at first the injectivity of this homomorphism. So, take an el- 
ement (a n ) G lim Hom(W/p n , G n ) such that \/(a n ) = 0, i.e., for every n, the 



composition 



W/F r ' 



\ " 



> W/p r ' 



+ G n 



is the zero homomorphism. The cokernel of the homomorphism W/F n — — > 
W/p n being W/p n -» W/V n , we obtain, for every n, a homomorphism d n : 



149 



W/V n — > G n whose composition with W/p n -» W /V n is a n . Now consider the 
following diagram (with n > m) 



W/p r ' 



■w/v n 



■W/V T 



v 

G m . 



W/p m - 

By assumption, the outer diagram commutes, and since the homomorphism 
W/p n -» W/V n is an epimorphism and the left square is commutative, we con- 
clude that the right square commutes too. It follows from Lemma |7.1.20 that all 
d n are zero, and consequently, all a n are zero. This shows that V is injective. 

Now, we show the surjectivity of \f . Take an element (7„) G lim Hom(W/F n , G n ). 

n 

We have constructed above an element (7^) e lim Hom(W/p n , G n ) (cf. Lemma 



7.1.25). We want to show that this element maps to (7„) under the homomorph- 
ism \/, i.e., we want to show that for every n, the composition 

W/F n W/p n G n 
is equal to the given j n . Consider the following diagram: 

W/p n — »~ W/F n — > W jp n 



1.27) 



«(p n ) 



In 



(P n ) 



G n . 



Since 7^ is a group schemes homomorphism, it commutes with the Verschiebung 
and therefore the outer diagram commutes. If we show that the left square is 
commutative, the fact that the homomorphism W/p n -» W/F n is an epimorph- 
ism, will imply that the right triangle commutes and the proof is achieved. So, 
we show the commutativity of the left square. 



Using definition of r n > >n and the fact that F n ' n o V n ' = p n> n V n ) we see that the 
following diagram commutes. 



V n G n , 




G n i 



r<vi> 



y x v" 
(p- n> ) 



G r 



V" 



r (p- n ) 



y 

( P -») 
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In the following diagram, the right square is the above diagram (without the 
internal group s and homomorphisms). The outer diagram is commutative by 
Lemma 



is a monomorphism) : 



7.1.22 



It follows that the left square is commutative (note that G 



>~" ) 



W/p n ' — * W/F n ' V n 'G n , 

V I 

n ,n 

G n 

v 

W/p n *-W/F 



r (p-" ) 



jpn —n 



> ) 



If we rewrite this diagram and insert the homomorphism W/p n 7 " > G n , we 
obtain the following diagram: 



W/j9 n ' 

W/p n - 
W/F n 



-W/F n ' 



7n 



V™ G n , 



G n 

yn 



Since the outer diagram and the top one are commutative (cf. construction of 
7^), and W/p n -» W/p n is an epimorphism, we conclude that the bottom square 
commutes. Taking the Frobenius twist of this diagram, we obtain a commutative 
diagram, which is the left square of the diagram (1.27). This finishes the proof. 

□ 

Remark 7.1.28. Note that in the proof of the last proposition, we have con- 
structed explicitly an inverse to \f , namely the construction (_)", i.e., we have 
shown that for every element (7,) G lim Hom(W//j n , G n ) and every n, we have 

n 

(V^))l = ^- 

Theorem 7.1.29. Let G be a connected p- divisible group. The homomorphism 

7] : D*(G) — ► M(G) 
is an isomorphism of Kk-modules. 
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Proof. Since the base field k is perfect, the p-divisible group G splits into the 
direct sum of its local-local and local-etale parts and since the Dieudonne functor 
and the Cartier functor preserve direct sums, we can treat the local-local and 
local-etale case separately. So, assume at first that G is local-local. It is enough 
to show that under the identifications of Lemmas 7.1. 10| and 7.1.11 the maps 77 
(cf. Construction 7.1.1) and \/ (cf. Construction 7.1.19) are identified, i.e., the 



following diagram commutes: 
D*(G) — 



M(G) 



Lemma [TXTol = 

lim Hom(W/p n , G„) 



= Lemma lT. 1.111 

lim Hom(W/F n ,G n ). 



V 



Take an element u 6 D*(G). We have to show that for every natural number n, 
the following diagram commutes: 



W/F n ^^W[F n ] 



W„ 



V" 



W/p n 



G r , 



where we have also denoted the induced homomorphism W/p n — > G n by [u] n . 
We insert this diagram (as a face) into the following 3D diagram, with m and M 
such that F M G„ = and V m G n = 0: 



W- 



V 7 " 



W- 



W/F r 



W/p n 



W[F n 




W, 



m,M 



[u] n 



w, 



m.M ■ 



m,n 



ri(u)„ 



V 

G, 




By construction of r](u) n (cf. Construction 7.1.19) and using Lemmas 7.1.10 and 



7.1.11, we see that the five other faces of this parallelepiped commute. As the 
homomorphism W -» W/F n is an epimorphism, it implies that the other face is 
commutative too and this finishes the proof. 
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Now assume that G is multiplicative. The homomorphism 77 is an isomorphism 
if and only if it is an isomorphism after passing to an algebraically closed field 
containing k. Indeed, this is true since the Dieudonne module and the Cartier 
module constructions commute with base change. So, we may assume that k is 
algebraically closed. In this case, the p-divisible group G is isomorphic to a direct 
sum of finite copies of yL p oo . Since the Dieudonne functor and the Cartier functor 
preserve direct sums, we may further assume that G is isomorphic to fi p oo. By 



construction of rj (cf. 7.1.3), we observe that it is sufficient to show that in this 



situation, for every n, the homomorphism 

ttom{G* n ,CW\p n }) F "° g ) ttom{G* n ,CW[V n }) 

is an isomorphism. The group scheme G* n is isomorphic to the constant group 
scheme Z/p n , and therefore, homomorphisms TLjp n — > CW are identified with 
/c-rational points of CW, i.e., elements of CW(k) and the above homomorphism 
F n o (_) is identified with the homomorphism 

F n : CW[p n ]{k) ->• CW[V n ](k). 

As k is perfect, the Frobenius homomorphism of CW(k) is an isomorphism and 
therefore the induced homomorphism 

F n : CW[p n ]{k) CW[V n ]{k) 

is injective. It is also surjective, because F n : CW(k) — > CW(k) is surjective and 
p n = V n F n . □ 



7.2 Cartier modules vs. Displays 

The following proposition is proposition 90, p. 84 of [Zin02j: 

Proposition 7.2.1. Let V = (P, Q, F, V^ 1 ) be a 3n-Display over a ring R. There 
is a canonical surjection 

^R®w(R) P -» M{BT V ), e®x^ [u^[ue®x\) 

where E# is the Cartier ring, the ring opposite to the ring End(W / ). The kernel 
of this morphism is the K^-submodule generated by the elements F <g> x — 1 <S> Fx, 
for x G P , and V ® V~ l y — 1 <S> y, for y e Q. 

Proposition 7.2.2. Let V be a Dieudonne display over k. Then the following 
morphism is an isomorphism ofKk-modules: 

fi: P — ^ M(BT V ), 
[£<8>a;]). 
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Proof. Let us denote by / the kernel of the morphism in the last proposition 
(with R = k). Then the morphism 

(E k ® w{k) P)/I -> M(BT P ) 

sending the class of e <8> x modulo / to the morphism (u h» [ue <g> x]), is an 
isomorphism. Now, we have a canonical morphism 

V : P (E fc <8> w(fc) P)/I 

sending an element x to [1 <8> x], the class of 1 <8> x in the quotient. The composi- 
tion of this morphism with the above isomorphism is the morphism given in the 
statement of the proposition. So, it is enough to show that ip is an isomorphism. 
Since by assumption V is the 3n-display of a p-divisible group, it is endowed with 
a Verschiebung and so we can define a map 

if) : (E fc ® w{k) P)/I -> P 

by sending P* £g> x to P*x and <S> y to K- 7 ?/ with z,j natural numbers and x, y 
arbitrary elements of P. We claim that this is a well-defined homomorphism of 
Efc-modules and is the inverse to the morphism (p, defined above. It follows from 
the definition that if> is a homomorphism of E^-modules. Again, by definition, 
elements of the form P <g> x — 1 <8> Fx or V <g> — 1 ® y map to zero and since 
they generate the ideal J, we see that our map if) , is well-defined. It is clear that 
the composition if) o ip is the identity of P. As in the quotient, elements F l <g> x 
and 1 <g) P*x, respectively <8> y and 1 <8> are identified, it follows that the 
composition ip o if) is the identity of (E fc ®w(k) P)/I an d this finishes the proof. □ 

Proposition 7.2.3. Let G be a connected p- divisible group and denote by V the 
associated display. Consider the map 

X ■ BT V — > G, [w <S> u) (->■ rj(u)(w) 

with M a nilpotent k-algebra, w G W{N) and u G D*(G). This is a canonical 
and functorial isomorphism. 

Proof. As the Cartier functor is an equivalence of categories, it is sufficient to 
prove that \ is an isomorphism after applying the Cartier functor M on it. Since 
the homomorphism fi : D*(G) — > M(BT-p) defined in the previous proposition is 
an isomorphism, it suffices to show that the composition 

M{x) ° V '■ D*(G) -> M(G) 

is an isomorphism. By construction, this homomorphism sends element u G 
P*(G) to the homomorphism i](u) : W — » G, in other words, this composition is 
the homomorphism rj : D*{G) — > M(G), which is an isomorphism by Theorem 
17.1.291 □ 
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Remark 7.2.4. 

1) If we denote the composition 

o v : D*(G) M(G) P 

by 0, then for all u G D*(G), all n, all nilpotent /c-algebra A/" and all 
£ G W(A/") annihilated by F n , we have 

[£ ® = MWXfl = *K«)(fl = • r B [F»0(ii)] B (_); 1), 

where • r n [F n 6'(M)] ri (_); 1) is seen as an element of G n (Af) under the 
identification Hom(G*,G m ) = G n and we have used Lemma 7.1.5 for the 
last equality. 

2) If G is local-local, and £ belongs to W^atC-A/") with m and M such that 
F M G n = and V m G n = 0, then we have' 

[u] n {V n = [F M -V(0 ® 0(u)] n G G n (N). 
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Chapter 8 



The Main Theorem for 
p-Divisible Groups 

In this chapter, we prove that the exterior powers of etale p-divisible groups and 
p-divisible groups of dimension 1 (at points of characteristic p) over arbitrary base 
exist and that the construction of the exterior power commutes with arbitrary 
base change. 

8.1 Technical results and calculations 

Throughout this section, unless otherwise specified, k is a perfect field of charac- 
teristic p and G is a p-divisible group over k. 

Proposition 8.1.1. Assume that G is connected. Then the action of the Ver- 
schiebung on the Dieudonne module of G is topologically nilpotent, i.e., for every 
x G D*{G), we have lim V n x = 0. 

Proof. The topology on D := D*(G) is the p-adic topology. So we ought to prove 
that for every x G D and every n G N, there exists an itlq G N such that for all 
m > moi we have V m x G p n D. Since G is local, there exists a natural number 
m such that G n is annihilated by the Frobenius to the power mo and therefore 
V m °D*(G n ) = (note that we are working with the covariant Dieudonne theory). 
We have a short exact sequence 

-> p n D D m (G n ) -> 0, 

which commutes with the action of Verschiebung. Since V m D*(G n ) = for all 
m > m , we have V m D C p n D, which finishes the proof. □ 

Lemma 8.1.2. Assume that G is connected. Then for every natural number n, 
there exist a natural number m such that V m D*(G) C F n D*{G). 
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Proof. From the previous lemma, we know that the action of Verschiebung is 
topologically nilpotent. It is therefore enough to show that for every natural 
number n, the submodule F n D if (G) is open in D := D*{G). Indeed, if for every 
x G D, there exists an m such that V m x G F n D, since D is finitely generated 
over the ring of Witt vectors over the base field, then there exists an m such that 
V m D C F n D (and in fact, we showed in the proof of the previous lemma that 
there is an m with V m D C p n D). We have p n D = V n F n D C F n D. Hence, F n D 
is open in the p-adic topology □ 

Notations 8.1.3. Assume that G is local-local and that we are given an element 
u G D*(G). We denote by [u b ] n the composition 

V n W ^ W G n . 

Fix natural numbers m and M such that F M G n = and V m G n = 0. The map 
: W — > G n factors through the quotient W -» W mj M, therefore, the map [u^] n , 
too, factors through the quotient V^W V n W m ^M and since G n is annihilated by 
p n , this map factors through the quotient V n W m ,M -» ^ n M / m,iU"/p n , and by abuse 
of notation, we denote the resulting maps V n W m: M — > G n and V n W rn> M/p n — > G n 
by [u^] n as well, and we have the following commutative diagrams: 




and 

— - v n w mM — - V n W mM /p 




Note also that by the functoriality of Verschiebung, the image of the map [« b ] n 
lies inside the subgroup V n G% '. And once again, by abuse of notation, we will 
also denote by [w b ] n the induced map going to V n Gn ^ ■ 

Remark 8.1.4. Assume that G is local-local and we are given an element 
u G D*{G). Keeping the above notations, we have the following commutative 
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diagram: 




'm,M 



Lemma 8.1.5. Assume that G is local-local and we are given an element u G 
D*{G). Then for every n and every m and M with F M G n = and V m G n = 0, 
the following diagram is commutative, where \J(u) n denotes the image of V( M ) 
under the map lim Hom(W/F\ d) ->■ Hom(W/F n , G n ): 



V n W/p n = W/F 




(p») 



V n G\i 



V n W mM /p n . 

Proof. It is enough to show that the two homomorphisms 

V n W/p n V(m) " > V n G i £ n) 

and 

V n W/p n -» V n W mM /p n V n Gf ] 

('D n ) 

are equal after composing with the inclusion V n G n > G n . Since the com- 
position of {u^] n with this inclusion is equal to the composition of the inclusion 
V n W/p n ^-t- W/p n with the homomorphism [u] n , we are reduced to show that 
the following diagram commutes: 



V n W/p- 
f 



n V(«). 



G r 



V n W mM /p n( - 
We know that the composition 



W mM /p n . 



V n W/p n ^ W/p n G n 

is equal to \/(u) n and since homomorphisms [u] n and respectively \J(u) n factor 
through W mj M/p n and respectively V n W mt M, we obtain the commutativity of the 
above diagram as desired. □ 
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Lemma 8.1.6. Assume that G is local-local and we are given an element u G 
D*(G). Then for every n, n' ^> n and m,M with F M G n > = and V m G n r = 0, 
the following diagram is commutative: 



W, 



m.M 



V n W mM >V n 'G n , 

yn 




Proof. It is enough to show that this diagram commutes after composing it from 
left with the epimorphism W -» W m) M (the right triangle commutes by definition 

of ?V,n) and since the homomorphisms [u] n and [u ] n , land in G n /, we can 
replace W m ,M and respectively V n W my M with W/p n and respectively V n W/p n . 
From the last lemma we know that the composition 



.M(P~" ) 



-+ V n 'G n > 



V n 'W/p n ' -» V n 'W mM /p r 



is equal to \/(u)^, ' and therefore, we are reduced to show that the following 
diagram commutes: 



W/p 

[u] n 

Y 

G 



■V n 'W/p n ' 



The commutativity of this diagram follows from Remark |7.1.28| or Proposition 
17.1.261 □ 

Lemma 8.1.7. Let V be a Dieudonne display over k and write G for the p- 
divisible group BT-p. Given an element u G D*(G), a nilpotent k-algebra M and 
an element £ G W(A/) ; we have for all n' ^> n and m,M with F M G n i = and 
V m G n , = 0: 

(i) [u^r'\v n '0 = [£<g> 1 ® V M - n '6{u)] nl and 

(ii) [u] n (0 = p n '- n [l ® z(u)] n , = [p n '- n l ® z(u)) n G G n (Af), 
where £ zs t/ie image of £ under the composition 

W(A0 -» W m ,M (A/") W(A0 
and 2(11) E P is any element such that F n> z(u) = V M ~ n 9(u). 
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Proof. (i) By Remark 7.2.4, we have 

[u>} n >(V n '0 = [u)AV n '0 = \F M - n '^d{u)] 

and since we want to calculate the twisted homomorphism [Af n ] on 
(y n 'C)> we obtain 



[An*™ \v n '0 = [utr \v n 'i) = [F M - n 'Z® 1 ® 9{u)\ 
(cf. Construction |6 . 1 . 1 2[ ) . Finally, by Remark 6.1.16, we know that 

[F M - n 'l ® 1 ® 9{u)\ = [£® 1 ® V rM - n '^(w)] 
and we obtain the desired equality 

[« b ]!TV n '£) = te ® i ® ^-'ww. 



(ii) By the last equality and the previous lemma, we have 



u 



UO = r n >,n{[u'tr\v n '{i))=rn.M 



V 



M-n' 



6{u)] n> ). 



In order to calculate the latter, we have to find an element in G n i{J\f) such 
that when we apply V n on it, we obtain the element [^®l®V M ~ n 0(u)}, and 
then r n / n ([f ®l®V M ~ n #(w)]n') will be p n ~ n times that element. We claim 
that [£ ® z{u)] n i is such an element. Indeed, we have by the construction of 



Verschiebung on BT-p (cf. Construction 6.1.12) that 



V n ' [£ ® z{u)\ = Ver v [f ® z{u)\ = [f ® 1 ® F n 'z(u)] = [£ ® 1 ® 7 M_ri '0(u)] . 
Hence the equality 

[«]«(£) =r n ,, n {[t,®l®V M - n '9{u)) nl =p n '- n [t,®z{u)] nl = [p n '- n i®z{u)] n . 

□ 

Remark 8.1.8. Let us use the notations of the previous lemma. From the 



construction of V 1 given in Construction 6.1.13 , we have the following equalities 
inside the module P: 



M-1 



(v- 1 - id)(- F ^ ® v^eiu)) 



i=0 



M-1 



M-1 



Af-i-1 



0(u) 



i=0 



i=0 
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l®v M e(u) - F M l®e(u) = i®v M e(u), 

where the latter equality follows from the fact that F M £ = 0. Further, we have 
£ g> V M 6(u) = £ <g> \/ n V A/ - n '^(M) = £ ® F n 'F n 'z(u) = C ® P n '^(w) = p n 'f ® z(u). 
It follows that 

A/-1 

„<ft>(p n '- n £® *(«)) = - E /-"s rU '*(«)• (1-9) 

Lemma 8.1.10. Let Vo,V\, . . . ,V r be Dieudonne displays over k and 

<p : Vl x ■ • • x V r -»■ P 

a multilinear morphism satisfying the V-F conditions. Fix natural numbers N 
and M and a vector (d\ 1 . . . , d r ) e N r . Assume that for all i — 1, ... ,r we have 
elements y^Zi G Pj suc/i that F N Zi = V M y,i. Then 

F N (p^ N lf (V d 'z 1 , V d ^z r )) = V M <p{V* yi , V d ry r ). 

Proof. Set z := p( r -V N ip(V dl z u V dr z r ). We have 

V N (F N z) = p N z = p rN V (V d ^ Zl , V d ^z r ) = <f(p N V d 'zi, . . . ,p N V dr z r ) = 

ip (V d "V N F N z 1 , V d ^V N F N z r ) = ip(V d W N V M yi , V d ^V N V M y r ) = 

V N (V M <p(V d i yi ,...,V d ry r )), 

where the third equality follows from the fact that <p is multilinear and the last 
one from the fact that <p satisfies the V condition. Since V : Pq — > Po is injective, 
it follows that F N z = V M ip(V dl yi , . . . , V dr y r ). □ 

Construction 8.1.11. Let Vq,Vi, . . . ,V r be Dieudonne displays over k and 

<p : V X X ■ • • X V r -»■ Vq 

a multilinear morphism satisfying the V-F conditions. For all < i < r, set 
Gi := BT<p.. The map <p induces a multilinear map Pi x ■ ■ ■ x P r — y Po/p n and 
since it is linear in each factor, we obtain a multilinear map 

Pi/p n x • • • x P r /p n -> P /p n . 

As Pi/p n = D*(Gi^ n ), we have a V-F multilinear map 

(fi n : D,(G ltn ) X • • • X D*{G r , n ) -> A,(G ,n) 

i.e., an element of the group L(D*(G J i jn ) x ••• x D*(G rtn ),D*(Go >n )) which is 
isomorphic to the group Mult(Gi jri x • • ■ x G> jn , Go,n) by corollary 3.0.21 Hence, 
we obtain a multilinear map 



V 1 o A((p n ) : G hn x ■ ■ ■ x Gy in G 



0,n- 



where we have abbreviated A (Gl , Gr , n; G ,„) and respectively V (Gl ,G r ,n;G ,„) to 
A and respectively V. 
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Construction 8.1.12. Let us fix a positive natural number M. We set Si >r : = 
[1, M- If- 1 x {0} x [0, M- If C N r . Then the sets S hr and S j>r are disjoint 
if % 7^ j and their union is the set Zq <m . We define a map 6 : Zq <m — )■ Zq <m 
as follows. Take an element d = (cfi, . . . , d r ) G Zq <m and set d :— maxd. Define 
&{d) '■= (d — d\, . . . , d — dr). 

Lemma 8.1.13. The map 5 is well-defined and is an involution, i.e., is its own 
inverse. 

Proof. We show at first that this map is well-defined, i.e., we show that 8(d) G 
Zq <m (for all d). Take an element d in Zq <m and set d := maxd. As d is the 
maximum of all dj and it is smaller than M it follows that all components of 5(d) 
are in [0, M— 1] and at least one of them is zero. This shows that 5 is well-defined. 

Now we show the second statement. Since the set Zq <m is finite, it is enough to 
show that the composition 5 o 6 is the identity of Z ' <M . So, take an element d 
and let d be the maximum of the dj. Since at least of the dj is zero, the maximum 
of the vector 5(d) = (d — d\, . . . , d — d r ) is again equal to d and thus 



□ 



5 (5(d)) = (d — (d — di), . . . , d — (d — d r )) = (d±, . . . , d r ) = d. 
Theorem 8.1.14. Let Vo,Vi, . . . ,V r be (nilpotent) displays over k and 

a multilinear morphism satisfying the V-F conditions and set Gi := BT-p.. Then 
the two morphisms V -1 o A({p n ) and (5^^ are equal. 

Proof. If r — 1, then (3 V n is the restriction of BT V : BT-p r — > BT-p to a morphism 



BTp ljU — > BT-p 0>n and this is theorem is just a restatement of the Theorem 6.1.17 
which states that the functor BT is an equivalence of categories. 



So, we assume that r > 2. The p-divisible groups Gi are connected, because they 
correspond to nilpotent displays. Assume that there exists an i G [1, r] such that 
Gi is of multiplicative type. Then, by lemma 4.5.6, p. 51 of [Pink], for all positive 
natural numbers n, the group Mult(Gi in x • • • x GV^GcLn) is the trivial group. 
Indeed, we have 

Mult(G? a , n x • • • x G r ,n, G , n ) = Mult(G?i, n x • • • x G r , n x G* >n , G m ), 

which is the trivial group by the aforementioned lemma. As the two morphisms 
V -1 o A((p n ) and (3 VtU belong to the group Mult(Ci )n x • • • x G r<n , Go,n), they are 
both the zero morphism and hence equal. We can therefore assume that for every 
1 < i < r, the p-divisible group Gi has no multiplicative part and therefore has 



162 



connected dual. We denote by Di (respectively by D i}n ) the Dieudonne module of 
Gi (respectively of G^ n \. Fix a positive natural number n and choose n' ^ > n such 
that r n / „ : V n Gi )Tl i — > Gi yTl is defined for every i = 1, . . . , r (cf. Lemma 7.1.17). 



Also fix M > n' and m > M such that the group schemes Gi jri / . . . , G r ^i are 
annihilated by F M and and for every i — 0, . . . , r we have ^/ M_ri _Dj C P n 



(cf. Lemma 8.1.2) and F M Go >n = 0. We prove that the two maps A(<p n ) and 



V(/3^„), from P ln x ■■• x D rn to Mult(W r , Gq jTI ), are equal. Take for every 
i = 1, . . . , r, arbitrary elements it,- £ £?.- , £W g W and chose Zj G Pj such that 



P n z,- = ^ 



M-n'/ 



Uj) (cf. Lemma 8.1.2). For every j e N, denote by £ W the 



projection of £W under nj :W -» W [P J ] and by its projection under 



So, for every s < j, we have 



P s ef=^l and P^? = 0. 



1.15) 



Set % := pfr-D^VC^ 1 ^, ■ ■ ■ , V^z r ), 9i := 0( Mi ) and ft := n g Vi (P n '~ n Z 



(0 

At 



Using Lemma 8.1.10 we know that 



F n 'zd = v M - n ' v (y di e u . . . , 1/<H 



Zi . 



;i.i6) 



By Remark 8.1.8 and using the equations (1.15), we have 

M-1 



M-1 



=(<) 



ft = - E ^ ® = - E 



^/M-(5ifl 



J'=0 



<5i=0 



;i.i7) 



and 



M-1 



M-1 



(0 



<5 4 =1 



Let us at first calculate V := V(/3 (p>n )([ui] n , . . . , [w r ]n)(£ > • • • By defini- 

tion, this is equal to 



. . . , k]n(£ (r) )) = ^,n{\p n '~ n ^M ® • • • , [p n '~ n d7 ® *]) 



=(»■) 



where we are using Lemma [8. 1.7 for the last equality. Now, by definition of /3<p >n , 
the latter is equal to 



i=l 
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+1, • • • , <?r 



1=1 



Using identities (1.17) and (1.18), this sum becomes: 

M-l 



M-l 



=(0 



1=1 



5i=l 



M-l 



<y<-x=i 

M-l 



E ® v*-*-^, . . . , e ££U ® ^ M ~H) 



5;+i=0 



<5 r =0 



E ? n '~ n E SU • • • ^M—8 r ® ^ i. • • • . • • ■ ■ i ""^ ^ ) 



i=l 



■5e5i. 



;i.l9) 



where the vertical arrow under is to emphasize that the i th -entry doesn't follow 
the pattern of the other entries (cf. notations at the beginning of the thesis). We 
claim that this sum is equal to the following sum: 



E p n '~ n l?2U • • • 2SU ® p m "V(^i, . . . , v**)] . 



1.20) 



0,<M 



We know by Lemma [8. 1 . 13| that the two index sets of these sums are in bijection 
and we want to show that in fact, under the bijection given in the aforementioned 
lemma, the corresponding summands are equal. Take an index d G Zq <m and 
assume that 8 := 5(d) belongs to Si tT (i.e., di is the first maximum occurring in 
d). In the summand corresponding to the index d of the sum (1.20), using the 
multilinearity of ip, distribute the factor p( r_1 ) n into ip, except at the i th -place. 
The term 



becomes: 



H2U • • • elU ® P {r - 1)n '^ Zl , . . . , v^zr)] 

[tM +dl ■ ■ ■ t2^ ® <^V*1, • • • , V**, • • • , V V'*r 



Writing p n ' as V n ' F n and using the identity F n Zj = V M n '9j, this term becomes: 

E2L • • • 32+* ® . . . , v**, . . . , v*+^ r )] . 



As by assumption ip satisfies the V-F conditions, we can factor out V di and using 
Remark 6.1.16 , we obtain the term 



t 
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Now, using the fact that Frobenius is a ring homomorphism and the second 



equality of (1.15), we obtain 



(i) 



M-(di-di) • • • SM-(ii,-d 



(r) 



By definition of 6(d), we have dj — dj = 5j and therefore, this term is equal to 

[£mU • • • e£U ® ip{v M - 5 ^, v*-H)] . 

t 

This term multiplied by p n '~ n is exactly equal to the the summand corresponding 



to 5 E S i>r in the sum (1.19) and thus (1.20) and (1.19) are equal. This proves 
the claim. Thus the element V of G 0tn (J\f) is equal to 



d&1 



0,<M 



Set Wd '■= ^M+di • • ■ £]M+d anc ^ ^ w fL ^ e ^ S i ma g e under the morphism 

Set also ^(%) := cp(V dl 6i . . . , 1^0,.) and TV := M — n ' + n. As F M Wd = 0, we 



have that F N (p n ' n w c i) = 0, and thus, by Remark 
is equal to 



7.2.4 



the element \p n ' n Wd®Zd\ 



E(p n '- n Wd-T N [F N zi N ( 



E{wd-p n - n r N [F N zi sN {_)-l) 



E(m-V n '- n T N [F 



n'-n+N 



z^Q; 1) = E(wd ■ V n - n T N [F M ~ n F n Zd ] N Q; 1) 



E(w d _ ■ V n '- n T N iF M - n 'V M - n '<p(6d)} N (-); 1) 
E(wd- V n '- n T N \p M - n 'tp(6d)} N U; 1). 



1.21) 



We claim that V n '~ n T N [p M ~ n ' \p(9d)] N (_) and T M [(p(9d)] n (_) are equal as morphisms 
GJ n ->W (note that the former is a morphism Gq n — > W, and we are restricting 
it to the subgroup scheme Gq u ). It is enough to show that the compositions of 
these two morphisms with the projection n : G* Qn+1 -» G* Qn are equal. Take a 
section g of Gq N . The element x := [(p(9d)] n (7i(g)) belongs to Wm, because by 
assumption, F M Go, n = 0. The element y := [p M ~ n ' \p{9^\ N [g) belongs to Wn and 
we know that x and y are equal as elements in CW U . Thus, V n ~ n y = V 



M—N„ 



X 



and so V n ' n T^{y) = tm(x). This proves the claim. It follows from the claim and 
equation (1.21 ) that [p n ~ n Wd <8> £d] is equal to E(wj ■ T M [{p(9d)] n (S); 1). As r > 1 

and for every z G [1, r], we have F m ^ M+d . = 0, we can use Lemma 7.1.6 twice and 



deduce that the element E(wd-Tni[(p(9d)} n (-)', 1) is equal to E(wd-TM[ip{9d)]n(-)', 1 
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(note that and ^M+d- nave the same image inside W m ). The latter is by 

definition equal to , ■ ■ • >£ > [v 9 (^)]n(-))- Recalling that [y>(#d)] n is equal 

to <p n (V dl [ui) n , . . . , ^ dr [wr]n), the above calculations show that V is equal to the 
sum 

J2 ■ ■ • ^ (r) , w,(v*[m] B) • • • , v*K] fl )(.)), 



where 



. • • , e W , 6»(V*[«i]„, • • • , V*K]„)(-)) : G* 0>n G m 
is seen as a section of (?o,n- This equality means that the two multilinear morph- 
isms V(/3 ¥ ,, n )([wi] ri , . . . , [u r \ n ) and A(ip n )([ui] n , [u r \ n ) from W to G ,n are 
equal. As every element of D*(Gi <n ) is of the form [uj] n for some ttj G D*(Gi), it 
implies the equality of A((p n ) and V(/3 v , i „). □ 

Corollary 8.1.22. Let Vo,V\, . . . ,V r be (nilpotent) displays over k. The homo- 
morphisms 

: Mult(Pi x ■■■ xV r ,V ) ^ Mult k {BT Vl x • • • x BT Vr , BT Vo ), 
Sym(P[,P ) Sym(BT^,BT Vo ) 

and 

AltiVlVo) ^ Alt{BT^,BT Vo ), 



given in Corollary 6.2.11 are isomorphisms. 



Proof. As usual, we only prove the first isomorphism, and leave the similar proofs 
of the other two. For every i = 0, . . . , r, we set Gi := BT-p t , the p-divisible group 
associated to Vi and denote by Di the (covariant) Dieudonne module of Gi. Using 
the previous Theorem, we obtain a commutative diagram 



Mult(Pi x ••• x V r ,V 



Mult(Gi x •■■ x G r , G ) 



Mult{D x x • • • x D r ,D ), 
where the vertical isomorphism is given by the identifications of displays and 



Dieudonne modules and the oblique isomorphism is given by Corollary 5.5.6 It 



follows at once that f3 is an isomorphism. □ 

Remark 8.1.23. The author believes that using this isomorphism and a similar 
argument as that given in |Zin02] (to prove that the functor BT is an equivalence 
of categories), one can prove that the morphism j3 is an isomorphism over any 
excellent local ring or a ring R such that R/pR is of finite type over a field. In 
other words, that the answer to Question |6.2.12| is affirmative. 
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8.2 The affine base case 



In this section, we show the existence of the exterior powers of p-divisible groups 
over complete local Noetherian rings with residue field of characteristic p, whose 
special fiber are connected p-divisible groups of dimension 1. We also calculate 
the height of these exterior powers and their dimension at the closed point of the 
base. Furthermore, we show that these exterior powers commute with arbitrary 
base change. The prime number p is assumed to be different from 2. 

Construction 8.2.1. Assume that p is nilpotent in R. Let V be a display over 
R, with tangent module of rank at most 1 and denote by A^ the p-divisible 
group associated to /\ r V. The universal alternating morphism A : V r — > /\ r V 



(cf. Proposition 6.3.3) induces an alternating morphism (3\ jTl : G r n — > A r Rn which 



gives rise to a homomorphism 

\* n (X) : Rom R (A^ n ,X) -> Mt r R (G n ,X) 

for every group scheme X. Sheafifying this morphism, we obtain a sheaf homo- 
morphism 

K(X) : Hom H (A- X) AJ&(G„, X). 



Remark 8.2.2. Note that by Lemma 6.3.2 and Proposition |6 . 1 . 14 the construe 



tion of f\ r V, and therefore the formation of A r R commutes with the base change, 
i.e., if A is any .R-algebra, then we have canonical isomorphisms {/\ t V)a — 
f\ r (Va) and (A t r )a — A r A (note that since p is nilpotent in R it is so also in 
A and therefore A^ is a p-divisible group) . 

Theorem 8.2.3. If R is a perfect field of characteristic p, then for every group 
scheme X over R, the morphism 

\* n (X) : Rom R (A r Rin ,X) -> Alt r R (G n ,X) 

is an isomorphism. Consequently, we have a canonical and functorial isomorph- 
ism 

r 

A«,n = /\(Gn) 
for all positive natural numbers n. 

Proof. We know that for each n, the exterior power f\ r G n exists (Proposition 



4.4.6), is finite and its Dieudonne module is isomorphic to /\ r D*(G n ) (corollary 



5.5.19) which is isomorphic to (/\ r D*(G)^/p n . This shows that the canonical 



homomorphism /\ r G n — > A Rn (induced by the universal property of /\ r G n ) is an 



isomorphism. We have also shown (Remark 5.5.21) that the universal alternating 



morphism r n : G T n — > f\ r G n corresponds via the isomorphism 
L(D.(G n ) r ,/\ r D.(G n )) Mult(G;,/\ r G r , 
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(cf. corollary 3.0.21 and Remark 3.0.22), to the universal alternating morphism 



D*(G n ) r — > /\ r D*(G n ), which is the reduction of the morphism A : D*(G) r — > 
A^ZA^G) modulo p n . It follows from the previous theorem, and after identifying 
the two group schemes /\ r G n and n , that the two alternating morphisms r n and 
/3a,™ are equal, i.e., that the morphism f5\ tTl is the universal alternating morphism. 
This means exactly that for every group scheme X over R, the homomorphism 

\* n (X) : Hom^A^X) -> A\t r R (G n ,X) 

is an isomorphism. □ 

Proposition 8.2.4. Assume that p is nilpotent in R. For every group scheme X 
over R, and every ring homomorphism R — )■ L, with L a perfect field, the morph- 
ism A*(X) is an isomorphism on the L -rational points, i.e., the homomorphism 

\* n {X){L) : Hom L (A r Liri ,X L ) Alt r L (G L , n , X L ) 

is an isomorphism. 



Proof. This follows from Remark 8.2.2 and the previous theorem, noting that L 



has characteristic p, since p is nilpotent in R. □ 

Proposition 8.2.5. Let R be a perfect field of characteristic p. Then, for every 
group scheme X over R, the morphism A* (X) is an isomorphism. 

Proof. Let / be a finite group scheme over R. Then the sheaf of Abelian groups 
Hom ^(J, X) is representable and we have a commutative diagram 

Hom(/,A*pn) 

Eom R (I, Hom^A- X)) = . Rom R (I, Alt«(G n , X)) 



Hom^A^, Hpm H (J, X)) k{] ^ r{i x)) - Alt^(G B , Hom J? (J, X)). 
The bottom homomorphism of this diagram is an isomorphism by the Theorem 



8.2.3| and therefore the top homomorphism is an isomorphism as well. We also 
know from the previous proposition that the homomorphism A*(X) is an iso- 
morphism on the L-valued points, for every perfect field L, and in particular 



for the algebraic closure of R. It follows from the Proposition 1.0.7, that this 



homomorphism is an isomorphism. □ 
Proposition 8.2.6. Assume that p is nilpotent in R. The homomorphism 

K(G m ) : Hpm fl (A^ n ,G m ) -> m R (G n ,G m ) 
is an isomorphism. 
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Proof. Let L be a perfect field and s an L- valued point of the scheme Spec(i?). 

the group scheme (A r Rn ) L is canonically isomorphic to the 
i Ln and therefore, the fiber of the homomorphism A*(G m ) over s 



By Remark 



8.2.2 



group scheme A 
is the homomorphism 



\* n (Gm)s : Hom L (A r Ln ,G m , L ) -> Alt^(Cx. 



which is an isomorphism by the previous proposition. Since Hom. R (A r R n , G m ) , 
being the Cartier dual of the finite flat group scheme A^ n , is a finite flat group 
scheme over R, and the group scheme Mt r R (G n , G m ) is affine and of finite type 



1.0.5 



over Spec(i?) (cf. Remark 2.2.11), we can apply Remark 1.0.6 and Proposition 

□ 



and conclude that the homomorphism A* (G m ) is an isomorphism. 



Proposition 8.2.7. Assume that p is nilpotent in R. For every finite and flat 
group scheme X over R, the morphism 

Xl(X) : Hom fi (A^,X) -> Alt^(G n ,X) 

is an isomorphism. Consequently, (3\ jTl : G r n — >■ A R n is the r th -exterior power of 
G n in the category of finite and flat group schemes over R. 

Proof. As X is finite and flat over R, there exists a canonical isomorphism 
X = Hom R (X*, G m ), where X* is the Cartier dual of X. We then obtain a 
commutative diagram 



Mt r R (G n ,X) 



EomM n ,X) 



Hom«(A r fi , n , Rom R (X*, G m )) ^(^ R (x*,G m) ) = ^^x*, G m )) 



Hom R (Z%Hom ii (A^,G m )) 



Hom fl (X*,A;(G m )) 



Homfi(X*,Alt^(G n ,G m )). 



Since by the previous proposition, the homomorphism A* (G m ) is an isomorph- 
ism, the bottom homomorphism of this diagram is an isomorphism as well, and 
thus also the homomorphism A*(X). Taking the global sections of A*(X) (i.e., 
taking the R- valued points), we conclude that the homomorphism A*(X) is an 
isomorphism, and therefore (3\ tn : G r n — > A r Rn is the r th -exterior power of G n in 
the category of finite and flat group schemes over R. □ 

Question 8.2.8. Is the morphism 

X* n (X) : Hom^A^X) -> A\t r R (G n ,X) 
an isomorphism for every group scheme X over R? 



169 



Proposition 8.2.9. Let R be a complete local Noetherian ring with residue char- 
acteristic p and G a p-divisible group over R such that the special fiber of G is a 
connected p- divisible group of dimension 1. Then there exists a p-divisible group 
f\ r G over R and an alternating morphism r : G r —> f\ r G, such that for every 
p-divisible group H over R the induced group homomorphism 

t* : Hom s (/\' G,H) A\t s {G r ,H) 

is an isomorphism. Furthermore, for all n, the canonical homomorphism 

/\\G n ) (/\ r G) n , 



induced by the universal property of /\ r (G n ) is an isomorphism. Finally, the 
height of /\ T G is equal to ( h ) and its dimension at the closed point of R is equal 

to( h r zl). 

Proof. First assume that R is a local Artin ring. Then p is nilpotent in R and G 
is infinitesimal. Set /\ r G := A^. By Proposition 8.2.7, the alternating morphism 
fi\,n '■ G r n —> (/\ r G) n is the r th -exterior power of G n over R and therefore, the 
canonical homomorphism {/\ r G) n — > /\ r (G n ) is an isomorphism and the induced 
homomorphism 

Rom R (/\ r G n ,H n ) Alt r R {G n ,H n ) 

is an isomorphism. Taking the inverse limit of this isomorphism and noting that 
by definition, 

A\t r R (G, H) = lim Mt r R (G n , H n ) 

n 

and 

Hom R (G, H) = hmHom i? (G n ,i^ n ) 

n 

we deduce that the canonical homomorphism 

Hom R (G, H) Alt^(G, H) 
induced by the system {(3\ tU : G r n — > (/\ r G) n } n is an isomorphism. 



In the general case, set X := Spec(i?), X := Spf(i?) and for all i, X, : = 
Spec(i?/m*), where m is the maximal ideal of R. Let G{i) denote the base 
change of G to X;. From above, we know that /\ r G(i) exists for all i and we have 
a universal alternating morphism X(i) : G(i) r — > /\ r G(i). We also know that the 
construction of the exterior power commutes with base change (note that G(i) is 
infinitesimal), and thus the universal alternating morphism 

A(i + 1) : G(i + l) r ->• /\ r G(i + 1) 
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restricts over Xi to A(z) : G(i) r — > /\ r G(i). By Proposition 1.0.14 and Remark 



5.3.2, there exists a p-divisible group /\ r G over X and an alternating morphism 



A : G r — > f\ r G which restricts over each 3£j to A (2). It follows from the universal 



property of f\ r G(i) and Remark 5.3.2 that the alternating morphism A is the 



universal alternating morphism making f\ r G the r th -exterior power of G over X. 

The same arguments show that the truncated Barsotti-Tate groups f\ r (G(i) n ) 
(of level n) form a compatible system and therefore define a truncated Barsotti- 



Tate group of level n over X. Using again Proposition 1.0.14 and Remark 5.3.2 
we obtain a truncated Barsotti-Tate group of level n over X, denoted /\ r (G n ) 
and an alternating morphism A ra : G r n — > f\ r (G n ). Like above it is the univer- 
sal alternating morphism making /\ r (G n ) the r th -exterior power of G n over X. 
Since for all i the canonical homomorphism /\ r {G(i) n ) — > (/\ r G(i)) n is an iso- 



morphism, it follows from Proposition 1.0. 14| that the canonical homomorphism 



/\ r {G n ) — > {/\ T G) n is an isomorphism as well. 

The dimension of a p-divisible group over a field is invariant under field extensions 
and the height of a p-divisible group (over any base scheme) is invariant under 
any base change. We also know that the construction of the exterior powers of a 
p-divisible group (of dimension 1) over a field of characteristic p commutes with 



field extensions (cf. Remark 8.2.2). Thus, in order to determine the height of 



f\ r G, and its dimension at the closed point of S, we can assume that the residue 



field of R is algebraically closed (note that (f\ r G)k — f\ r (Gk))- By Remark 6.1.11 
the dimension and respectively the height of a p-divisible group is equal to the 
rank and respectively to the height of the corresponding display. The result on 



the dimension and height of f\ r G follows at once from Lemma 6.3.2 



□ 



Remark 8.2.10. Note that by construction of /\ r G (respectively of /\ r (G n ), the 
canonical homomorphism /\ r (G fc ) — > (f\ r G)k (respectively /\ r (G nt k) —> (A' Gn)k) 
is an isomorphism, where k denotes the residue field of R. 

Now, we would like to show that the exterior powers constructed in the above 
proposition commute with arbitrary base change, that is, the base change of the 
exterior powers of G are the exterior powers of the base change of G. 

Notations 8.2.11. Let R be a complete local Noetherian ring with residue field 
k of characteristic p. Let G be a p-divisible group over R, of height h, such that 
the dimension of G at points of S := Spec(i?) of characteristic p is 1 and that the 
special fiber of G is a connected p-divisible group. Fix a positive natural number 
n and set: H := G n , X := H.om R (/\ r H, G m ) and Y := A\t r R (H, G m ). Denote by 
a the canonical homomorphism a : X — > Y induced by the universal alternating 
morphism A : H r — > /\ r H. 

Note that all (rational) integers prime to p are invertible in R, i.e., R is %u>)- 
algebra. Indeed, if n is an integer prime to p, then n is invertible k, so, it is not 
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contained in the maximal ideal of R. Since R is local, it is therefore invertible 
in R. This implies that for all ring homomorphisms R — > L with L a field, the 
characteristic of L is either p or zero. 

Lemma 8.2.12. Let s be a geometric point of S. Then the group scheme Y s is 
a finite group scheme of order p n \r) over s. 

Proof. Assume that s = Spec(f2). We know that the exterior powers of Hq exist 
and we have a canonical homomorphism 

/ : Hom^A^)'^) -> Al&(iZn,Gn) = Yq. 
If Q has characteristic p, then by assumption Gq has dimension 1 and therefore 



by Proposition |8.2.6| / is an isomorphism. By Proposition |8.2.9| we know that 

( h\ 



the order of f\ r (Ho) is equal to and therefore its Cartier dual, which is 

isomorphic to Yq has order p n \r) as well. Now assume that Q has characteristic 
zero. Then H.om Q ( J\ r (Hp), G m p) is a finite etale group scheme over Q. By 
definition of /\ r (Hq) the homomorphism 

f(0) : Hom n (/\ r (^),G m>n ) Alt r n (H n ,G mtCl ) = Yq(Q) 

is an isomorphism. The group of homomorphisms Hom^(/\ r (Hq), G m n), being 
the Q-valued points of a finite group scheme over Q, is finite. Since the group 
scheme Yq is of finite type over Q and has finitely many fi-valued points, it is a 
finite group scheme over Q. It is thus etale. Since Q is algebraically closed, the 
two finite etale group schemes Xq and Yq are constant. So / is an isomorphism, 
because it is so on the Q- valued points. Again, the or der of Yq is equal to the 
order of /\ t (Hq), which is equal to p n ^) by Proposition 



5.4.1 



□ 



Proposition 8.2.13. The homomorphism a is an isomorphism. 



Proof. Set A := 0(X) and B := 0(Y). We know that A is a finite flat .R-module 
of rank p n (r) an d B is a finitely generated i?-algebra. Denote by / : B — )■ A the 
ring homomorphism corresponding to a and by C the cokernel of /. By Remark 



8.2.10| and Proposition |8. 2.6] is an isomorphism, which means that C®^k = 0. 
Since A is finite over R, C is also finite over R and applying Nakayama's lemma, 
we conclude that C — 0. This implies that / is an epimorphism. Let s = Spec(fi) 
be a geometric point of S. By previous lemma B (S>^ Q has dimension, over 
f2, equal to p n \ r \ which is equal to the dimension, over f2, of B ® R fi. As / 
is an epimorphism and therefore also / ®r Q, we conclude that / ®r is an 



isomorphism. This proves that a s is an isomorphism. It follows by Remark 1.0.6 



and Proposition 1.0.5 that a is an isomorphism. □ 
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Proposition 8.2.14. Let T be an S-scheme and Z a finite flat group scheme 
overT. The canonical homomorphism 

X* z : Hom T ((/\ T H) T , Z) M T {H T , Z) 

induced by the alternating morphism Ay : — > (/\ r H)j< is an isomorphism. In 
particular, (/\ r H)T is the r th -exterior power of Ht in the category of finite flat 
group schemes over T and At is the universal alternating morphism. 

Proof. As Z is finite and flat over T, there exists a canonical isomorphism 
Z = Hom T (Z*, G mi <r), where Z* is the Cartier dual of Z. We then obtain a 
commutative diagram 

Hom T f( A r H)r, Z) Mt(H T , Z) 

Horn, ((A' H)-, .Hom T (Z*,G m)T )) A\t r T (H T , Rom T (Z*, G m T )) 

Hom T (Z*, Hom T ((A r ^)T, & m , T )) ~ Hom T (Z*, Mlt&t, G m , T )). 

Since a is an isomorphism by the previous proposition, «t and thus also the 
homomorphism Hom T (Z*, ar) are isomorphisms. It follows that X* z is an iso- 
morphism as well. Taking the global sections of the homomorphism X* z , we 
obtain an isomorphism 

Rom T ((/\ r H) Tl Z) -> Alt T (# T , Z), 

which makes Xt '■ H 7 T — > (/\ t H)t the universal alternating morphism. □ 
Corollary 8.2.15. Let T be an S-scheme. The base change to T of the al- 



ternating morphism r : G r — >■ f\ r G given by Proposition 8.2.9 is the universal 
alternating morphism, i.e., for every p-divisible group G' over T, the induced 
homomorphism 

t* : Rom T ((/\ r G) T , G') ->• Alt T (G T , G') 

is an isomorphism. 

Proof. By definition, we have B.om T ((/\ r G)T, G') = lim Hom T (( /\ r G n )T, G' n ) and 

n 

KW t {GtiG') = lim Alt T (G r j ! T, G' n ) and the homomorphism 

n 

rl T Rom T ((/\ r G n ) T ,G' n ) -> Alt r T (G n , T ,G' n ) 

is induced by the alternating morphisms T n ^ '■ G r nT —> (f\ r G n )T- By previous 
proposition, r n ^ is the universal alternating morphism, and therefore the homo- 
morphisms r* T are isomorphisms. Hence r T is an isomorphism as well. □ 
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Remark 8.2.16. In virtue of the previous corollary, the r -exterior power of Gt 
exists and we can write /\ t Gt instead of {/\ v G)t and /\ t (Gt)- The same holds 
(by Proposition 8.2.14) for the truncated Barsotti-Tate groups G n> x- 



8.3 The general case 

In this section we would like to prove the main theorem over any base scheme. 
The prime number p is again different from 2. We first show a result which will 
serve as an auxiliary tool to transfer the question of the existence of exterior 
powers over an (almost) arbitrary base, to the question over a special complete 
local Noetherian base, where we know the answer. We then prove some faithfully 
flat descent properties, which together with the mentioned proposition and the 
results from the last chapters, will provide a proof of the main theorem. 

The following proposition and its proof are due to Lau. We include the proof 
for the sake of completeness. Since the proof is not due to the author and its 
contents are not used (even partially) elsewhere in this writing, we will not prepare 
its ingredients. We refer to jLMBOOj . [TTI85] and jWedOl] for more details. 

Proposition 8.3.1. Let Gq over¥ p be a connected p- divisible group of dimension 
1 and height h, and Q over R : = Z p [xi, . . . , x^-ij the universal deformation of 
Gq . Let H be a truncated Barsotti- Tate group of level n > 1 and of height h over 
a Z(p)- scheme X . We assume that the fibers of H in points of characteristic p of 
X have dimension 1. Then there exist morphisms 



with (p faithfully flat and affine, such that ip*H = ip*G n . 

Proof. Let y over Z( p ) be the algebraic stack of truncated Barsotti-Tate groups 
of level n and height h and let y C y be the substack of truncated Basrsotti- 
Tate groups as in the proposition. The inclusion y ^ y is an open immersion 
because for a morphism X — > y corresponding to a truncated Barsotti-Tate 
group H over X, the points of characteristic p of X in which the dimension of H 
is not equal to 1 form an open and closed subscheme X\ of X x SpecF p , and we 
have X Xy y Q = X \ X 1 . The group Q n over R defines a morphism 



We claim that a is faithfully flat and affine. Then for H over X as in the propo- 
sition, which corresponds to a morphism X — > y Q , we can take Y = X x^Spec R. 

The morphism a is affine, because Spec R is affine and the diagonal of y is affine. 
It is easy to see that a is surjective on geometric points. Indeed, let k be an al- 
gebraically closed field. If k has characteristic zero, then y(k) = yo{k) has only 




a : Speci? — > y . 
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only one isomorphism class. If k has characteristic p, then yo(k) has precisely 
h — 1 isomorphism classes corresponding to the etale rank. These isomorphism 
classes all occur in the fibers of Q n over R. It remains to show that a is flat. 

Let T be the following functor on Z( p )-schemes: T(X) is the set of isomorphism 
classes of pairs (H, a) where ir : H — > X is an open object of 3^o and where 
is an isomorphism of (9x- m odules. Then T is representable 
by a quasi-affine scheme of finite type over Z( p ); see |Wed01j . The morphism 
T — > y defined by forgetting a is a GL p nh-torsor and thus smooth. By [I1185J, 
the algebraic stack y is smooth over Z( p ). Hence the same is true for and T. 

Let t E T be a closed point with residue field F p such that the associated group 
over F p is Go, n - The image of t in iy(F p ) is also denoted by t. The homomorphism 
of tangent spaces T T < — >■ Ty )t is surjective, because T — > y is smooth. Let Z — > T 
be a regular immersion (thus Z is smooth) with t E Z such that T^ )t — > Ty jt is 
bijective. 

After shrinking Z we can assume that Z — > y is smooth. Indeed, let f/ = Z XyT 
and let u E U be a closed point with residue field ¥ p lying over (t, t) E Z x T. 
Then the second projection Tu, u — > Ttj is surjective. Since U and T are smooth, 
the projection U — > T is smooth in u. Thus there is an open subscheme Uq of 
U containing u such that Uq — > T is smooth. If we replace Z by the image of 
Uq —t- Z, which is open, because this map is smooth, then Z — > y is smooth. 

Let S = Oz,t and let H over S be the truncated Barsotti-Tate group correspond- 
ing to the given morphism Spec S — > y. The special fiber of H is isomorphic to 
Cro.n- By [I1185J there is a p-divisible group G' over S with special fiber Go such 
that G' n is isomorphic to H. Since the first-order deformations of Go and of Go, n 
coincide, it follows that G' is a universal deformation of Go- Thus the morphism 
a can be written composition 

Spec R Spec 5 -> Z -> y. 

Here Z — >■ y is smooth and thus flat, and SpecS 1 — > Z is flat, because it is a 
completion of a Noetherian ring, thus the composition is flat as well. □ 

Now we prove the faithfully flat descent of the universal alternating morphism 
and the exterior powers. 

Lemma 8.3.2. Let f : T — >■ S be a faithfully flat morphism of schemes and let 
H (respectively G) be a finite flat group scheme (respectively a p- divisible group) 
over S. 
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1) Assume that we are given an alternating morphism r : H r — > A (respec- 
tively t : G r — > A), with A a finite flat group scheme (respectively a p- 
divisible group) over S , such that for all morphisms g : T' — > T, the pull- 
back g*f*r : g*f*H r -)• g*f*A (respectively g*f*r : g*f*G r ->■ g*f*A) is the 
universal alternating morphism in the category of finite flat group schemes 
(respectively p- divisible groups) overT' . Then r is the universal alternating 
morphism in the category of finite flat group schemes (respectively p- divisible 
groups) over S, i.e., A = f\ r H (respectively A = f\ r G). 

2) Assume that we have an alternating morphism t' : f*H r — > A' (respec- 
tively t' : f*G r — > A'), with A' a finite and flat group scheme (respectively 
a p-divisible group) over T, such that for all morphisms g : T' — >■ T , the 
pullback g*r' : g*f*H r ->• g* A' (respectively g*r' : g*f*G r ->■ g*M) is the 
universal alternating morphism in the category of finite flat group schemes 
(respectively p-divisible groups) overT' . Then there exists a finite flat group 
scheme (respectively ap-divisible group) A over S and an alternating morph- 
ism r : H r — > A ( respectively t : G r — > A), such that for every morphism 
h : S' — ?> S , the pullback h*r is the universal alternating morphism in the 
category of finite flat group schemes (respectively p-divisible groups) over 
S', i.e., h*A = /\ r (h*H) (respectively h*A = /\ r (h*G)). In particular, 
A = f\ r 'H (respectively A = f\ r G). 

Proof. Since alternating morphisms and homomorphisms of p-divisible groups 
are defined as compatible systems of alternating morphisms and homomorphisms 
of finite flat group schemes (their truncated Barsotti-Tate groups), we will only 
prove the lemma for truncated Barsotti-Tate groups, and the result for the in- 
divisible groups follows at once. 

For the proof of both parts of the lemma, we use faithfully flat descent. 

1) Take a finite flat group scheme X over S. We have to show that the 
canonical homomorphism 

r* : Hom 5 (A,X) ->■ A\t r s (H,X) 

induced by r is an isomorphism. So, take an alternating morphism (p : 
H r — > X. Letting g be the identity morphism of T, we see that in particular, 
f*T : f*H r — > f*A is the universal alternating morphism, and therefore 
there exists a unique group scheme homomorphism a' : f*A — > f*X such 
that a' o f*r = f*<f. We want to descend the homomorphism a' to a 
homomorphism a : A — > X. Then since / is faithfully flat, we have a or = 
and a with this property is unique. Set T' := T x $ T and let pi : T' — > T 
(i = 1,2) be the two projections. We have to show that p\a' = p\a! . But 
this is true, since p\f* = p^f* and by assumption, for i — 1,2, we know 
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that p*f*T : p*f*H r — > p*f*A is the universal alternating morphism and 
we have p*a' o p*f*r = p*f*ip. 

2) We want to descend the finite flat group scheme A' to a group scheme over 
S. Set T' := T x s T and let Pi : T' — > T (i — 1, 2) be the two projections. 
We should prove that the base changes of A' via p\ and pi are canonically 
isomorphic. By assumption, we know that p*A' = /\ r (p*f*H) (i = 1,2). 
The two compositions p\f* and p* 2 f* are equal and thus, there exists a 
unique isomorphism p\A' = p* 2 A' by the uniqueness of the exterior powers. 
This shows that the group scheme A' descends to a group scheme over S. 
Since / is faithfully flat and A' is finite flat over T, we conclude that A is 
finite flat over S. The same arguments show that the alternating morphism 
t' descends to a morphism r : H r — > A, and again by the faithfully flatness 
of /, it should be alternating. 



Now let T" be the base change T x 5 5" and denote by h! and respectively /' 
the projection T' — > T and respectively T' — > S'. The morphism /', being 
the base change of /, is faithfully flat. By construction of r (/*r = r') and 
the assumptions on r', we observe that all the hypotheses of the first part 
of the lemma are satisfied for the alternating morphism h*r : h*H r — > h*A 
(note that we are considering the lemma for the faithfully flat morphism 
f':T'—> S'). Consequently, the alternating morphism h*r is the universal 
alternating morphism in the category of the finite flat group schemes over 
S'. 

□ 

Now, we would like to show the existence of the exterior powers over arbitrary 
base. We need two lemmas before. 

Lemma 8.3.3. Let S be a scheme over and H a truncated Barsotti-Tate 
group of level n and height h over S, such that the dimension of the fibers at points 
of characteristic p of S is 1. Then there exists a truncated Barsotti-Tate group 
A n over S of level n and height (^) , and an alternating morphism X n : H r — > A n 
such that for all morphisms h : S' — >■ S and all finite flat group schemes X over 
S' , the induced homomorphism 

Eom sl (h*A n ,X) ->• A\t r s ,(h*H,X) 

is an isomorphism, i.e., A n = /\ r H and h*f\ r H = f\ r (h*H). Moreover fibers of 
A n at points of characteristic p have dimension ( h r Z\) ■ 



Proof. Let Go, R and Q be as in the statement of the Proposition |8.3.1 The 



assumptions of Proposition 8.2.9 and corollary 8.2.15 are satisfied (cf. Nota- 



tions 8.2.11. Thus, the p-divisible group f\ r Q exists over R and we have the 
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universal alternating morphism r : Q r — > /\ r Q. Furthermore, there exists a 
canonical isomorphism /\ r (Q n ) = (f\ r G) n , induced by the alternating morphism 
T n : Q T n — > (/\ r Q) n (which is then the universal one). Also, for every morphism 



if : T ->■ Spec R , we have f*/\ r G n = AV^n (cf. Proposition 8.2.14). By 



Proposition 8.2.9, the height of f\ r Q is equal to p^ r ', an d its dimension at the 
closed point of R is equal to ( h Z{) • So, the order of f\ r G n over R is equal to p n (') , 
in other words, /\ r Q n is a truncated Barsotti-Tate group of level n and height 
( h ) , and its dimension at the closed point of R is (~ V\ . 



The group scheme H satisfies the hypotheses of the Proposition |8.3.1| and there- 
fore, there exists a faithfully flat and affine morphism / : T — > S and a morphism 
g : T — > Speci? such that f*H = g*G n . By the above discussions, we have an 
alternating morphism 



g* Tn : f*H r - g*Ql g* f\ Q n 



such that for all morphisms g' : T' — > T, the pullback g'*g*r n is the universal 
alternating morphism 



9 f H = g g g n ^> g g /\y n . 



It follows from the second part of the Lemma 8.3.2| that there exists a finite flat 
group scheme A n over 5 and an alternating morphism A n : H r — )■ A n , which 
has the desired properties stated in the lemma. Since / is faithfully flat and 
f*A n = g* f\ r Q n is a truncated Barsotti-Tate group of level n and height (^), the 
group scheme A n is also a truncated Barsotti-Tate group of level n and height 
( h ) . The dimension of A n at points of characteristic p of S is equal to (^ij) ■ □ 

Lemma 8.3.4. Let S be a scheme over Z( p ) and G a p-divisible group over S 
of height h, such that the dimension of G at points of characteristic p of S is 1. 
Let /\ r G n be the truncated Barsotti-Tate group of level n over S provided by the 
previous lemma (applying it to G n ). Then there exist natural monomorphisms i n : 
f\ r G n ^-t- f\ r G n+ i, which make the inductive system (/\ r G n ) n >i a Barsotti-Tate 
group over S of height ( ) and dimension (^ij) at points of S of characteristic 
p. 

Proof. For every n we have an exact sequence 

G n +i — — > G n+ i n > G n 0. 
by Proposition 4.3. 13[ the induced sequence 
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is exact as well. Since by previous lemma /\ r G n+ i is a truncated Barsotti-Tate 
group of level n + 1, we have p n+1 /\ r G n+ i = 0. It implies that there exists 
a unique homomorphism i n : /\ r G n — > /\ r G n+ i making the following diagram 
commutative: 

f\ r G n+ i > /\ r G n+ i > /\ r G n >■ 

v 

We would like to show that i n is a monomorphism and it identifies /\ r G n with 
(K G n +i)[v n }- Since p n /\ r G n = 0, there exists a homomorphism j n : f\ r G n — > 
(/\ r G n+ i)[p n ] whose composition with the inclusion i : (/\ r G n+ i)[p n ] > /\ r G n+ i 
is equal to i n (look at the diagram below). Also, as /\ r G n+ i is a truncated 
Barsotti-Tate group of level n + 1, the image of multiplication by p is equal to the 
kernel of multiplication by p n and therefore the homomorphism p : /\ r G n+ i — > 
f\ r G n+ i factors through the inclusion i : (/\ r G n+ i)\p n ] f\ r G n+ i and induces 
an epimorphism q n : /\ r G n+1 ->■ (/\ r G n+1 )[p n }: 





The composition of /\ r C, n °jn and q n with i are equal and since i is a monomorph- 
ism, we have f\ r £„oj n = q n . So, the j n : f\ r G n —> (f\ r G n+ i)[p n ] is an epimorphism 
(q n is an epimorphism). The two group schemes f\ r G n and (f\ r G n+ i)[p n ] have 
the same order over S (note that (f\ r G n+ i)[p n ] is a truncated Barsotti-Tate group 
of level n) and thus the epimorphism j n is in fact an isomorphism. Hence i n is 
a monomorphism identifying /\ r G n with {/\ r G n+ i)[p n ]. By previous lemma, the 

order of f\ r G n is equal to p n (*-) . This proves that the inductive system 

/\ r Gi ^ /\ r G 2 A /\ r G 3 ^ . . . 

is a Barsotti-Tate group over 5" of height ( h ) . The statement on the dimension 
follows from Theorem 15.5.341 □ 

Theorem 8.3.5 (The Main Theorem). Let S be a base scheme and G a p-divisible 
group over S of height h, such that the fibers of G at points of S of characteristic 
p have dimension 1. Then, there exists a p-divisible group /\ r G over S of height 
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(^), and an alternating morphism A : G r — > f\ r G such that for every morphism 
f : S' — >■ S and every p-divisible group H over S' , the homomorphism 

Kom s ,(r/\ r G,H) Alt r s ,(f*G,H) 

induced by f*X is as isomorphism. In other words, the r th -exterior power of G 
exists and commutes with arbitrary base change. Moreover, the dimension of /\ r G 
at points of S of characteristic p is ( Zi) ■ 

Proof. We have flat morphisms 

SpecZ[-l ^—t SpecZ SpecZ(„) 

p 

which define a faithfully flat morphism 

l p : Spec Z[-] Spec Z( p ) — > Spec Z. 

Let S[-] and respectively be the pullbacks of S — > SpecZ, via i and re- 
spectively p. The two morphisms S[-} — > S and — > S induce a morphism 
7T : S[^) U S( p ) — > S, which is the base change of i ]J p via S — > Z. It is there- 
fore faithfully flat. We define G[-} over S[-} and G^ over S( p ) in the same fashion. 



The Barsotti-Tate group (/\ r G( p ) )n ) n >i provided by Lemma 8.3.4 gives rise to a p- 
divisible group /\ r G( p ) over S of height (^), such that {/\ r G( p )) n = /\ r G( p ), n . The 
universal alternating morphisms X( p ) t n '■ G r ,\ n KG( p ), n provided by Lemma 
are compatible with the projections /\ r G( p ) tn+ i -» /\ r G( p ) tn . Indeed, the 



8.3.3 



projections 

A r A r A r 

^ ■ /\ G {p) , n+1 -» f\ G(p )>n 

are induced by the universal property of /\ r G( p ) jn+ i applied to the alternating 
morphism 

(p),n+l ^ ^{p),n > /\ U {p),n- 

Therefore, the system (A( p ) in ) n >i give rise to an alternating morphism A( p ) : 
^(p) ~~ ^ /\ r G(p)- ^ follows from Lemma 8.3.3 that for every morphism / : S' — > 



S( p ) and every p-divisible group H over S', the induced homomorphism 
Rom s ,(rf\G ip) ,H) AltsirG^H) 

is as isomorphism. 



Since p is invertible o n S[^ 
can apply Proposition 5.4.1 



, all p-divisible groups over it are etale. Thus, we 
and obtain a p-divisible group f\ r G[-} over °f 
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height (^), and an alternating morphism A[^] : G[^] r — > /\ r G[^] such that for 
every morphism / : 5" — >■ S[-] and every p-divisible group H over 5", the induced 
homomorphism 



ttom s ,(f*/\ r G[-lH) A\t s if*G[-],H) 
p p 



is as isomorphism. 



The same arguments as in the proof of the Proposition |5.4.1 show that the 
disjoint union of the two universal alternating morphisms A[-] and A( p ) glue to 
an alternating morphism 



£] II V) : II <%> = II G {p) y f\G^] \\ f\G ip) 



A 



and this morphism is the universal alternating morphism over S[-] JJ S^, i.e., 



A rG ^IIA rG ( P )^A r ( G ^II G (^ 



Since both A[^] and A( p ) stay the universal alternating morphism after any base 
change, their disjoint union has the same property. The pullback of G via the 
faithfully flat morphism ir is G[^} []G( P ). It follows from Lemma 8.3.2 that the 
p-divisible group /\ r (G[^] ]J G^) and respectively the disjoint union A[-] JJ A( p ) 
descend to a p-divisible group f\ r G over S and respectively to an alternating 
morphism A : G r — > /\ r G over S, and this is the universal alternating morphism 
over S and after any base change of S, as stated in the theorem. 

The statement on the dimension follows from the previous lemma. 



Quod Erat Demonstrandum. □ 
Remark 8.3.6. When the base scheme is locally Noetherian, there is a rather 



elementary way to bypass Lau's result (Proposition 8.3.1). We will pursue this 



way in the next chapter, when dealing with 7r-divisible O-module schemes, where 
we don't possess a generalization of Lau's result. For more details, we refer to 



the results following Corollary 9.2.25 to the end of chapter 9 
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Chapter 9 



The Main Theorem for 
7r-Divisible Modules 

Let O be a mixed characteristic complete discrete valuation ring, with finite 
residue field ¥ q (q — p* ) and n a fixed uniformizer. We denote by K the fraction 
field of O. In this chapter we would like to generalize the main theorem of the 
previous chapter to the case of 7r-divisible C-module schemes. In fact, we are 
going to explain how the results from chapters 6, 7 and 8, that led to the main 
theorem, can be modified (generalized) so as to imply the generalized version 
of the theorem. Recall that a main ingredient of these chapters is display, or 
more precisely the equivalence of categories between the category of p-divisible 
groups and the category of displays. We used displays in order to find potential 
candidates for the exterior powers of a p-divisible group. Therefore, if we want to 
use the same methods, we should have a variant of displays for 7r-divisible mod- 
ules. These are ramified displays. They have been studied in the Ph.D. thesis 
of T. Ahsendorf (cf. |Ahs] ) . We also need a refined version of Dieudonne theory 
adapted to 7r-divisible modules. The rest of the generalization can be carried on 
quite easily. From now on, we only consider 7r-divisible modules that are defined 
over schemes over O and assume that the action of O on their tangent space is 
given by scalar multiplication. 



9.1 Ramified displays 

We begin with ramified Witt vectors and ramified displays and use the notations 
above. 

Definition 9.1.1. Let R be an 0-algebra. The set of ramified Witt vectors, 
denoted by Wo(R), is the set 

Wo(R) :={(x ,x u ...) | Xi eR} = R n . 
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The map 

w n : Wo(R) ->■ R, x:= (x , Xi, . . . ) i->- Xq + ttx\ H h rc n x n 

is called the n th Witt polynomial. 

Remark 9.1.2. The association R i— )■ Wo(i?) is functorial on the category of 
(9-algebras. 

We state the following results without proof, and refer to |Ahsj for details. 

Theorem 9.1.3. For any O-algebra R, there exists a unique O-algebra structure 
on Wq{R) with following properties: 

a) The Witt polynomials w n : Wo{R) R are O-algebra homomorphisms. 

b) For every O-algebra homomorphism R — >■ S, the induced map Wq(R) — > 
Wo{S) is an O-algebra homomorphism. 

Remark 9.1.4. It follows from the theorem that Wo is a functor from the cate- 
gory of C-algebras to itself. Also, if we denote by Ido_ a i g the identity functor on 
the category of (9-algebras, the Witt polynomials define natural transformations 
of functors w n : Wo — > Ido_ a i g - 

Proposition 9.1.5. For every O-algebra R, there are O-linear endomorphisms 
F n and V n on Wo(R), called respectively Frobenius and Verschiebung, with the 
properties: 

1) for every x G Wo{R), we have 

w (Kx) = 0,w n (K^) = 7rw n _i(x) and w n (F 7r x) = w n+ i(i). 

2) F n is an O-algebra homomorphism. 

3) F-kV-k = VttFk = 7T and for every x, y G Wo{R), we have 

V„(F v (x)y) = xV^y). 

The following result will be used later. It is proved in |Ahs] and therefore we 
omit its proof. 

Proposition 9.1.6. There exists a unique natural transformation of functors 
H : W — > Wq such that w ra o fi = w/ n for all natural numbers n. If R is an 
O-algebra, we have for all a G R and all w G W(R): 

• M(H) = [a] 

• fi{F^w) = F v (p(w)) 
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. fji(Vw) = {l)V^{F^ x w). 
Remark 9.1.7. 

1) Note that the first property above determines uniquely the morphisms F v 
and V n and the other properties follow from the first one. It is not hard 
to see that V n (xo,xi, . . . ) = (0,Xq,xi, . . . ), thus we have Ir := lm(V n ) = 
Ker(wo). 

2) If O is the ring of p-adic integers, then we obtain the usual ring of Witt 
vectors. 

Notations. Let r = p n be a power of p. We denote by Z r the ring W(W r ). 
Proposition 9.1.8. Let k be a perfect field of characteristic p. 

1) The O-algebra Wo(k) is a complete discrete valuation ring with residue field 
k and maximal ideal generated by it. 

2) If k contains ¥ q , then there exists a canonical O-algebra isomorphism 

0® Zq W(k) = Wo(k). 

Proof. The first statement is a standard one, stated e.g. in |Dri76j . For the 
second statement, note that Wo(k) is an O-algebra and contains also W{k) as 
subring. There exists therefore a canonical O-algebra homomorphism 

0® Zq W(k)-+W (k). 

The subring Z g of O is the ring of integers of the maximal unramified subextension 



of K. This is the ring A in Lemma 5.5.8 As we have seen in that lemma, 



the completion 0®% W{k) is a 7r-adically complete discrete valuation ring with 
residue field k. Since by the first assertion Wo{k) is also 7r-adically complete, the 
above homomorphism extends to an O-algebra homomorphism 

0® Zq W(k) -> W (k). 

As both completed discrete valuation rings have the same residue field and the 
same uniformizer, this homomorphism is an isomorphism (note that every element 
in the codomain can be written as a power series in 7r and with coefficients in a 
system of representatives of elements of A;). □ 

Corollary 9.1.9. Let k be perfect field of characteristic p , containing W g . There 
exists a canonical O -linear decomposition 



0® Zp W(k) Yl W (k). 
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Proof. This follows from the last proposition and Lemma 



5.5.8 



□ 



Now we define the ramified displays. 

Definition 9.1.10. Let R be an 0-algebra. A ramified 3n-display over R is a 
quadruple V = (P,Q, F.V" 1 ), where P is a finitely generated W / o(i?)-module, 
Q C P is a submodule and F, V~ x are P^-linear morphisms F : P — >■ P and 
V -1 : Q P, subject to the following axioms: 

(i) JrP C Q C P and there is a decomposition of P into the direct sum 
of W / (P)-modules P = L © T, called a normal decomposition, such that 
Q = L © JkT. 

(ii) V -1 : Q — > P is an P^-linear epimorphism (i.e., the W / o(P)-linearization 
(y-i)fl : VFo(P) ®fw,w (Ji) Q ^ P is surjective). 

(iii) For any x G P and u> G Wo(Pl) we have 



Remark 9.1.11. 

1) Note that from the last axiom, it follows that F is uniquely determined by 
V~ l . Indeed, we have for every x G P: 

F(x) = V- 1 (V 7T (l)x). 

It follows also from this relation and P^-linearity of V' 1 , that for every 
y G Q, we have 

p( y ) = V-\V^l)y) = F n V^l)V-\y) = nV-\y). 



2) Since Wq{R) is an (9-algebra, P and Q have a natural (9-module structure 
and the morphisms F and are (9-linear (note that P^ is O-linear). 

Similar constructions, remarks and propositions, as in chapter 6, hold for ramified 
3n-displays. Because of these similarities, we will only mention them in a list, 
without giving the details. More details can be found in [Ahs]. In the following, 
R is an 0-algebra and V = (P, Q, F, V' 1 ) is a 3n-display over R. 

1) The tangent module, rank and height of a ramified 3n-display are defined 
analogously (cf. Definitions 6.1.9 and 6.1.10| ) 
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2) Similar to Construction 6.1.3, we have a K / o(i2)-linear morphism 

V*:P^W (R) ®f^w {R)P, 
satisfying the following equations: 

= TTW ® X, w G Wo{R), x G P 

and 

V\wV-\y)) = w®y, w G W {R),y G Q. 

If we denote by : W(R) <8>f„,w (.R) P P the W / o(i?)-linearization of 
F : P — > P, we have the properties: 

F«oy« = 7T.Id P and 0oF^f.Id Fo(K) ^ o(fl)P . 
We define V n ^ similarly. 



3) Like Construction 6.1.5, we construct the base change of a 3n-display, with 
respect to a ring homomorphism R S. 

4) Assume that pR = 0. Denote by V^ 9 ' the base change of V with respect 
to the ring homomorphism Frob-^ : R — > R, sending r to r q . Analogous to 
Construction 6.1.12 , we construct morphisms of ramified 3n-displays 

Fr v :V -> V {q) and Ver r : V {q) ->■ 

such that 

Fr-p o I/er> = 7r. Idp( P ) and \^erp o Fr-p = ix. Id-p . 



Now we can define ramified (nilpotent) displays: 

Definition 9.1.12. Let V = (P, Q, F, V^ 1 ) be a ramified 3n-display over R. Let 
7r be nilpotent in R. Then V is called ramified display if it satisfies the nilpotence 
or V -nilpotence condition, i.e., if there exists a natural number N such that the 
morphism 

V m :P^Wo{R) ®F>?,Wo(R)P 

is zero modulo Ir + ttWo(R)- 

Definition 9.1.13. Let k be a perfect field of characteristic p, which is an O- 
algebra. A ramified Dieudonne module over k is a finite free Wo (k)-module M 
endowed with an i^-linear morphism F : M — > M and an F~ 1 -linear morphism 
V : M -> M, such that FV = ir = VF. 

We continue our list: 
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5) As in the classical case, there is an equivalence of categories between the 
category of ramified 3n-displays and the category of ramified Dieudonne 
modules. Under this equivalence, nilpotent displays correspond to ramified 
Dieudonne modules on which V is topologically (in the 7r-adic topology) 
nilpotent (cf. |Ahs] for more details). 

6) Let M be a nilpotent ^algebra. We construct P(N),Q(N),G° V (N) and 



G V 1 {M) as in Construction 6.1.13 Also, we define the morphism V 1 — Id : 
G^, l (N) — > Gp(J\f) and set BTp(J\f) to be the cokernel of this morphism. 

The following results are proved in |Ahsj : 

7) For every nilpotent i?-algebra Af, we have an exact sequence 

— ► G V \M) v ~ 1 ~ Id > G% {N) — ► BT V (N) — ► 0. 



8) The functor BT-p from the category of nilpotent i?-algebras to the category 
of (9-modules is a finite dimensional formal (9-module. The construction 
V ~* BT-p commutes with base change, i.e., if R — > S is a ring homomorph- 
ism, then there exists an canonical isomorphism (BTp)s = BTp s . 

9) If -it is nilpotent in R and V is nilpotent, i.e., is a display, then BT-p is an 
infinitesimal 7r-divisible (9-module scheme. 

10) If pR = 0, then the Frobenius and Verschiebung morphisms of the 7r- 
divisible module BTp are BTp(Frp) and respectively BTp(Verp). 

11) Assume that tt is nilpotent in R and that R is a Noetherian ring. Then 
the functor BT, from the category of (nilpotent) displays over R to the 
category of infinitesimal 7r-divisible modules is an equivalence of categories. 



The following are again analogue constructions and results from chapter 6: 



12) (9-Multilinear, symmetric, antisymmetric and alternating morphisms of 



ramified 3n-displays are defined as in Definition |6.2.1| with the obvious 
additional requirement due to the presence of O. Let R — > S be a ring 
homomorphism and M a nilpotent i?-algebra. Let (p : V\ x ■ ■ ■ x V r — > Vo 
be a (9-multilinear morphisms of ramified 3n-displays. The base change, 



(p s : V hS x ■ ■ ■ x V r>s V ,i 



and the O-multilinear morphism tp : P\ x • • • x P r — y P are constructed 



similarly to Construction 6.2.3 
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13) The CMinear 



P : Mult°(Pi x-xP ri P ) -»■ Mult c; ( J BTp 1 x ■ ■ ■ x £?Tp r , 5T 7 



V , 



is constructed as in Construction 6.2.5 It maps alternating morphisms to 
alternating morphisms and commutes with base change (cf. Proposition 



6.2.7). Note that the (9-linearity follows from the construction of (3 and the 



fact that we are considering O-multilinear morphisms. 
14) Now let P be of rank 1. Exterior powers of P are constructed as in Con- 



struction 6.3.1 They enjoy the same properties as the exterior powers of a 
3n-display, stated in Lemma |6.3.2| That is to say, the construction is inde- 



pendent of the choice of a normal decomposition, and commutes with base 
change. If P is nilpotent, then the exterior powers of it are also nilpotent. 
If P has height h, then f\ r V, the r th -exterior power of P, has height (J) 



and rank ( 1 )- 



9.2 The main theorem 

In this section k denotes an algebraically closed field of characteristic p > 2. 
Construction 9.2.1. We have the isomorphism 

w® Zp z p ^ Y[ w® Zqta >z q 

iez/fz 

sending an element (w <g) a) to the element (w ® a), = (wa a % ® 1),;. The auto- 
morphism cr £g> Id on the left hand side induces an automorphism on the right 
hand side, permuting the factors. More precisely, if we denote by the primitive 
idempotent for the i th factor, then, under this automorphism, is mapped to 
Ci-i (for every % G Z//Z). Tensoring with O over Z ? , we obtain an isomorph- 
ism W®% v O = Y[ ,^0, with cr <g> Id permuting the factors. Let D be a 
Dieudonne module over k, endowed with an action of O, which acts on the tan- 
gent space of D (i.e. on D/VD) through the scalar multiplication. Let us call 
such an action a scalar action. The Dieudonne module D is a W®% O- module 
and therefore decomposes into a product Mo x M\ x ■ • • x M/_i, where each Mj 
is a W®i j0 .; (9- module. The Verschiebung of D is a a -1 ® Id-linear morphism 
and so, for every i e Z//Z, induces a semi-linear monomorphism V : Mj — )■ M i+1 



(cf. Lemma 5.2.5). As in the proof of Lemma 5.5.8, we can show that each Mj 
is a free iy®z p C- m odule of rank h. Let us denote M by It is a free 

Wo(^) -module of rank h and is endowed with an injective Fn -linear O- module 
homomorphism V n := V*. If D is the Dieudonne module of a 7r-divisible module, 
we call M(D) the ramified Dieudonne module of Ai and denote it by H(A / i). 
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Lemma 9.2.2. Let D be a Dieudonne module over k, with a scalar O-action. 
There exists an Fn -linear O -module homomorphism : M.(D) — > M.(D) such that 
F v o V v = K o F v = n. 

Proof. We show at first that the tangent space of D is canonically isomorphic 
to M.(D)/V n M(D). With the notations of the above construction, we have D = 
M x • • • x Mf_i and therefore, 

VD ^ VMf-! x VM x VM X x • • • x VM f _ 2 . 

Thus, the tangent space of D is isomorphic to the product 

M M x M f _i 
x x • • • x 



VM f -! VM VMf_ 2 

Since by assumption the action of O on this A;-vector space is via scalar multiplica- 
tion, for every i G Z/ /Z\ {0}, the quotient ^ — is trivial and so VMi_i = Mj. 

Consequently, M = VMf_i and so, the tangent space of D is isomorphic to 
M /V f M 0j which is by definition equal to M(D)/V 7 M(D). This proves the claim. 

Since 7r goes to zero in k and the the action of O on the tangent space of D is 
by scalar multiplication, we have n (H(D) /VJI(D)) = 0, i.e., ttM(D) C V w M(D). 
Set 

F w := V~ l n : W(D) -> M(D). 

This is a well defined ^-linear (9-module homomorphism and by definition, we 
have F n o V n = o F n = n. □ 



Remark 9.2.3. We have seen in the proof of the previous lemma that VM,, 



i-l 



Mi for every i G Z//Z \ {0}. Since by Lemma 5.2.5, V is injective, we conclude 
that V : Mj_i — y Mi is a semilinear isomorphism, for every i G Z//Z s {0} and 
we have 

D ^ U(D) x VU(D) x V 2 U(D) x ■ ■ ■ x V f ^B.(D). 

Corollary 9.2.4. The quadruple V = (H(D), V n U(D), F w , V' 1 ) is a ramified 3n- 
display over k of height h and its rank is equal to the dimension of the k-vector 
space D/VD. 

Proof. This follows from the fact that M(D) is a ramified Dieudonne module 
over k and the equivalence of ramified Dieudonne modules over k and ramified 
3n-displays over k (cf. point 5) from the list in the previous section). □ 



Construction 9.2.5. In Construction 9.2.1, we have constructed a functor, EI 



from the category of Dieudonne modules over k with a scalar O-action to the 
category of ramified Dieudonne modules over k with scalar O-action. Now, we 
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want to construct a functor in the other direction, which will be a an inverse to 
H. Let if be a ramified Dieudonne module over k such that the action of O on 
it is scalar. For every i — 0, . . . , / — 1, set Hi := W(k) ^> a -\w(k) H and let 3(H) 
be the finite free W (k)(g>z p O-modvle 

Ho x Hi x • • • x 

Lemma 9.2.6. There exists operators V and F on 3(H) that make 3(H) a 
Dieudonne module with scalar O-action. 

Proof. Define operators V and F on 3(H) as follows: 

V(x , 1 ®xi, . . . , 1 <g) := (^(a;/-!), 1 ® a; Q . . . , 1 ® a;/_ 2 ) 

and 

F(x , 1 ® ari, . . . , 1 <g)x/_i) := (pxi, 1 ®pa;2, . . . , 1 ®pxf_i, 1 ® V^G^o))- 

These are well-defined maps for the following reasons. Every element of Hi can 
be written as 1(g) with Xj € H, because a : W^(fe) — > W(k) is an automorphism. 
As pH C 7riJ C V^if and is injective on H (this follows from the fact that H is 
a free W / o(/c)-module, that F^oV^ = n and that 7r is a non-zero divisor of Wo(k)), 
the element V~ 1 (pxo) is well-defined. It is now straightforward to check that F 
and V are respectively a and CT -linear and that FoV = p = V oF . Therefore, we 
have a Dieudonne module endowed with an 0-action. By definition, the tangent 
space of 3(H) is isomorphic to 3(H) /V3(H) = H/V^H, since by assumption, 
the action of O on this vector space is by scalar multiplication, we conclude that 
the action of O on 3(H) is scalar. □ 

Lemma 9.2.7. The functors 3 and EI are inverse one to the other. 

Proof. Let D be a Dieudonne module over k with scalar 0-action. Then, as we 
explained before, we have 

D = M x Mi x • • • x Al)_i 

with V : Mj_i — > Mi a °" ^linear isomorphism for every i G Z//Z \ {0}. There- 
fore, we have linear isomorphisms 

®a-\W(k) Mi_l -> Mi 

induced by V and so isomorphisms VF(fc) (gv- * w(fc) M> — Mj for every i. Since 
by definition, we have H(D) = M , we conclude that M = r i, fW i(fl). 
This shows that D(M(D)) = D. 

Now, let if be a ramified Dieudonne module over k with scalar O-action. Then, 
by construction, 3(H) = H x Hi x • • • x i?/_i, where Hi = W(k) ® a -i,w(k) H. 
If we decompose the Dieudonne module 3(H) as the product Mq x • • • x M/_i, 



as in Construction 9.2.1 then by construction, we have Mj = Hi. In particular, 



H(D(ii)) = M = H = H. □ 
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Remark 9.2.8. The above arguments and the fact that the category of 3n- 
displays (respectively ramified 3n-displays) over k is equivalent to the category 
of Dieudonne modules (respectively ramified Dieudonne modules) over k, show 
that we have functors EI and D which define an equivalence of categories between 
the category of 3n-displays over k with a scalar 0-action and the category of 
ramified 3n-displays over k with a scalar (9-action. 

Lemma 9.2.9. Let Do, . . . , D r (respectively Vo, • • • , V r ) be Dieudonne modules 
(respectively 3n-displays) over k with scalar O -action. There exist canonical iso- 
morphisms 

Mult°(M(.Di) x ■ ■ ■ x ]fflp r ),Mpo)) = Mult°(£>i x ■ ■ ■ x D r , D ) 

and 

Mult°(H(Pi) x ■ ■ ■ x e(P r ),H(P )) = Mu\t°(V! x ■ ■ • x V r ,T ) 
functorial in all arguments. 

Proof. Since the category of 3n-displays (respectively ramified 3n-displays) over 
k is equivalent to the category of Dieudonne modules (respectively ramified 
Dieudonne modules) over k, it is enough to show the result for Dieudonne mod- 
ules). Let us denote M(Di) by Hi and let (p : H\ x ■ • • x H r — > H be a Wo(k)- 
multilinear morphism satisfying the \4--condition. Define 

X(<p) ■ D x x • • • x D r D 

as follows. For every i — 1, . . . , r, take an element X{ G -D.;. We know that every 
element of Di can be written in a unique way as a sum oq + Va\ + • • • + V^~ l af-\ 
with cij G M(Di) (cf. Remark 9.2.3). Therefore, we may assume that each Xi is 
of the form V^yi with y t G H(A) and < a t < / - 1. Set 



x(<p)(V ai y u ...,V a *y r 



V a (p(yi, ...,y r ) if oti = a 2 = ■ - - = a r = a 
otherwise 



It follows from the construction that x{f) is a W(k) ®z p 0-multilinear morphism. 
We have to check that it satisfies the V^-condition. If a is strictly smaller that 
/ — 1, then a + 1 < / — 1, and by definition, we have 



V X (v)(y a y u . . . , V a y r ) = V a+L (cp)( yi , ...,&) = x(<p)(V a+l yi , . . . , V a+L y r ). 

If a = f — 1, then we have Vx( l p){V^~ 1 yi, . . . , V^ 1 y r ) = V*<p{y\, . . . , y r )- Since 
ip satisfies the V w - condition, and on M.(D ), V n is equal to V?, we conclude that 

Vf<p( yi , ...,y r ) = (p(Vfy u . . . , V f y r ) = x(<p){V f y u V f y r ). 
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This shows that belongs to the C-module Mult (D 1 x • • • x D r , D ) and 
that we have an (9-linear homomorphism 

X : Mult°(M(Di) x • • • x U(D r ),W(D )) ->• Mn\t°(D l x---xD r ,D ). 

Now, we want to define a homomorphism, S, in the other direction, which will be 
the inverse of x- Let ^ : D\ x • • • x D r — > D be a ®z p 0-multilinear morphism 
satisfying the ^-condition. We then obtain a (/^-multilinear morphism 

S(V>) : 0(1}!) x • • • x H(D r ) ->• U(D ) 

just by restricting tp on the first components of D { . As ^ satisfies the ^-condition, 
it also satisfies ^-condition, and thus, S(*0) satisfies the V^-condition. Conse- 
quently, we have a (9-linear homomorphism 

S : Mult^pi x • • • x D r , D ) ->■ Mult (H(£>i) x • • • x H(D r ), M(D )). 

By construction, the composition S o ^ is the identity. As for the composition 
X o S, we have 

X o -(^(V^, . . . , V"V) = ^S(^)(y!, . . . , y r ) = 

V a i>( yi ,...,y r )=4>(V a yi ,...,V a y r ) 

where the last equality follows from the fact that ip satisfies the V-condition. 
This implies that the composition % o H is also the identity. The proof is now 
achieved. □ 

Remark 9.2.10. 

1) Let Vq,. . . ,V r be 3n-displays over k with scalar C-action. Then the O- 
linear homomorphism x given in the above Lemma is given by the following 
formula. Take elements <p G Mult°(H(P 1 ) x • • • x H(P r ), H(P )) and x : = 
(a 7 !, . . . , x r ) G Pi x • • • x P r . Write Xi = (x^o, • • • , Xij-i) according to the 
decomposition Pj = P ij0 x • • • x Pij-i- Then 

X(V?)(X) = (<p(x lfi , X r ,o), Vif{V~ l X hl , V^Xr,!), . . . 

note that for every j > 0, we have Pjj = V^'P^o and the formula makes 
sense. 

2) Let D be a nilpotent Dieudonne module over k (i.e., the corresponding in- 
divisible group is connected) with scalar (9-action and such that the dimen- 
sion of its tangent space is 1. Then, by results of chapter 5 (cf. Proposition 
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5.5.17), the exterior power /\ r D is again a nilpotent Dieudonne module 

w® Zp o 

with scalar (9-action (we are using the equivalence of p-divisible groups with 
(9-actions and 7r-divisible modules). We have a canonical isomorphism 

e( /\ r d) = /\ r U(D). 

w® Zp o Woik) 
Indeed, if D = M x • • • x M/_i, then 

/\ r D= /\ r M x---x /\ r Af/_i. 

It follows that under the isomorphism of the previous lemma, the univer- 
sal alternating morphism A : D r — > /\ r D corresponds to the universal 

w§> Zp o 

alternating morphism A : M(D) r — > f\ r W(D). 

W (k) 

Construction 9.2.11. Let D be a Dieudonne module over k with a scalar en- 
action. Define a map Tr : D — > M.(D) as follows. Take an element x of D. It 
can be written uniquely as a sum x + Vx\ + ■ ■ • + V?~ 1 Xf-i with X{ G M(D). 
Now set Tr(x) := xq + Xi + ■ ■ ■ + Xf-\. Since the Verschiebung is an O-linear 
homomorphism, the map Tr is also an CMinear homomorphism. In the same 
fashion, if V — (P, Q, F, V~ x ) is a 3n-display over k, we obtain an O-linear 



homomorphism Tr : V — > M.(V) (cf. Remark 9.2.8). Now, let M be a nilpotent 
k- algebra, we want to define similarly, an (9-linear homomorphism Tr : P(N) — > 
W(V)(Af). We have decompositions 

P = P x . . . P f _ x 

and 

Q = Qo x ■ ■ ■ x 

and we know that in fact, for every i — 1, ...,/ — 1, the two W / o(/c)-modules Pi 
and Qi are equal (and are equal to V 1 Pq). We also know that Qo = V^Pq. Thus, 
we have a decomposition 



W{H) ® w[k) P = W{H) ® W {k) Po x W{H) ® W (k) Qi x • • • x W{H) ® w{k) Q f . 



i- 



Note that each component W(N) ®w(k) Qi (i = 1, • • • , / — 1) is a submodule 
of Q_\f and on it the morphism V~ l is defined. So, we can define an (9-linear 
homomorphism Tr : P^ — > H(P) A/ - by sending an element (x , qi, . . . , <Z/_i) to the 

element (/i <8> ld)(x + V~ x qi H h where u : W(AT) W {M) is 

the canonical morphism given in Proposition |9.1.6| 
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Notations. Let V be a ramified 3n-display over k with an (9-action. In the 
following proposition and the theorem that follows it, we denote by BT® the 
formal group associated to V (in order to stress the ring O). So, if V is a 3n- 
displays in the classical sense, we denote its formal group by BT V P . 

Proposition 9.2.12. Let V be a 3n-display over k with a scalar O-action. The 
homomorphism Tr induces an isomorphism 

Tr : BT^ BT° p) 

of formal O -modules. 

Proof. We have to show that 

TrdV- 1 - ld)Q x ) C (V- 1 - Id)(H(QV). 
So, take an element (go, . . . , g/-i) G Qj^. We have 

Tr((V- 1 -Id)(g ,...,g/-i)) = 
Tr(V _1 gi - g , V _1 g a - qi, ■ ■ ■ , V~~ X qf-\ - g/- 2 , V _1 gb - g/-i) = 

(/i ® Id)(V -1 gi - g + V _1 g2 - g x H h - g/- 2 + V _/ g - = 

(/x ® Id)(^ / g - g ) = (// <8> Id)(V" / go) - (it <8> Id)(g ). 
It is thus sufficient to show that 

(/i ® Id)(F- / g ) = V-\ii ® Id) (g ). (2.13) 

We can assume that either g = £<8>t/o with £ G iy(A0, 2/o £ Qo or g = <E> xo 
with £ G IV (A/ - ), ?/o G Po- m the first case, we have 

(li ® Id)(V-fq ) = (// <8> Id)(P^ <g) k-^o) = M^O ® trto = 

i^MO ® KT^o = ® W)(e ® l/o) = V-\fx ® Id)(g ) 



where we have used Proposition 9.1.6 for the third equality. In the second case, 
we have 

(/1 ® Id)(F- / g ) = (/i (8) Id)(f ® P^o) = MO ® P J x = MO 8> V- f (V f F f x ) = 

MO (8) V" V^o) = P /_ V(0 ® ^(p^o) = Mp^'O ® ^(pxo) = 
M 



7T 



M (p/-V / " 1 ® P.(^xo) = ^-'(^(P^V^^) ® ^ ) 

7T 7T 
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V-\^VMF f - l V f - l i) <g> x ) = V- l (fM(V f O ® x ) = V-\ii ® Id) (g ) 

7T 



where for the penultimate equality we have used Proposition 9.1.6 This proves 



the claim (equality 2.13) and it follows that Tr induces an CMinear homomorph- 



lsm 



Tr : BTp 



bt; 



M(V) 



and we have to show that it is an isomorphism. Let us construct Po,Af , Qo,at and 

the monomorphism V~f — Id : Qo,Af —> PoM i n the same way that we constructed 

PUiQn an d V^ 1 — Id : Q_\f — > P^f. Let us denote by BT v *(J\f) the cokernel of 

V~f — Id : Qo,Af Po,Af- ^ follows that the homomorphism Tr is equal to the 
composition 

Pn hop v 

where Tr' is the homomorphism sending (xq, q%, . . . , g/_i) to the sum x + V -1 gi + 
■ ■ ■ + V~f +l qf_\. It also follows from the above calculations that 



Tr'dV- 1 - ld)Q«) C {V~ f - Id)(Q ,Af) 



and 



(/x ® id)((v- f - id)(g ox )) c (y- 1 - id)(e(Q)^). 

In other words, we have a commutative diagram: 




BT^{N)^BT*l(N) 




It therefore suffices to show that Tr' and jj, <g) Id are isomorphisms. 

The homomorphism Tr' : — ► -fo^V is surjective, since Tr'(x , 0, . . . , 0) = x 
for every x G Po,Af- Thus, Tr' is surjective as well. Let (xo,Xx, . . . , x/-i) be an 
element in the kernel of Tr'. It means that there is an element go £ QoM such 
that 



Tr'(a;o,a;i, 



Xq 



+ V- 1 ^ + • • • + = (^ - Id) (g ). 



Define, recursively, elements yi G Q^, with z = 0, ...,/ — 1, as follows: y := go 
and for < i < f — 1, set ?/j := V -1 2/i+i — Xj where we calculate i + 1 modulo /, 
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e.g., Vf-i = V 1 yo — Xf-i and so on. It follows that the element (2/0, 2/1, • . . ,Vf-i) 
belongs to Qj\f and we have 

(F- 1 -Id)(y ,j/i,...,y/-i) = 

{V^vi - y , ... , V~ l y f ^ - y f _ 2 , V~ l y - y f - X ) = (x , x u . . . , 

and so (xo, £1, . . . , represents the zero element in BT^ p (Af). It implies that 
7 is injective too, ans hence an isomorphism. 



It remains to prove that [i <g> Id : BT V *(N) — > BT^, v Jj\f) is an isomorphism. 
We can reduce to the case, where Af 2 = 0. Under this condition, there exist 
commutative diagrams (for details, we refer to |Ahsj or |Zin02j ) : 



and 







■ Qo,jv ~ 



0,N 



V- l -ld 



Pom 



■N®k T(V ) 







cxp 



BT%{N) 







■H(Q) 



'H(Q) 



M v- 



H(P) 



V _1 -Id 



-Id 



■H(P) 



■jv® fc r(H(p)) 



cxp 



^(P)(A0 







where the vertical morphisms V^ 1 — Id in the middle are extensions of the usual 
(horizontal) V~ l — Id and the exponential morphism, which is CMinear, is given by 
these diagrams. What is proved in |Ahsj and |Zin02] is that the vertical V^ 1 — Id 
are isomorphisms and so are the exponential morphisms. 

Note that the tangent spaces T(Vq) and T(M(V)) are equal (P = H(P) and 
Qo = H(Q)) and the equality |2.13| implies that we have a commutative diagram: 



cxp 



Id 



M(S) k T(M(P)) 



exp 



/j®Id 



Since the exponential morphisms are isomorphisms, we conclude that £g> Id is 
also an isomorphism. This achieves the proof. □ 

Remark 9.2.14. The proof of the above proposition is partly inspired by a 
similar result in [AhsJ. 
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Remark 9.2.15. Let Mo, . . . , M r be 7r-divisible O-module schemes over a base 
scheme S. Let ip : Mi X • • • x M r — > Mo be an (9-multilinear morphism, when 
M.i are considered as p-divisible groups with 0-action. Then p is not an O- 
multilinear morphism of 7r-divisible modules, but an appropriate "twist" of it 
will be. Indeed, if we set pr ne := un{ l- 1} <p n , then 

* e( Pl(n+l)(9l, ...,9r)= 7r e M(n+ i )(r -i) yn+l(gl, ■ ■ ■ , 9r) = 
u{n+ l)(r-l)+l P^+^9l,---,9r) = u{n+mr - 1)+1 ( Pn(p9l,---,P9r) = 

u (n + iXr-i) + i ^(^ e 9i, U7T e g r ) = —L-^ Vn (n e gi , n e g r ) = 

pl e (7v e gi ,...,ir e g r ). 
Thus, the system {Pn e } n belongs to the inverse limit 

Inn Mult c, (A^i, ne x • • • x M r , ne , M ,ne) = Hm Mu\t°(M 1>n x • • • x M r , n , M , n ) = 

n n 

Mn\t°(M l x ••• x Mr, M ). 

So, in the sequel, if we identify the C-module of multilinear morphisms of ir- 
divisible modules with the C-module of such morphisms of the corresponding 
p-divisible groups with C-action, we are implicitly using the above twist. 

The following lemma will be used in the proof of the next proposition. 

Lemma 9.2.16. Let A be a ring and a & A a non-zero divisor. Let M , . . . ,M r 
be A-modules and p : Mi x • • • x M r — > M an A-multilinear morphism. Let 
n be a positive natural number and yifi, Vi,i: • • • > yi,n— 1> ^i,0i • • • > ^%,n e Mi 
(i — 1, . . . , r) be elements subject to the following relations 

Vi = 1, . . . , r and Vj = . . . n - 1, w id+l = w iyj + ay id . 

Then the following equality holds 

r n—l 

Yl Yl V?( W l,j+l> • • • , Vij, W i+l,j, W r,j) = 

i=l j=0 

r n—l 

Y Y ^ Wl ^ • • • ' W i-hn, Vi,j, Wi+1,0, • • • , W ri o). 
i=l j=0 
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Proof. For every i = 0, . . . , r, let Mj be the free A-module with basis {e mi \ m,i e 
Mj}, in other words, Mj = v4 Mi = © migA/ . ^4e mi and define an ^-multilinear 
morphism <p : Mi x • • • x M r — > M by setting on a basis element (e mi , . . . , e mr ) 

(f(^mi! • • • > 6 mr ) 6<^(mi ...,m r ) 

and extend <Jj to the whole product Mi x • • • x M r multilinearly. Also, for every 
% — 0, . . . , r, define A-module homomorphisms /ij : Mj — > Mi by sending a basis 
element e mi to mj. The A-linear homomorphisms /ij are surjective and from their 
definition and the definition of (p, we have 

ho o (p = ip o (/^i x • ■ ■ x h r ) 
i.e., the following diagram is commutative 

Mi x ■ ■ ■ x M r =" M 



lit) 



Mi x • ■ • x M r > M . 

For every % = 1, . . . , r and every j = 0, . . . , n — 1 take elements u>j ]0 , 2/y £ M such 
that hi(wi t0 ) = Wifi and hi(y it j) = y^j and set recursively = w it j + ay^j. 

Then, because of the choice of w^o and y^ 3 - and the relations among tDjj and 
G Mj, we have 

hi{wij) = Wij (2.17) 
for every i — 1, . . . , r and every j — 0, . . . , n. 

Assume that we have the "tilde" version of the equality in the statement of the 
lemma, i.e., 



r n— 1 



^2^2ip(w 1>j+ i, . . . ,w l _ 1J+1 ,y i j,w i+1J , 

i=l j=0 



r n—1 



/] / ] <f{wi,n, ■ ■ ■ , Wi-i >n , yij, W i+lfi , • • • , W r ,o)- 
i=l j=0 

Then, applying the A-linear homomorphism ho on this equality, using the fact 



that the above diagram commutes and the relations 2.17 we obtain the desired 
equality of the lemma. So, we may assume that M is a free A-module. Call the 
left hand side of the equality £ and its right hand side 9t. Using the multilinearity 
of if and the relations given in the lemma, we have 

n—1 r 
j=0 i=l 
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n— 1 r 



3=0 i=l 
n—l r 

YY • • ■ ,Wi-lj + l,W iJ+1 ,Wi +1 j, . . .,W r j)- 
3=0 i=l 

<p(w 1J+1 , Wi-ij+i, Wij, Wi+ij, . . . , UV,j)) . 

Taking the sum over i, the terms cancel each other, except for the first and last 
terms (it is a telescopic sum) and the resulting sum will be 



n-l 



(V^ij+i; • • • >Wrj+i) - <p(wij, ■ ■ -,w rJ )) = 

3=0 

(p(wi, n , . . . , w r , n ) - <p(w lt0 , . . . , w rfi ) 

again, because the terms cancel each other, except for the first and last terms. 
Similarly, we have 

r n—l 

= y]y]y(wi, n , • . . ,Wi- 1>n ,ay itj ,w i+lfi , . . .,w rfi ) = 

i=l j=0 

r n—l 

i=l j=0 

r n—l 

Y Y (^( W M> • • • ' Wij+i, lUi+1,0, • • • , W r ,o)- 

i=l j=0 

(p(w hn , . . . ,Wi- ltn ,W itj ,W i+1>0 , . . .,W rfi )) = 
r 

^ {^{Wl, n , Wj-1,„, W i>n , W i+lfi , W r>0 ) 

i=l 

-^(^l,n, • • • , «>i-l,n, W ij0 , Wj+1,0, • • • , W r)0 )) = 

(p(wi, n , . . . , w r>n ) - <p(w lt0 , . . . , w rfi ) 

note that in this case we first sum over j and then over i. It follows that a£ = a9i 
and since M is a free A-module and a is a non-zero divisor of A, we conclude 
that £ = £R and this completes the proof. □ 

Remark 9.2.18. Note that the assumption that a is a non-zero divisor is not 
necessary and a similar "universalization" technique implies the equality of the 
two sums for an arbitrary element a £ A. However, we will use this lemma in 
the case where A is the ring O and a is a non-zero element. 
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Proposition 9.2.19. Let Vo, . . . ,V r be 3n- displays over k with scalar O-action. 
Let us denote by (respectively G{) the formal O -module BT V P (respectively 
BT^yy.j). Then the following diagram is commutative 



Mult u (p! x ■•■ xV r ,V ) 

9 



Mult u (H(Pi) x ■ ■ ■ x H(P r ),H(P )) 





Mult°(Gi x •■■ x G r , G ) 



Mult°(Gi x ■■■ x G r ,G 



Tr* 



where E and Tr* are respectively the O-linear homomorphism given in Lemma 
and the O-linear homomorphism induced by the isomorphisms Tr : Gi — > Gi 



9.2.9 



given in Proposition 9.2.12] 



Proof. Take an (9-multilinear morphism ip e Mult°(H(P 1 ) x • • • x M(V r ), H(P )), 
a nilpotent /c-algebra M, and a vector x = . . . , x r ) G Gi >n (J\P) x • • • x G r ^ n (N). 



Using Remark 9.2.15 we have to show that 



-^Tr(/?(x(^))(x)) = PfrXTtfa), . . . , Tr(f r )) 



where x is the isomorphism given in the proof of Lemma |9.2.9 and the equality 
should hold in the C-module Go tne (J\f). By definition (cf. Construction 6.2.5), 
we have 



0(x(vO)(*) 



' 1 ) r 1 '%2\x( ( P)( v 1 9i,---,y 1 gi-i,x i ,g i+1 , . . . ,g r )] 



where elements gi are given by the formula p n Xi = (V 1 — Id)(#j). By definition 



of x (cf- Lemma 9.2.9 and Remark 9.2.10) 



Tr ([x(^)(y l 9u---,y 1 9i-i,xi,9i+i, ■■■,&)]) 



/-I 



fi ® Id[^(^(U- J '-^ 1)i+1 , . . . , V- j - l gi - Wl V-'xv, V- j g i+ljj , . . . , V- j g rJ ))\ 

3=0 

where Xi = (x^o, • • • , x i,f-i) an d 9i — (9i,o, • ■ ■ > 9i,f-i)- Therefore, we have 



u 



^ riy Tr(/3( X M)(x)) = i^^®IdEE(^ i_ Wi,--- 



(2.20) 
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Again, by the definition of (3, we have (Tr(xi), • • • , Tr(x r )) = 

r 

(-l) 1 - 1 Yyp{V- x h Xl V-'h^, Tr(xi), h i+1 , . . . , h r )\ 



=1 



where ■K ne Ti{x i ) = (V n 1 — Id)(/ij). Since p n Xi = (V 1 — Id)(^), for every j 
0, ...,/ — 1, we have 



^ n X; = ^rWi-fc) (2-21) 



and therefore 



7c ne Tr(x t ) = \(n® Id)(V-f 9i>0 - g h0 ) = ^( V ^ ~ Id )0* ® Id ^o 
which implies that hi = (/i<g> Id)-^^. Thus, 

[^(KT^ij • • • > V^" 1 ^-!, Tr(fi), fei+i, . . . , /i r )] = 

/-i 

[(piy- x h x , V^hi-i, (n ® Id) V^'arij, . . . , /i r )] = 

i=o 

M i=o 
Consequently, we have /3(<^)(Tr(xi), . . . , Tr(x r )) = 

r f-i 

ii « Trl 

U rt(r-1)' 



, w (r-l) ^ ® M ZJ^"'^ 1 ' ' ' ' ' ' ^ _/ ^-1.0' ft+1,0, • • • , 9r,o)}- 

t=l i=0 

So, in order to show that 



_i- iy Tr(/3(xH)(x)) = ^H(Tr(fO, • • • , Tr(f r )) 
it is sufficient to show the following equality 

r f-1 

W~ J-1 0i,j+i> • • • ' y~ 3 ~ l 9i-x,i+u V~ 3 x itj , V~ J g i+1>j , V~ J g rJ ) = 

i=l j=0 

r f-1 

$( V ~ f 9i$, ■ ■ ■ > ^ / " / fi'i-i,o, V~ J a;y , &+i,o, • • • , 0r,o). (2.22) 

i=l j=0 

For every z = 1, . . . , r and j = 0, . . . , /, set iuy := V~ 3 0y and j/y : = V~ 3 x id . 



Since V 1 is an CMinear homomorphism, it follows from the relations 2.21 that 

u n n ne y itj = V~ 3 x it3 - = V'^^gij+i - V~ 3 'gfy = Wy +1 - U>y. 
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If we define a := u n ir ne , then a is a non-zero divisor of O and we have u>ij+i 



otyi j + Wij. With these new notations, the equality 2.22 becomes 



r f-i 



i=l j=0 



r f-1 
i=l i=0 

which we know holds thanks to Lemma 19.2.161 



□ 



Corollary 9.2.23. Let V , 

homomorphism 



,V r be ramified displays over k. The O-linear 



(3 : Mult u (Pi x ■■■ xV r ,V ) ^ Mvlt u (BT Pl x • • • x BT Tr , BT Vo ) 
is an isomorphism. 



Proof. For every i — 0, . 

U(Vi) = Vi (cf. Remark |9.2.8[). We know by Corollary 



r, let Vi be a display (non-r amified ) over k such that 

that 



8.1.22 



(3 : Mult(Pi x ■ ■ ■ x V r ,Vo) ^ Mn\t(BT fi x ■■■ x BT Pr , BT Pq ) 

is an isomorphism. Since preserves the (9-module structure, it induces an 
isomorphism 



Mult u (Pi x • • • x V r , Vo) Mult u \BT fi x • • • x BT Pr , BT fo ). 



Now, consider the diagram in Proposition 9.2.19 As S, Tr* and (3 on the left 
hand side are isomorphisms, it follows that 



/3 : Mult u (Px x ■■■ xV r ,V ) ^ Mu\t u (BT Vl x • • ■ x BT Vr , BT Vo ) 
is an isomorphism as well. □ 

One of the main results of section 8.3 is the existence of the exterior powers of 
truncated Barsotti-Tate groups of dimension 1 over local Artin rings with residue 



characteristic p (cf. Propositions 8.2.6 and 8.2.7). The proof of this result is 



based on the fact that (3 is an isomorphism when the base is a perfect field of 
characteristic p. Now that we have the above isomorphism, we can prove in the 
same way, the similar statement. We therefore omit its proof and the auxiliary 
statements leading to it. 

Let R be a local Artin (9-algebra with residue characteristic p and M. a n- 
divisible (9-module scheme over R of height h, whose special fiber is a connected 
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7r-divisible module of dimension 1. Let us denote by V the ramified display 
associated to M.. The exterior power f\ r V exists (cf. point 14 from the list in 
the previous section) and we denote by the 7r-divisible (9-module associated 
to /\ r V (cf. point 11). The universal alternating morphism A : V r — > /\ r V 
induces an alternating morphism (5\ : Ai T — >■ A^. So, we obtain an alternating 



morphism /3x, n '■ -A4^ ~ > ^Rn- As i n Construction 8.2.1, for every group scheme 
X, we obtain the morphism 



o 



K(X) : Eom R (A R>n ,X) Mt R (M r n ,X). 
Note that llom R (A Rn ,X) is the 0-module of group scheme homomorphisms. If 



R is a perfect field, then by Remark 9.2.10 2), Corollary 9.2.23, Corollary 5.5.6 
and Remark 5.5.21, A r Rn is the r th -exterior power of Ai n and j3x, n is the universal 



alternating morphism. 

Proposition 9.2.24. For every finite and flat group scheme X over R, the 
morphisms 



o 



Xl(X) : Hom^A^, X) Att R (M r n ,X) 



and 



An( G m) 



■o 



■ Hom K (A^ )n , G m ) -> A]t R (M r n , G m ) 

are isomorphisms. Consequently, (3\ jn : M. r n — >■ A^ n zs i/ie r th -exterior power 
of A4 n in the category of finite and flat group schemes over R (in the sense of 



Definition Jf.,1.1). 



Corollary 9.2.25. The O-module scheme Alt g (Al^, G m ) is finite and flat over 
R and its order is equal to q n ^ . 

We will reduce the general case to the situation over a local Artin ring, but before, 
we need few technical lemmas. 

Lemma 9.2.26. Let S a base scheme, A a ring and b an element of A such that 
A/b is finite (as a set). Let 

— > — )• M — A/b — »■ 

be a short exact sequence of finite A-module schemes over S , where A/b denotes 
the constant A-module scheme over S corresponding to the A-module A/b. As- 
sume that b annihilates M and there exists an scheme-theoretic section s : S — > M 
such that its composition with the projection pr : M -» A/b is the closed embed- 
ding S ?• A/b corresponding to the element 1 G A/b (note that A/b is the disjoint 
union UxeA/b^)- Then there exists an A-module scheme section, A/b > M, of 
the projection pr : M -» A/b and so the above short exact sequence is split. 
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Proof. We have 

Eomj{A/b,M) ^ Rom A {A/b,M{S)) = M{S)[b] = M{S) 

where for the last equality, we used the fact that M is annihilated by b. Let 
g : A/b — > M be the A-linear homomorphism mapping to the section s under 
this isomorphism. We have a commutative diagram 

Romj (A/b, M) B.om A (A/b, A/b) 



M{S) »A/b(S) 



where the horizontal morphisms are induced by the projection pr, the left ver- 
tical isomorphism is the one given above and the right vertical isomorphism is 
given similarly. By assumption, prs(s) is the closed embedding S ^ A/b cor- 
responding to the element 1 G A/b and thus, under the isomorphism A/b(S) = 

Hom A (A/b, A/b), it is mapped to the identity morphism. It follows from the 
definition of g and the commutativity of the above diagram, that pr o g is the 
identity of A/b. □ 

Lemma 9.2.27. Let S be a scheme whose underlying set consists of one point. 
Let A be a ring and b±, . . . ,b n elements of A such that the quotient ring A/bi is 
a finite set (for every i = 1, . . . , n). Let 

n 

(0 -> N -» M -g^ ($)A/bi -» 

i=i 

be a short exact sequence of finite flat A-module schemes, such that for every 
i = l,...,n, bi annihilates M. Then there exists a finite and faithfully flat 
morphism T — >■ S such that the above short exact sequence splits after extending 
the base to T. 

Proof. For every j = 1, . . . , n, let us denote by Nj the kernel of the projection 

i=i i=i 

and set N := M. Then, for every j = 0, ... ,n — 1, we have a short exact 
sequences 

(0) : N j+1 -+ Nj > A/b J+1 -+ 0. 

Assume that for every j = 0, ... ,n — 1, we can find a finite and faithfully flat 
morphism Tj — > S such that the short exact sequence (£,•) is split over Tj and set 
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T = T x 5 Ti x • • • x 5 T n _i. Then, since (Q Tj is split, (£,-) T = ((0)t,)t splits too. 
These splittings, provide a splitting of (£)t- As each 7} is finite and faithfully 
flat over S, their product, T, is finite and faithfully flat over S as well. So, it is 
enough to show the existence of Tj. 

We show the following assertion: let 

-»■ P -» Q -g^ A/5 -» 

be a short exact sequence of finite flat A-module schemes over S 1 , where b e A 
is an element annihilating Q and such that A/b is a finite set, then there exists 
a finite and faithfully flat morphism T — > S such that this short exact sequence 
splits over T. 

We can write Q as a disjoint union LL gj4 / b Q x of closed submodule schemes, with 
Qo = P. Set T := Qi. Since Q is finite and flat over S, all and in particular 
T are also finite and flat over S. By assumption, S has a single point and so, 
T — > S is surjective. This shows that T is faithfully flat and finite over S. The 
embedding T <-^r Q induces a morphism T — >■ over T, i.e., a section of the 
structural morphism Qt — > T. By definition, this section has the property that 
its composition with the projection Qt -» ^4/& T = is the embedding 

corresponding to the element 1 G A/b. Now, we are in the situation of the 
previous lemma, and applying it, we deduce that the short exact sequence 

P T Q T ^ 

is split. This proves the above assertion. 

By assumption, bj + i annihilates M and since Nj is a submodule scheme of M, it 
annihilates Nj too. We apply the above assertion to the sequence and obtain 
the desired Tj. □ 

Lemma 9.2.28. Let M. be a it- divisible O-module scheme over a local Artin ring 
R. Then, for every positive natural number n, there exists a finite and faithfully 
flat morphism T — > Spec(i?) such that A4 n ,T becomes isomorphic a the direct 
sum (A^°)t © (C/vr n ) het , where Ai° is the connected component of M. and h et 
denotes the height of the etale part of M. . 

Proof. Fix a positive natural number n and set S := Spec(i2). By Proposition 
there exists a connected finite etale cover S' —> S such that M-^S' ls 



5.1.5 



constant (9-module scheme (0/7i n ) over S'. Consider the short exact sequence 
^ {M° n ) s > -+ M n , s > -> (0/n n ) h6t -+ 
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induced by the connected-etale sequence of M. n over S (cf. Remark 5.1.4). The 
C-module Ai n ,s' is annihilated by 7r n . Since S' is finite over S, it is the spectrum 
of a finite i?-algebra R'. Thus, the Krull dimension of R' is equal to the Krull 
dimension of R, which is zero. Since R is Noetherian and R! is finite over it, R' 
is also Noetherian. This shows that R! is an Artin ring. Further, S' = Spec(R') 
is connected, which means that R' is local. Consequently, 5" is a scheme with 
1 point. We can now apply the previous lemma and find a finite faithfully flat 
morphism T — > S' that splits the above short exact sequence. Hence M. Uj t — 
(M° n ) T © ( Q/TT n ) h6 \ Since T -> S' is finite and faithfully fiat and S' -> S is 
finite, surjective (it is a cover) and etale, the composition T — > S' — > S is finite 
and faithfully flat. □ 

From now on, we assume that M. is a 7r-divisible (9-module scheme over a base 
scheme S (defined over Spec(O)) and of height h and dimension at most 1. 

~ o 

Lemma 9.2.29. The O-module scheme Alt 5 (M^, G m ) is finite and flat over S, 
when S is the spectrum of a local Artin O-algebra. Moreover, its order is the 
constant function q n \r) . 



Proof. If the dimension of the special fiber of M. is zero, then it is an etale 7r- 

divisible module and we know by Proposition 5.4.1 that the exterior power f\ r ' M. n 

o 



exists and is a finite etale (9-module scheme of order q 11 ^) . We also know that the 
construction of this exterior power commutes with arbitrary base change. Thus 

o 



Alt s (M r n , G m ) = Hom s (/\ M n , ' 



o 

The latter, being the Cartier dual of f\ r Ai n , is a finite flat (9-module scheme of 

o 

order q n ^ r \ So, we may assume that the dimension of Ai at the closed point of 
S is one and so, the closed point of S has characteristic p. 

If we can find a finite and faithfully flat morphism T — > S such that the base 

change of Alt 5 \M. r n , G m ) to T is finite and flat over T, then Alt 5 (Ai r n , G m ) is 
finite and flat over S (a module over a ring is finite and flat if and only if it is so 
after base change to a faithfully flat ring extension). So, it is enough to find such 
a T. Let T — > S be a finite faithfully flat morphism such that 

(*) M n , T = (M° n ) T © (0/rf n ) h6t 



(provided by the previous lemma) and to simplify the notations, write T : = 

( Q/7T n ) h6 \ Set Y := Mt°((M° n ) r \ O m )- S ince M° is a connected vr-divisible 
module of dimension 1, by Corollary |9.2.25 , Y is finite and flat over S. Thus 



Y T = Mt°s((M n y, G m ) T - Alt£((A<°)T, 1 
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is finite and flat over T. By isomorphism (*) and adjunction formulas given in 
Proposition 2.2.17, we have 



o 



Att T (M r n<T , 



■o 



AitT(r r ,AitT((-^n)T^ m )) = M?(r r ,yr). 



By Proposition 



5.4.1 



(and its proof), the exterior power f\ r T exists, and is iso- 

o 



morphic to the constant (9-module scheme (O/tt* 
o 



We therefore have 



Alt T (r r ,>r) =Hom?(/\ T,Y T ) = Eom°{ Q/n n , Y T ). 



Thus, it is sufficient to show that Hom T {O / ir n , Yt) is finite and flat over T. 
We claim that this O- module scheme is isomorphic to Yp. Indeed, since A4 n is 
annihilated by ir 11 , its connected component M° n is annihilated by ix n too, and 
therefore Yt is annihilated by 7r n as well. It follows that for every T-scheme T', 
we have isomorphisms 

Rom^{ 0/n n ,Y T ){T') = Homg,( Q/7r w , Y T .) = 

Rom°{0/7r n ,Y{T')) = Rom°{0,Y{T')) = Y{T') = Y T {T'). 
This proves the claim. Hence the finiteness and flatness of Hom y (Q/ir n , Yt)- 



o 



To prove the statement on the order of Alt 5 (M. r n , G m ), it suffices to assume that 
S is the spectrum of an algebraically closed field. The statement then follows 
from the fact that the exterior power f\ r Ai n has order q n ^ (cf. Theorem 5.5.34) 



■o 



and therefore its Cartier dual Bxym s (/\ r Ai n ,G m ) = Alt 5 (M. r n , G m ) has order 

o 



□ 



o 



Lemma 9.2.30. The O-module scheme Alt 5 (A^^, G m ) is finite and flat over S, 
when S is the spectrum of a complete local Noetherian O-algebra. 



Proof. By Remark 



2.2.11 



we know that Alt 5 (Ai 



ni ^m, 



is an affine scheme of 



finite type over S, and so is separated over S. Let R be a local Artin O-algebra 
and / : Spec(i?) — > S an (9-scheme morphism. We have 

Mt° s (M r n , G m ) R - Mt° R (Ml n , G m ). 



o 



By previous lemma, K\t R (Ai r R 



We can now apply Lemma 
flat over S. 



1.0.1 



n iG m ) is a finite flat O-module scheme over R. 

and conclude that Alt 5 {M. r n , G m ) is finite and 

□ 
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~ o 

Lemma 9.2.31. The O-module scheme Alt 5 {M. r n i G m ) is finite and flat over S , 
when S is a locally Noetherian O-scheme. Moreover, its order is the constant 
function g n ( J . 

Proof. Set X := Alt 5 (Ai r n , G m ). We show at first that X is flat over 5*. We can 
assume that 5* is the spectrum of a local ring R. By assumption, R is a Noetherian 
ring and therefore, the completion R — y R is a faithfully flat morphism. Thus, 
X is flat over R if and only if X^ is flat over R. But 

X n = Mt° s (M r n , G m ) R = M&(Ml n , G m ) 

which is finite and flat over R by previous lemma. This shows the flatness of X 
over S. 



We now prove that X is finite over S. We can assume that S is affine, say 
S = Spec(i?) and then X is affine too, say X = Spec(A). Let L be a field and 
/ : Spec(L) — > S be a morphism. Again, we have 



o 



X L = Alts (M 



r i 

n ' 



"m)L 



Alt? (A* 



r 1 



which is finite over L by Lemma [9.2.29[ It follows that X is quasi-finite over S. 
If we show that X is proper over S, then it will follow that it is finite over S. We 
use the valuative criterion of properness. So, let D be a valuation ring and E its 
fraction field. Denote also by D and respectively E the completions of D and E. 
Assume that we have a commutative "solid" diagram 



R 



A 



D 



E 



(2.32) 



where the vertical ring homomorphisms are the obvious ones, and we want to lift 
g to a homomorphism g : A — > D filling the diagram (note that X is separated 
over S and therefore if such a morphism exists, it is unique). We can complete 
this diagram to the following diagram 



R 



D 



I I * 
A^E' >e. 

If we can find a homomorphism g : A — >■ D making the above diagram commu- 
tative, then since E fl D = D, the image of g will be inside D and we are done. 
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So, we may replace D and respectively E by D and E and assume that D is 
a complete valuation ring. Then, by assumption A ®^ D is finite over D and 
therefore is proper over D. Consider the following diagram 




induced by base change. The valuative criterion of properness, applied to A®rD, 
implies that there exists a unique gu : A ®r D — > D making the above diagram 
commutative. Let g be the composition A — >■ A £g>^ D 9D > D, then g fills the 



diagram 2.32 and this proves that X is proper over S. 



As the order of a finite flat group scheme is a locally constant function on the base, 
which is preserved under base change, we may assume that S is the spectrum of 
a field. The statement on the order now follows from Lemma [9.2.291 □ 

Proposition 9.2.33. Let S be a locally Noetherian O-scheme. The exterior 

power f\ r Ai n exists in the category of finite flat group schemes over S , and com- 
et 

mutes with arbitrary base change. Moreover, its order is the constant function 

g n (r). Furthermore, for every S-scheme T, the canonical base change homo- 

morphism /\ r (Ai n ,T) {/\ r -M-n)T is an isomorphism, 
o o 

~e> 

Proof. Set := Hom g ( Alt 5 \M. r w G m ), G m ). According to the previous lemma, 

~ o 

being the Cartier dual of Alt s (A4^, G m ), this is a finite flat (9-module scheme 
over S. By Cartier duality, we have a canonical isomorphism 

a : Hom 5 (A;, G m ) Mt° s (M r n , G m ) 



and by adjunction formulas (cf. Proposition 2.2.17), we have an alternating 
morphism A n : Ai r n — > A^. More precisely, we have isomorphisms 

Alts (.M;, A;) = Mt° s (Ml,U^ s m° s (M r n ,G m ),G m )) - 

LW? (Mt° s (M r n ,G m ),Mt° s (M r n ,G m )) 

and A n corresponds, via this isomorphism, to the identity morphism. Let G 
be a finite flat group scheme over 5*. We have a canonical isomorphism G = 
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Hom g (G*, G m ), where as usual, G* denotes the Cartier dual of G. Now consider 
the following diagram 

Hom 5 (A;, G) *™ . Alt g (M;, G) 



tt (Kr tt ^ \\ A^(Hom s (G*,G m )) 

Hom s (A;, Hom^G*, G m )) - A lt s (M r n , Hom 5 (G*, G m )) 



Hom s (G*, Hom s (A;, G m )) Uoms(G ^ a) - Hom s (G*, Alt? (M n , G ro )). 

Since a is an isomorphism, Homg(G*,a:) is an isomorphism too, which implies 
that A*(G) is an isomorphism. Thus, A r n is the r th -exterior power of M n in 

the category of finite flat group schemes over S, and we can write f\ r M n — 

o 

K' n . As [\ Ai n is the Cartier dual of Alt g {M. r n , G m ) and by previous lemma, 



Alt 5 (M r n , G m ) has order equal to q n ^ r \ we deduce that f\ r M n has order equal 



to the constant function q n \ r >. 



~ o 

What we have proved above is that if Alt g {M. r n , G m ) is finite and flat over S (for 

any base O-scheme S), then f\ r M n exists and it is isomorphic to the Cartier 

o 

~e> 

dual of Alt 5 (M r n , G m ). Now, let T be an S'-scheme. Since by assumption, S is 

locally Noetherian, Alt g {M. T n , G m ) is finite and flat over S by previous lemma 
and therefore, the base change 

Mt° s (M r n , G m ) T 2* G m ) 

is finite and flat over T. It follows that /\ r (M n ,T) exists and since the Cartier 

o 

duality commutes with base change, the two (9-module schemes /\ r (M n ,T) and 

o 

(f\ r M n )T are canonically isomorphic. □ 

o 

Proposition 9.2.34. Let S be a locally Notherian O-scheme. There exist nat- 
ural monomorphisms i n : /\ r Ai n c - > /\ r Ai n +i, which make the inductive system 

o o 

(/\ r M. n )n>i a 7r-Barsotti-Tate group over S of height (^) and dimension a locally 
o 

constant function 

, (h — lV |0 if M s is etale 

dim : S ->■ {0, )}, mj. n 7 

1 \r- 1/ 1 ( r Zl) otherwise. 
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Proof. By previous proposition, /\ r A4 n are finite flat O-module schemes over S. 

o 

~ o 

Since M. n is annihilated by 7r n , the (9-module scheme Mt s {M. r n , G m ) is also an- 
nihilated by 7r n . Thus, its Cartier dual, f\ r A4 n is annihilated by 7r n as well. We 

e> 

also know by previous proposition that /\ r A4 n has order equal to the constant 

o 



8.3.4 



pro- 



function q n ^ r K Now, the similar arguments as in the proof of Lemma 

vide monomorphisms i n : /\ r A4 n /\ r A4 n+ i and imply this proposition. We 

o o 

therefore omit the proof. □ 

Remark 9.2.35. Since X n are the universal alternating morphisms, they are 

compatible with respect to the projections A4. r n+1 —> A4 r n and /\ r A4 n+ i — > f\ r A4 n 

o o 

and therefore define an alternating morphisms A : A4 r — > f\ r \M. 

o 

Theorem 9.2.36 (The Main Theorem for 7r-divisible (9-module schemes). Let S 

be a locally Notherian O-scheme and Ai a ir-divisible O-module scheme over S 

of height h and dimension at most 1. Then, there exists a n-divisible O-module 

scheme f\' M. over S of height ( h ), and an alternating morphism X : Ai r — > f\' M. 

o o 
such that for every morphism f : S' — > S and every n-divisible group M over S' , 

the homomorphism 

Horner /\ r .M, AO Mt° s ,((f*My,Af) 
o 

induced by f*X is as isomorphism. In other words, the r th - exterior power of A4 

exists and commutes with arbitrary base change. Moreover, the dimension of 

f\ r A4 is a locally constant function 
o 

fh-l\ fo if M s is etale 

dim : S — > 10, k s h> < n 

1 ' \r- I/ 1 ' 1 g-J) otherwise. 



Proof. By Proposition 



9.2.33 



f*/\ T M-n is the r -exterior power of f*Ai n in the 
o 



category of finite and fiat group schemes over S'. So, the homomorphism 

Rom s ,(r/\ r M n ,M n ) Mt° sl {(rM n y,K) 

o 

induced by f*X n : (f*Ai n ) r — > f* /\ r Ai n is an isomorphism. Taking the inverse 

o 

limit of these isomorphisms, we conclude that 



Rom s ,(f*/\ r M,N) Alt° (if* M) r , AT) 



M,N) -»■ Ali° 

o 
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is an isomorphism. The statement on 
previous proposition. 

Quod Erat Demonstrandum. 



height and dimension follows from the 

□ 



212 



Chapter 10 
Examples 



In this chapter, p is an odd prime number, / is a positive natural number and 



q = pf . 



Example 10.0.1. Let O be the ring of integers of a non- Archimedean local field 
with residue field ¥ q and S an C-scheme. Let F be a C-Lubin-Tate group of 
height h and dimension 1 over S. When S is the spectrum of a field or O is an 



extension of Q p , then by the results of chapters 5 and 9 (cf. Theorems 5.5.34 and 



9.2.36), the exterior power f\ r F exists and is an (9-Lubin-Tate group of height 
I o 

( r ) and dimension ( h Zi) ■ m particular, the highest exterior power /\ h F is an O- 

o 

Luni-Tate group of height and dimension 1. Now, assume that O is an extension 
of Q p and fix an (9-Lubin-Tate group Fq of height h and dimension 1 over F g . 
Let k f¥ q be a perfect field. Define the deformation functor that assigns to any 
local Artin (9-algebra R whose residue field is an overfield of k, the set 

Def(F )(R) = {(F, a)} /isomorphisms 

where F is a 1 dimensional formal (9-module over R and 

a : F x R R/m R -=->■ F x ¥q R/m R 

is an isomorphism of formal (9-modules. Then the functor Def(F ) is repre- 
sented by Spf (Wo(k)lti, . . . ,th-ij), called the Lubin-Tate (moduli) space of F 
(cf. [Cha96j or [HG94J). Taking the highest exterior power induces in a natural 
way a morphism 

det : Spf (W (k)lt l7 . . . , t h ^j) -> Spf (W (k)) 

of formal (9-schemes. Indeed, let R be as above and let (F, a) be a deformation 

of F over R. Then (A F, A 'a) is a deformation of A Fo over R-i °f dimension 

o o o 
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1. This is so, because the construction of exterior powers commutes with base 
change: 

(f\F) x R R/m R f\(F x R R/m R ) /\ Vo x F , R/m R ) = x Fg R/m R . 

o o o o 

Example 10.0.2. Let C be a smooth geometrically connected projective curve 
over ¥ q and oo a closed point of C. Let A be the ring of functions on C which 
are regular outside oo, i.e., A = T(C s {oo}, Oc)- Let L/¥ q be a field with an 
A-structure, i.e., an F g -algebra homomorphism A — > L. Finally, let p : A — > 
End F? (G aj L) be a Drinfeld module. This defines an A-module scheme structure 
on G a< L. Take a prime ideal p of A. The closed subscheme p[p n ] of G a is a 
finite and flat v4/p n -module scheme of order p n / rank O) = grirank(p)_ jf we g x a 

uniformizer 7r of the completion A p of A with respect to p, then for every n > 0, 
we have short exact sequences 

o -> P [p] -> P [p" +1 ] p[p"] -> o 

(cf. [GekOOj or [Ros03j). It follows that we have a 7r-Barsotti-Tate module or a 
7r-divisible A p -module, that we denote by p[p°°]. Its height is rank(p) and has 
dimension 1. Therefore, we can construct the exterior power /\ r p[p°°]. Its height 

A P 

and dimension are respectively equal to f rank w) an d ^ rank w -1 V 

Example 10.0.3. Let L/Q be an imaginary quadratic field extension and denote 
by Ol its ring of integers and let p > 2 be a prime number that splits in Ol, say 
pOi = q-p, where p and q are different prime ideals of Ol- Let S be an C L -scheme 
defined over Spf(Z p ) and A an Abelian scheme over S of relative dimension g. 
Assume that Ol acts on A, i.e., we have a ring homomorphism Ol — > End5(^4) 
and the induced action on the relative Lie algebra of *4 has signature (g — 1, 1). 
More precisely, the decomposition Ol®iO$ — 0$xOs, according to the splitting 
of p, induces a decomposition of the relative Lie algebra of A into a product of 
two locally free (9s-modules and the component corresponding to p has rank 1 
and the other component, corresponding to q, has rank g — 1. The p-divisible 
group, ^4[p°°], associated to A has a natural structure of Ol ®z Z p -module. We 
can decompose ®z Z p into a product Ol a X Cz,p, where Ol a and are 
respectively the completions of Ol with respect to q and p. Since p is split in 
Ol, they are both isomorphic to 7L V . So, we have Ol ®z Z p = Z p x 7L v . This 
decomposition induces a decomposition ^4[p°°] = *4.[q°°] x ^4[p°°] of ^4[p°°] into 
p-divisible groups of height g over S. By assumption on the action of Ol on A, 
^4[p°°] has dimension 1 and -4[q°°] has dimension g — 1. So, for every r > 0, the 
exterior power /\ r ^4[p°°] exists and its height and dimension are respectively Pj) 
and (pZi) • Note that there exists a natural number m < n such that *4.[p°°] has 
slopes zero and with multiplicities respectively m and n — m, and ^4[q°°] has 
slopes zero and with multiplicities respectively m and n — m. 
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Example 10.0.4. Let E be an elliptic scheme (i.e., Abelian scheme of relative 
dimension 1) over a base scheme S. Then, the associated p-divisible group 
has rank 2 and dimension 1 at points of characteristic p. Thus, the second exte- 
rior power /\ 2 £\p°°} is a p-divisible group of height 1 and dimension 1 at points 
of characteristic p. This means that at these points, /\ 2 S[p°°] is a multiplicative 
group of height and dimension 1 and so is isomorphic to fi p oo . At points of char- 
acteristic zero, /\ 2 £[£>°°] is an etale p-divisible group of height 1 and if we pass 
to an algebraic closure, we obtain the constant p-divisible group Q p /Z p , which is 
again isomorphic to /i p oo. Thus, at all geometric points, /\ 2 £[p°°] is isomorphic 
to 

The Weil pairing u n : S[p n ] x S[p n ] — > fi p n is a perfect pairing and induces an 
alternating morphism u : Sip 00 ] x i'fp 00 ] — > /i p00 . We want to show that u is in 
fact the universal alternating morphism and /\ 2 £[p°°] is canonically isomorphic 
to fi p oo. Indeed, by the universal property of /\ 2 S[p°°], we have a homomorphism 
u : /\ 2 ^[p°°] — > fipoa such that w = w o A (where A is the universal alternating 
morphism of /\ 2 £[p°°]) and we have to show that u is an isomorphism. This 
homomorphism is an isomorphism, if and only if it is so over every geometric 
point, and therefore, we may assume that S is the spectrum of an algebraically 
closed field. Then, as we explained above, A 2 £[p°°] i s isomorphic to /i p oc. So 
we have a homomorphism u : fi p oo — > /i p00 and we want to show that it is an 
isomorphism. By Cartier duality, we can consider the dual of this homomorphism, 
namely u* : Q p /Z p — > Q p /Z p . If this is not an isomorphism, it factors through 
multiplication by p. Thus, u factors through multiplication by p. It follows that 
on p-torsion points, oui — 1 o Ai is the zero morphism, which is in contradiction 
with the fact that the Weil pairing is a perfect pairing. 



215 



Bibliography 



[Ahs] Tobias Ahsendorf, Generalized Displays. To appear. 

[Bou61a] Nicolas Bourbaki, Elements de mathematique. Fascicule XXVII. 
Algebre commutative. Chapitre 1: Modules plats. Chapitre 2: Localisation, 
Actualites Scientifiques et Industrielles, No. 1290, Herman, Paris, 1961. 

[Bou61b] Nicolas Bourbaki, Elements de mathematique. Fascicule XXVIII. 
Algebre commutative. Chapitre 3: Graduations, filtra- tions et topologies. 
Chapitre Jf.: Ideaux premiers associes et decomposition primaire, Actualites 
Scientifiques et Industrielles, No. 1293, Hermann, Paris, 1961. 

[Bou64] Nicolas Bourbaki, Elements de mathematique. Fasc. XXX. Algebre com- 
mutative. Chapitre 5: Entiers. Chapitre 6: Valuations, Actualites Scien- 
tifiques et Industrielles, No. 1308, Hermann, Paris, 1964. 

[Bou65] Nicolas Bourbaki, Elements de mathematique. Fasc. XXXI. Algebre 
commutative. Chapitre 7: Diviseurs, Actualites Scientifiques et Industrielles, 
No. 1314, Hermann, Paris, 1965. 

[Bou06] Nicolas Bourbaki, Elements de mathematique. Algebre commutative. 
Chapitres 8 et 9, Springer, Berlin, 2006, Reprint of the 1983 original. 

[Bou07] Nicolas Bourbaki, Elements de mathematique. Algebre commutative. 
Chapitre 10, Springer- Verlag, Berlin, 2007, Reprint of the 1998 original. 

[Bre79] Lawrence Breen, Rapport sur la theorie de Dieudonne, Journees de 
Geometrie Algebrique de Rennes (Rennes, 1978), Vol. I, Asterisque, vol. 63, 
Soc. Math. France, Paris, 1979, pp. 39-66. 

[Bre99] Christophe Breuil, Schemas en groupe et modules filtres, C. R. Acad. Sci. 
Paris Ser. I Math. 328 (1999), no. 2, 93-97. 

[BreOO] Christophe Breuil, Groupes p-divisibles, groupes finis et modules filtres, 
Ann. of Math. (2) 152 (2000), no. 2, 489-549. 

[Chai] Ching-Li Chai, Notes on Cartier theory. Preprint (2004), available at 
http : //www Tmath . upenn . edu/~chai/expository . html[ 



216 



[Cha96] Ching-Li Chai, The group action on the closed fiber of the Lubin-Tate 
moduli space, Duke Math. J. 82 (1996), no. 3, 725-754. 

[CO09] Ching-Li Chai and Frans Oort, Moduli of abelian varieties and p- divisible 
groups, Arithmetic geometry, Clay Math. Proc., vol. 8, Amer. Math. Soc., 
Providence, RI, 2009, pp. 441-536. 

[CS86] Gary Cornell and Joseph H. Silverman (eds.), Arithmetic geometry, 
Springer- Verlag, New York, 1986, Papers from the conference held at the 
University of Connecticut, Storrs, Connecticut, July 30-August 10, 1984. 

[CSS97] Gary Cornell, Joseph H. Silverman, and Glenn Stevens (eds.), Modular 
forms and Fermat's last theorem, Springer- Verlag, New York, 1997, Papers 
from the Instructional Conference on Number Theory and Arithmetic Ge- 
ometry held at Boston University, Boston, MA, August 9-18, 1995. 

[Dem86] Michel Demazure, Lectures on p-divisible groups, Lecture Notes in 
Mathematics, vol. 302, Springer- Verlag, Berlin, 1986, Reprint of the 1972 
original. 

[DG70] Michel Demazure and Pierre Gabriel, Groupes algebriques. Tome I: 
Geometrie algebrique, generalites, groupes commutatifs, Masson & Cie, 
Editeur, Paris, 1970, Avec un appendice it Corps de classes local par Michiel 
Hazewinkel. 

[dJ95] Aise Johan de Jong, Crystalline Dieudonne module theory via formal and 
rigid geometry, Inst. Hautes Etudes Sci. Publ. Math. (1995), no. 82, 5-96 
(1996). 

[dJ98] Aise Johan de Jong, Homomorphisms of Barsotti-Tate groups and crystals 
in positive characteristic, Invent. Math. 134 (1998), no. 2, 301-333. 

[Dri76] Vladimir G. Drinfeld, Coverings of p-adic symmetric domains, 
Funkcional. Anal, i Prilozen. 10 (1976), no. 2, 29-40. 

[EGAI] Alexander Grothendieck, Elements de geometrie algebrique. I. Le langage 
des schemas, Inst. Hautes Etudes Sci. Publ. Math. (1960), no. 4, 228. 

[EGAII] Alexander Grothendieck, Elements de geometrie algebrique. II. Etude 
globale elementaire de quelques classes de morphismes, Inst. Hautes Etudes 
Sci. Publ. Math. (1961), no. 8, 222. 

[EGAIIIl] Alexander Grothendieck, Elements de geometrie algebrique. III. Etude 
cohomologique des faisceaux coherents. I, Inst. Hautes Etudes Sci. Publ. 
Math. (1961), no. 11, 167. 



217 



[EGAIII2] Alexander Grothendieck, Elements de geometrie algebrique. III. Etude 
cohomologique des faisceaux coherents. II, Inst. Hautes Etudes Sci. Publ. 
Math. (1963), no. 17, 91. 

[EGAIV1] Alexander Grothendieck, Elements de geometrie algebrique. IV. Etude 
locale des schemas et des morphismes de schemas. I, Inst. Hautes Etudes Sci. 
Publ. Math. (1964), no. 20, 259. 

[EGAIV2] Alexander Grothendieck, Elements de geometrie algebrique. IV. Etude 
locale des schemas et des morphismes de schemas. II, Inst. Hautes Etudes 
Sci. Publ. Math. (1965), no. 24, 231. 

[EGAIV3] Alexander Grothendieck, Elements de geometrie algebrique. IV. Etude 
locale des schemas et des morphismes de schemas. Ill, Inst. Hautes Etudes 
Sci. Publ. Math. (1966), no. 28, 255. 

[EGAIV4] Alexander Grothendieck, Elements de geometrie algebrique. IV. Etude 
locale des schemas et des morphismes de schemas IV, Inst. Hautes Etudes 
Sci. Publ. Math. (1967), no. 32, 361. 

[Eis95] David Eisenbud, Commutative algebra, Graduate Texts in Mathematics, 
vol. 150, Springer- Verlag, New York, 1995, With a view toward algebraic 
geometry. 

[Fal02] Gerd Faltings, Group schemes with strict O-action, Mosc. Math. J. 2 
(2002), no. 2, 249-279, Dedicated to Yuri I. Manin on the occasion of his 
65th birthday. 

[FK88] Eberhard Freitag and Reinhardt Kiehl, Etale cohomology and the Weil 
conjecture, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results 
in Mathematics and Related Areas (3)], vol. 13, Springer- Verlag, Berlin, 
1988, Translated from the German by Betty S. Waterhouse and William C. 
Waterhouse, With an historical introduction by J. A. Dieudonne. 

[Fon77] Jean-Marc Fontaine, Groupes p-divisibles sur les corps locaux, Societe 
Mathematique de France, Paris, 1977, Asterisque, No. 47-48. 

[GekOO] Ernst-Ulrich Gekeler, Drinfeld modules and local fields of positive char- 
acteristic, Invitation to higher local fields (Minister, 1999), Gcom. Topol. 
Monogr., vol. 3, Geom. Topol. Publ, Coventry, 2000, pp. 239-253 (elec- 
tronic). 

[Gos96] David Goss, Basic structures of function field arithmetic, Ergebnisse der 
Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related 
Areas (3)], vol. 35, Springer- Verlag, Berlin, 1996. 



218 



[Gro71] Alexander Grothendieck, Groupes de Barsotti- Tate et cristaux, Actes du 
Congres International des Mathematiciens (Nice, 1970), Tome 1, Gauthier- 
Villars, Paris, 1971, pp. 431-436. 

[Gro74] Alexander Grothendieck, Groupes de Barsotti-Tate et cristaux de 
Dieudonne, Les Presses de l'Universite de Montreal, Montreal, Que., 1974, 
Seminaire de Mathematiques Superieures, No. 45 (Ete, 1970). 

[Har77] Robin Hartshorne, Algebraic geometry, Springer- Verlag, New York, 1977, 
Graduate Texts in Mathematics, No. 52. 

[Haz78] Michiel Hazewinkel, Formal groups and applications, Pure and Applied 
Mathematics, vol. 78, Academic Press Inc. [Harcourt Brace Jovanovich Pub- 
lishers], New York, 1978. 

[HR06] Mohammad Hadi Hedayatzadeh Razavi. Multilinear theory of commuta- 
tive group schemes, Master Thesis EPFL, Lausanne, 43 p., 2006. Available 
at |http : / / www . math . ethz . ch/~m hedayat , 

[HG94] Michael J. Hopkins and Benedict H. Gross, Equivariant vector bundles on 
the Lubin-Tate moduli space, Topology and representation theory (Evanston, 
IL, 1992), Contemp. Math., vol. 158, Amer. Math. Soc, Providence, RI, 
1994, pp. 23-88. 

[11185] Luc Illusie, Deformations de groupes de Barsotti-Tate (d'apres A. 
Grothendieck), Asterisque (1985), no. 127, 151-198, Seminar on arithmetic 
bundles: the Mordell conjecture (Paris, 1983/84). 

[Kis06] Mark Kisin, Crystalline representations and F-crystals, Algebraic geom- 
etry and number theory, Progr. Math., vol. 253, Birkhauser Boston, Boston, 
MA, 2006, pp. 459-496. 

[KR09] Mark Kisin and Wei Ren, Galois representations and Lubin-Tate groups, 
Doc. Math. 14 (2009), 441-461. 

[Lan02] Serge Lang, Algebra, third ed., Graduate Texts in Mathematics, vol. 211, 
Springer- Verlag, New York, 2002. 

[LMB00] Gerard Laumon and Laurent Moret-Bailly, Champs algebriques, Ergeb- 
nisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern 
Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Se- 
ries. A Series of Modern Surveys in Mathematics], vol. 39, Springer- Verlag, 
Berlin, 2000. 

[Liu02] Qing Liu, Algebraic geometry and arithmetic curves, Oxford Graduate 
Texts in Mathematics, vol. 6, Oxford University Press, Oxford, 2002, Trans- 
lated from the French by Reinie Erne, Oxford Science Publications. 



219 



[LT65] Jonathan Lubin and John Tate, Formal complex multiplication in local 
fields, Ann. of Math. (2) 81 (1965), 380-387. 

[Lub64] Jonathan Lubin, One-parameter formal Lie groups over p-adic integer 
rings, Ann. of Math. (2) 80 (1964), 464-484. 

[Man63] Yuri I. Manin, Theory of commutative formal groups over fields of finite 
characteristic, Uspehi Mat. Nauk 18 (1963), no. 6 (114), 3-90. 

[Mat89] Hideyuki Matsumura, Commutative ring theory, second ed., Cambridge 
Studies in Advanced Mathematics, vol. 8, Cambridge University Press, Cam- 
bridge, 1989, Translated from the Japanese by M. Reid. 

[Mil80] James S. Milne, Etale cohomology, Princeton Mathematical Series, 
vol. 33, Princeton University Press, Princeton, N.J., 1980. 

[Mes72] William Messing, The crystals associated to Barsotti-Tate groups: with 
applications to abelian schemes, Lecture Notes in Mathematics, Vol. 264, 
Springer- Verlag, Berlin, 1972. 

[Mum70] David Mumford, Abelian varieties, Tata Institute of Fundamental Re- 
search Studies in Mathematics, No. 5, Published for the Tata Institute of 
Fundamental Research, Bombay, 1970. 

[Neu07] Jiirgen Neukirch, Algebraische Zahlentheorie. Reprint of the 1992 origi- 
nal. Berlin: Springer, xiv, 595 p. , 2007. 

[Oes84] Joseph Oesterle, Nombres de Tamagawa et groupes unipotents en car- 
acteristique p, Invent. Math. 78 (1984), no. 1, 13-88. 

[Oort66] Franz Oort, Commutative group schemes, Lecture Notes in Mathemat- 
ics, vol. 15, Springer- Verlag, Berlin, 1966. 

[Pink] Richard Pink, Multilinear constructions for commutative group schemes 
and Dieudonne theory. In preparation. 

[RZ96] Michael Rapoport and Thomas Zink, Period spaces for p-divisible groups, 
Annals of Mathematics Studies, vol. 141, Princeton University Press, Prince- 
ton, NJ, 1996. 

[Ros03] Michael Rosen, Formal Drinfeld modules, J. Number Theory 103 (2003), 
no. 2, 234-256. 

[Ser68] Jean-Pierre Serre, Corps locaux, Hermann, Paris, 1968, Deuxieme edition, 
Publications de l'Universite de Nancago, No. VIII. 



220 



[Ser06] Edoardo Sernesi, Deformations of algebraic schemes, Grundlehren der 
Mathematischen Wissenschaften [Fundamental Principles of Mathematical 
Sciences], vol. 334, Springer- Verlag, Berlin, 2006. 

[SGA1] Alexander Grothendieck and Michel Raynaud, Revetements Stales et 
groupe fondamental (SGA 1). Documents Mathematiques (Paris), 3. Societe 
Mathematique de France, Paris, 2003. Seminaire de geometrie algebrique 
du Bois Marie 1960-61. Updated and annotated reprint of the 1971 original 
[Lecture Notes in Math., 224, Springer, Berlin; 

[SGA3] M. Demazure and Alexander Grothendieck et al., Seminaire de 
Geometrie Algebrique du Bois Marie 1962/1964-' Schemas en Groupes, vol- 
umes 151, 152, 153 of Lecture Notes in Mathematics. Springer- Verlag, 1970. 

[Sil09] Joseph H. Silverman, The arithmetic of elliptic curves, second ed., Grad- 
uate Texts in Mathematics, vol. 106, Springer, Dordrecht, 2009. 

[WedOl] Torsten Wedhorn, The dimension of Oort strata of Shimura varieties 
of PEL-type, Moduli of abelian varieties (Texel Island, 1999), Progr. Math., 
vol. 195, Birkhauser, Basel, 2001, pp. 441-471. 

[Wat 74] William C. Waterhouse, The heights of formal A-modules, Proc. Amer. 
Math. Soc. 46 (1974), 332-334. 

[Wat 79] William C. Waterhouse, Introduction to affine group schemes, Graduate 
Texts in Mathematics, vol. 66, Springer- Verlag, New York, 1979. 

[Zin84] Thomas Zink, Cartiertheorie kommutativer formaler Gruppen, Teubner- 
Texte zur Mathematik [Teubner Texts in Mathematics], vol. 68, BSB B. 
G. Teubner Verlagsgesellschaft, Leipzig, 1984, With English, French and 
Russian summaries. 

[ZinOl] Thomas Zink, A Dieudonne theory for p-divisible groups, Class field 
theory — its centenary and prospect (Tokyo, 1998), Adv. Stud. Pure Math., 
vol. 30, Math. Soc. Japan, Tokyo, 2001, pp. 139-160. 

[ZinOl] Thomas Zink, Windows for displays of p-divisible groups, Moduli of 
abelian varieties (Texel Island, 1999), Progr. Math., vol. 195, Birkhauser, 
Basel, 2001, pp. 491-518. 

[Zin02] Thomas Zink, The display of a formal p-divisible group, Asterisque 
(2002), no. 278, 127-248, Cohomologies p-adiques et applications 
arithmetiques, I. 



221 



